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Abstract

Majorana fermions were first proposed in the context of high energy physics by Ettore Majorana in

1937, just before his mysterious disappearance. Now, over 70 years later, signatures of condensed matter ana-

logues of Majorana fermions are finally appearing in low-dimensional superconductor-based heterostructures.

In low-dimensional systems, these order parameter, defect-bound Majorana quasiparticles obey non-Abelian

quantum statistics and can therefore be used as the building blocks of a topological quantum computer. In

this thesis we will analyze the signatures associated with, and the robustness of, Majorana bound states in a

variety of one-dimensional superconducting platforms. Our main result is the finding that spatially localized

Majorana modes may coexist, without an induced energy splitting, in the presence of additional symmetries.

The effects and robustness of Majorana bound states in the presence of timer-reversal, chiral and spatial sym-

metries are analyzed in detail. Our results allow us to explain the unexpected robustness of a zero-bias signal

in recent experiments purporting to observe Majorana excitations.
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Chapter 1

Introduction

The goal of this first chapter is to introduce the reader to central concepts including Majorana

fermions in general, topological quantum computation and emergent quasiparticles in superconductivity. Be-

ginning with a historical perspective, we introduce Majorana fermions as originally proposed in the context

of high energy particle physics by Ettore Majorana. Fundamental particles which are candidates for Majo-

rana fermions are discussed here and we end by commenting on the status of neutrino-less double-beta decay

experiments currently being performed.

Next, we provide an introduction to quantum information theory and quantum computation. Quan-

tum logic operations as well as quantum error correction schemes are discussed. In qualitative terms, we

then introduce the paradigm of topological quantum computation and explain how this approach to quantum

computation provides an route to decoherence free quantum computation.

Afterwards we turn our attention to condensed matter realizations of topological quantum field the-

ories which can be used in topological quantum computation. We also provide an introduction as to how

Majorana bound state, which should obey non-Abelian quantum exchange statistics, emerge in condensed

matter systems as quasiparticle excitations in certain superconducting systems.

1.1 Majorana Fermions as Fundamental particles

In 1926 Erwin Schrödinger introduced his famous wave equation describing the time evolution of

a quantum state[1]. The Schrödinger equation is a wave equation which determines the time evolution of a
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quantum mechanical wavefunction  ⌘  (r, t),

i~@ 
@t

= H (1.1)

The solution  describes a particle of mass m in the presence of a possibly spatially varying and time depen-

dent potential V ⌘ V (r, t). The wavefunction is related to the probability amplitude (⇢(x, t) = | (x, t)|2)

and must meet the normalization condition
R

d3x| |2 = 1. Physically this means that the particle exists

somewhere in space. The Hamiltonian in classical mechanics is a function defined over phase space (coordi-

nates and momenta qi, pi) which is the sum of kinetic and potential energy, H = p2/(2m) + V . Using the

differential momentum operator p 7! �i~r the quantum mechanical Hamiltonian operator becomes

H =

�~2
2m

r2
+ V (r, t) (1.2)

where the first term represents the kinetic energy and the second is the potential energy.

Spin, which is represented by S is a completely quantum mechanical property of particles which has

no classical analog. This quantum property is known to couple with a magnetic field, and for example, the spin

of an electron gives rise to a magnetic moment µ = �e/(mc)S. To incorporate the spin degree of freedom

into the wavefunction, we introduce the spinor � and write the composite wavefunction as ⌘  (r, t)�. For

example, if we consider a spin-1/2 particle which has its spin projected along a direction ↵ in spin space, the

spinor is � = (h+|↵i, h�|↵i)T where T denotes the transpose. This spinor is an ad-hoc modification to the

Schrödinger equation intended to incorporate the discrete spin degree of freedom.

1.1.1 Dirac Equation

Soon after its introduction, many physicists worked on developing a relativistic generalization the

Schrödinger equation. Motivated by the relativistic energy momentum relation E2
= p2c2 + m2c4, or in

relativistic notation,

pµpµ �mc2 = 0 (1.3)

where we have used Einstein summation rules and µ, ⌫ 2 (0, 1, 2, 3) [2]. A relativistic wave equation had

already been developed by promoting the four momenta to operators by pµ 7! i~@µ, where @µ ⌘ @/@xµ.

This process leads to a second order differential equation in space and time. The resulting Klein-Gordon

equation reads ~2@µ@µ � m2c2 = 0. As it turns out, this equation had been discovered before the
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Schrödinger equation but was rejected because it does not conserve probability in the presence of a uniform

potential[3, 4]. However, a relativistic quantum field theory describes a field and not a single particle so the

Klein-Gordon equation is now understood to describe relativistic spin-0 particles.

In order to obtain a first order differential wave equation Dirac attempted to factor the energy mo-

mentum relation Eq. 1.3. One can in fact factor this equation by pµpµ �mc2 = (�p +mc)(��p� �mc)

provided that the �,� satisfy algebraic relations which lead to vanishing momenta cross terms. Dirac discov-

ered that this is possible if the coefficients are not numbers but 4⇥4 matrices which satisfy the Clifford algebra

{�µ, �⌫} = 2gµ⌫ where gµ⌫ = diag(+1,�1,�1,�1) is the Minkowski metric and {A,B} = AB + BA

is the anticommutator[5, 2]. It turns out there are many sets of “gamma” matrices witch satisfy the specified

algebra, with one common convention being

�0 =

0

B

@

1 0

0 �1

1

C

A

�i =

0

B

@

0 �i

�i
0

1

C

A

As in the case of the Klein-Gordon equation we promote the four momenta to operators (pµ 7!

�i~@µ) which now act on a four component spinor  = ( 1, 2, 3, 4)
T (note, the wavefunction is not a

four-vector). The Dirac equation reads

i~�µ@µ �mc = 0. (1.4)

In modern quantum field theory the Dirac equation (as well as an adjoint equation) can be derived from

the Lagrangian density L = c ¯ (�i~�µ@µ � mc) by the usual procedure leading to the Euler-Lagrange

equations.

Interestingly, solutions to Eq. 1.5 come positive and negative pairs ±E. The positive energies are

associated with states of particles, while the negative ones are attributed to anti-particles. This prediction of

antiparticles, Dirac’s had reservations about this interoperation and argued that all negative energy solutions

were filled and thus not observed, is one of the great triumphs of quantum mechanics. Also, note that while

spin was incorporated into the the Schrödinger by the introduction of a spinor wavefunction, it arises naturally

in the construction of the Dirac equation.

The positive energy solutions describe usual spin-half particles such as electrons. Dirac concluded

the negative energy solutions correspond to anti-electrons, now called positrons, which were discovered soon

after [6]. In Dirac’s initial interpretation the charge neutral ground state we observe and call the vacuum
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is really a ‘Dirac sea’, similar to the Fermi sea in condensed matter, and consists of negative energy levels

filled by positrons. In this sense, the Dirac equation is a many particle equation, with individual particles

populating the single particle energy levels[6].

1.1.2 Self-conjugate Fermions: The Majorana Representation

A few years later, Ettore Majorana found himself wondering if a complex representation was nec-

essary for the Dirac equation. in 1938 he found the following representation of the gamma matrices where

each of the �µ’s are imaginary:

�0M =

0

B

@

0 �2

�2
0

1

C

A

�1M =

0

B

@

i�3
0

0 i�3

1

C

A

�2M =

0

B

@

0 �2

��2
0

1

C

A

�3M =

0

B

@

�i�1
0

0 �i�1

1

C

A

.

which in turn makes the Eq. 1.5 a real differential equation. Therefore the fields can be real in the Majorana

representation and the solutions satisfy the self-conjugate Majorana relation  =  †.

1.1.3 Fundamental Majorana Particles

In general, neutral particles which are their own antiparticles are quite common. For example,

photons (�) and the neutral pion (⇡0) are both their own antiparticles. However these particles are bosons,

so they are not subject to the Dirac equation. The most famous neutral particle is a neutron, is it a Majorana

fermion? Fortunately for the stability of atoms and life, the neutron is not its own antiparticle, and the many

neutrons which coexist in atomic nuclei are in no danger of self-annihilating. The reason for this is that

neutrons are Baryons which are composite particles made up of quarks. A neutron (n0) is composed of one

up quark and two down quarks, giving it a total baryon number of Bq = 1/3(nq + nq̄) = +1. Since, quarks

(u) are distinct from anti-quarks (ū) the neutron is still described by a complex field.

The next obvious candidate, due to its presumed charge neutrality, for Majorana fermions was the

neutrino (⌫). Neutrinos were discovered in 1956 at the Savannah River National Laboratory[7]. However,

while neutrinos always have left-handed chirality while anti-neutrinos (⌫̄) always have right handed chirality.

This initially implies that ⌫, ⌫̄ are distinct particles. However, in principle chirality depends on ones reference

frame and neutrino-less double beta decay, such as the process Ge76 ! Se76 + 2e, is currently the subject

of intense research[8].
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1.1.4 Zero-modes in a modified Dirac Equation

The Dirac equation has also found applications in the context of condensed matter physics when the

low-energy dynamics is described by matrix equations with a linear momentum dependence. In condensed

matter systems, the positive (negative) energy solutions correspond to conduction (valence) electrons, usually

the electrons are really some modified quasiparticles, instead of fundamental electrons (positrons). Often, an

constant mass term separates the positive and negative energy solutions by a 2|m| gap. In superconducting

systems the constant mass is the energy gap due to cooper pair condensation and is related to the pair potential

m = �.

fHxL
yHxL

x

Figure 1.1: A spatially dependent mass term (red) �(x) = tanh(z) with a sign flip at the origin. With
this potential there exists a single zero energy mode,  (x) = exp

⇥

�(mc/)
R

�(x0
)dx0⇤ (blue) which is

localized to the domain wall.

An interesting situation which we may occur is when the mass term is spatially dependent; that is,

m ! �(x). A 1D a mass flip between ±m, illustrated in Fig. 1.1, is known as a mass kink leads leads to

bound state solutions in addition to the ±E continuum states. The bound states localized about the kink are

isolated at E = 0, falling within the mass gap. The mid-gap states can be found not only through an explicit

solution of the differential equation 1.5 but also by mathematical index theorems which count the number of

zero-modes in terms of the topological properties of the background �(x). This raises a question of whether

the mid-gap state is empty or occupied in the vacuum state? Also, what is its charge? In 1976 Jackiw and

Rebbi [9] showed that the empty state carries charge Q = �1/2 and when it is filled Q = 1/2. This important

result shows an example of a quantum system with a fractional eigenvalue. Fractional quantum numbers have

since become ubiquitous in condensed matter physics with realizations in polyacetylene and the fractional
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quantum Hall effect.

(↵ · p+ ��(x)) = i~ @
@t
 (1.5)

The Jackiw-Rebbi model describes a one-dimensional relativistic particle (i.e. obeys the Dirac equa-

tion) coupled with a static soliton field (Alternatively, a Dirac particle under a Lorentz scalar potential). The

scalar field in this model can be thought of as a position dependent mass term. Fig. 1.1 shows the real scalar

potential �(x) = tanh(z) whose amplitude changes sign across the origin. This potential leads to a sin-

gle zero energy mode  (x) = exp

⇥

�(mc/)
R

�(x0
)dx0⇤

= exp [�(mc) ln cosh(z)] which is pinned to

the domain wall. Later in this work we how this model is realized in Josephson junctions constructed from

two topological superconductors and held a phase difference � = ⇡. This model is at the heart of the 4⇡

periodicity Josephson effect.

1.2 Topological quantum computation

An extraordinary consequence of quantum theory is that information itself is fundamentally quantum

mechanical. Classically, the fundamental unit of information is a bit: a single digit represented as either

a 0 or 1. Today’s digital information is usually physically encoded as voltages on a circuit or magnetic

domains on an optical disc In contrast, qubits (short for quantum bits) are subject to the principle of quantum

superposition, and are a linear superpositions of the 0 and 1 states simultaneously. An array of qubits on which

logic operations are performed, and the result of a calculation is read out, is called a quantum computer. Due

to the massive parallel processing power endowed by quantum superposition, these computers can potentially

carry out select computational tasks which are impossible for the world’s most powerful supercomputers (or

any conceivable classical computer). In addition to simulation of complex physical, chemical, and biological

phenomena (such as protein folding molecular dynamics), quantum computers would revolutionize digital

security by rendering conventional public-key cryptography algorithms useless.

Despite the unprecedented success of quantum theory, manipulating quantum systems while coher-

ently preserving encoded information still poses a formidable challenge. The interference process by which

quantum information is spoiled, when a target system (the system of interest) interacts with a surrounding

environment, is called decoherence. Given the tremendous technological and scientific implications of quan-

tum computation, the reduction of quantum decoherence is of paramount importance. Significant progress
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recently been made made, for example some single qubits (i.e. isolated systems not interacting with other

qubits) have reached fidelities of over 99 % and in some cases the coherence times are approaching the

microsecond range (a very long time for a quantum object).

In contrast to most error correction schemes, topological quantum computation provides an alter-

native approach which is fundamentally decoherence free. The important idea is to encode information in

non-local quantum state, so as to hide them from coupling with the environment which is generically a local

process. We shall now introduce the process of quantum computation, paying special attention to quantum

logic operations. Afterwards we discuss how quantum information which is encoded in topological quantum

degrees of freedom, specifically using Majorana bound states, can be used to construct intrinsically fault-

tolerant quantum logic gates simply by manipulating the spatial positions of quasiparticles.

1.2.1 Principles of quantum computation

The process of quantum computation consists of three steps. First, qubits are initialized into a pre-

determined state. For example, the initial configuration of two qubits could be the pure state |0, 0i. Following

Initialization, one must apply quantum logic operations to the qubits. The series of logical operations de-

pends on the specific quantum algorithm which is being implemented. Finally the information is read out by

physically measuring some observable quantity which results in a classical bit. In the context of this thesis,

we shall mainly discuss with the middle step, specifically we will address the basics of how quantum logic

operations may be performed by physically braiding quasiparticles in topological ordered non-Abelian phases

of matter.

In classical information theory, the bit is an abstract mathematical quantity which may take a value of

0 or 1. Computation is the manipulation of bits through the use of logic gates – for example OR, NOT, AND,

NAND gates – to implement an algorithm. Examples of physical implementations of bits include voltages

on semiconducting transistors, magnetic domains or light in optical cables. The quantum mechanical analog

of the bit is the quantum bit, or qubit. This abstract quantity is the fundamental unit of quantum information

theory.

In principle any quantum mechanical two state system can be used as a qubit. For example, we

could use the two spin states of an electron, the location of an electron in a double well potential (or quantum

dots), or the direction of supercurrent in a superconducting ring. A qubit is usually represented in terms of

two quantum states |0i, |1i. These pure quantum states are usually taken to be the computational basis states,

analogous to the role of 0 and 1 in classical computing. However, while classical bits are restricted to the
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Figure 1.2: The state of a two level quantum system is represented by a unit vector on the Bloch sphere. Any
controllable two level quantum system can be used as a qubit.

values 0, 1, a qubit may be any complex linear superposition of |0i, |1i and the general state | i is represented

as a vector in a two-dimensional complex vector space

| i = ↵|0i+ �|1i. (1.6)

Here the coefficients ↵,� 2 C are complex numbers subject to the constraint |↵|2 + |�|2 = 1 which normal-

izes | i to unit length. The coefficients ↵,� can be paramterized by the angles ✓,� as illustrated in Fig. 1.3

by the Bloch sphere. The north and south poles of the Bloch sphere are the pure states |0i, |1i.
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1.2.2 Quantum Logic gates

Let us first consider an example of a single qubit quantum logic gate in order to later understand more

operators. First consider the NOT gate denoted by X . This action of this logical operation is to interchange

the computational basis states:

|0i ! |1i (1.7)

|1i ! |0i

↵|0i+ �|1i ! ↵|1i+ �|0i.

X can also be written in matrix form as the first Pauli matrix �x and is known as the Pauli-X gate. Likewise

there are also Pauli-Y, Z gates which are simply rotations of the Bloch sphere (Fig. 1.3). Obviously the action

of two Pauli-types gates in series is the identity operation since �2
i = 1.

Let us also consider a quantum gate with no classical analog, that is, the Hadamard gate. The action

on the basis states and a general superposition between them by H is:

|0i ! |0i+ |1ip
2

(1.8)

|1i ! |0i � |1ip
2

↵|0i+ �|1i ! ↵+ �p
2

|0i+ ↵� �p
2

|1i.

This is algebraically we write H = 1/
p
2(�x + �z). The Hadamard gate is quantum mechanical in the sense

that the action on classical basis states is a quantum superposition of basis states.

In general, any quantum gate can be represented by a unitary matrix U . Remember that unitary

matrices obey U †
= U�1 and preserve length, that is, ||U | i|| = ||| i|| where ||v|| denotes the length of the

vector v.

In classical information theory any logic operation can be constructed by a composition of AND

and NOT gates. One can then build any computing devise solely from these gates. It may not be an efficient

computer, but it will work. Again, this means logic operation such as the OR gate or arithmetic operations

like addition can be constructed from this set of two gates. The AND and NOT gates are therefore universal

for classical computation. Other universal gate sets exist with one example being just the NAND gate.

In the case of quantum computation, one simple universal gate set is the CNOT gate combined with
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H|0
|0

Figure 1.3: A simple two qubit quantum circuit involving Hadamard and controlled-NOT gates in series
followed by a measurement operation on both qubits.

arbitrary control of a single-qubit. With this set of operations one may build up any unitary operation on the

set of n qubits.

1.3 Non-Abelian anyons and topological phases of matter

A real life topological phase of matter will be necessary to implement an intrinsically fault tolerant

quantum computer. A topological phase of matter is a physical system which is described by a topologi-

cal quantum field theory [10]. In the presence of quasiparticle excitations, a highly degenerate ground state

manifold is characteristic of a topological phase of matter. Topological states of matter are immune to most

types of decoherence due to the topological nature of the ground state manifold. One important property of

a topological phase, with a ground state degeneracy, is that no local operator may transform the many body

ground state wavefunction into another ground state wavefunction. Note that by local we are referring to op-

eration on the state by an operator which is defined at a single point in spacetime. Since noise processes are in

general local, topological state are virtually immune to errors. Indeed, only physically braiding quasiparticles

induces dynamics within the degenerate ground state subspace.

In order to understand how a topological quantum computer operates let us first discuss quantum

statistics. The indistinguishability of quantum particles of the same type is an axiom in quantum mechanics.

For example, all electrons are exactly the same as all other electrons, likewise for quarks, neutrinos and any

other particles appearing the in standard model. Because of this principle, no physical observable should
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Figure 1.4: Panel (a) shows the operation ˆT which swaps two particles. Panel (b) shows a braid which is
topologically equivalent to two swaps, i.e. ˆT 2.

change under the exchange of two particles. In quantum mechanics, physical observables are related to the

probability density | |2. Therefore, by interchanging two particles the wavefunction may change, provided

| |2 remains invariant. The behavior of many-body wavefunctions under the interchange of two particles

depends on the type of particle and is described by the quantum spin-statistics theorem.

Consider a generic N body wavefunction, which we denote by  ⌘  (x1, x2, ..., xN ). First, we

interchange particles 1 and 2 as seen in Fig. 1.4 panel (a) and we denote this operation by ˆT . The dashed

lines and arrows depict the world lines of the particles and their direction during the exchange process.

We write  (x2, x1, ..., xN ) =

ˆT (x1, x2, ..., xN ) subject to the constraint ˆT †
ˆT = 1 as enforced by the

invariance of | |2 under ˆT . For our purposes it will be useful to consider the effect of interchanging par-

ticles twice, an operation denoted by ˆT 2. The particle world lines for the double exchange process may be

topologically deformed into a trivial world line for particle 1, while particle 2 encircles particle 1 before

returning to its original position. This process is illustrated in Fig. 1.4 panel (b). In a three dimensional

world, we may take the world line loop created by tracing the trajectory of the second particle out of the

plane and deform it to a trivial loop. Thus, the double exchange operation is trivial and we write ˆT 2
= 1.

Since the double exchange is just the identity operator there are two possibilities where ˆT = ±1. In the

case that ˆT = 1 we have  (x2, x1, ..., xN ) =  (x1, x2, ..., xN ) which is familiar form of a symmet-

ric bosonic wavefunction. Likewise, when ˆT = �1 yields a wavefunction antisymmetric under exchange

 (x2, x1, ..., xN ) = � (x1, x2, ..., xN ) which describes fermions and is at the heart of the Pauli exclusion

principle.

However, our preceding argument hinged on the fact that we were free to take the loop out of the
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plane, defined by the original loop and particles, in order to deform the second particle’s world line into a

trivial loop. In a two dimensional system the loop cannot contract to a trivial loop without colliding with

particle 1. Because of this fact, ˆT need not square to unity and we are left with our original condition, i.e. that

ˆT †
ˆT = 1. This condition is obviously satisfied if ˆT is simply a number on the complex unit circle. In this case

the many body wavefunction would transform by (x2, x1, ..., xN ) = ei✓ (x1, x2, ..., xN ) which reduces to

the familiar bosonic and fermionic conditions if ✓ = 0,⇡ respectively. Particles obeying this kind of exchange

statistics have been dubbed “Anyons” [11], since ✓ can in principle take any value, and are associated with

fractionalized particles. Note that the phase ✓ is the result of a pairwise exchange of particles (independent of

the exchange trajectory), however this does not imply the wavefunction is multi-valued and xj simply refers

to the position of a particle and the wavefunction is a continuous function of the single particle coordinates

xj . Famously, quasiparticle excitations with charge q = e/3 appearing the ⌫ = 1/3 fractional quantum Hall

effect (FQHE), described by the Laughlin wavefunction[12], are anyons with ✓ = 2⇡/3.

There exists yet an even more exciting possibility, with even stranger exchange statistics than sim-

ply a complex phase. The operator ˆT may be unitary matrix relating two distinct, but locally identical,

wavefunctions within a degenerate ground state manifold. That is, we could have  i(x2, x1, ..., xN ) =

ˆTij j(x1, x2, ..., xN ) where the indices i, j label distinct ground states within a basis of degenerate states[10].

It turns out that this may actually be the case in certain states topological state of matter such as the ⌫ =

5/2, 12/5 FQHE and in low dimensional topological superconductors. For example, we shall see that in

p-wave superconductors the excitations bound to defects, such as edges and vortices, are described by self-

conjugate second quantized operators � which can be regarded as half a conventional electronic degree of

freedom, i.e. we shall see that c = �1 + i�2. As such, it takes 2n vortices to encode n electronic degrees

of freedom. If there are 4 vortex bound quasipartilces we can define two zero energy electronic degrees of

freedom ca, cb and the ground state subspace is spanned by the four orthogonal states |00i, |01i, |10i, |11i.

However low dimensional (d = 2) condensed matter systems provide a platform for unusual and

exotic exchange statistics. Particles which are neither bosons nor fermions are called “anyons” as coined by

Frank Wilzcek[11]. To understand anyons first consider an exchange operation, constrained to two dimen-

sions, involving the braiding of one particle around another. This operation is topologically equivalent to

exchanging two particles twice in a closed loop as shown in Fig. 1.4 panel (a). In this case, the world line of

particle A cannot be contracted to a trivial loop since it must intersect the other particle, which is against the

rules (we will not allow fusion of Majorana states or other vortex bound quasiparticles).

Let us briefly note that condensed matter physics provides a realistic setting for truly two-dimensional
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physics. For example, a two-dimensional electron gas (2DEG) can be formed at the interface between two in-

sulating semiconductors. In a 2DEG electrons are free to move in two dimensions (along the heterostructure

interface) and are tightly bound in the normal direction. This tight confinement, along say ẑ-direction, leads

to quantized transverse momentum hkzi. If the confinement is strong and the electron density and tempera-

ture all the electrons are confined to the lowest kz subband and they system is effectively two dimensional.

Furthermore, provided the electrons are mobile enough, a strong magnetic field can drive this system into a

quantum hall state in which excited state are separated from the ground state by a finite energy gap.

As shown by Ivanov[13], braiding (i.e. adiabatically interchanging) two Majoranas, associated with

the same electron operator, around one another transforms the state vector by

 7! exp

h

i
⇡

4

�z

i

 (1.9)

where  represents the two dimensional state vector within the degenerate zero-energy subspace. Thus, the

adiabatic exchange of two MBSs constitutes a non-Abelian unitary transformation and the final state is not

the same as the initial  . In general, if there are 2n MBSs (whose operators �i, i = 1, 2, ...2n commute

with the Hamiltonian), bound to 2n vortices for example, one can combine them into n complex fermionic

operators. Since each electronic state can be empty or occupied, the n complex fermion operators give rise to

a degeneracy of D = 2

n. Under slow adiabatic braiding of the vortices (separated by a distance greater than

⇠0 ⇠ vF /�) transitions between the subgap states are forbidden, and the unitary evolution within the space

of ground states occurs.

Pulling two sets of Majorana particle anti-particle pairs out of the vacuum will result in the initial

state:

| ii = |00i =

0
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(1.10)

where we have used the basis (|00i, |01i, |10i, |11i) in representing the initial state as a four component
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spinor. Then by braiding particles 2,3 ,as shown by Ivanov, the state

| f i = M(�2)| ii =
1p
2

(|00i+ |11i) =

0

B

B

B

B

B
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A

(1.11)

Also, consider the evolution of the electronic operators under a U(1) transformation to the superconducting

order parameter � 7! �ei�. Under such a transformation the electron and hole operators are modified by a

phase factor c 7! ei�/2c, c† 7! e�i�/2c†. Note � = 2⇡ is a special case which takes all c, c† 7! �c,�c†.

Using Eqs. 1.23,1.26 and we can see that the Majorana operators transform as � 7! �� under a 2⇡ winding

of the superconducting phase.

In Fig. 1.4 we consider a two-dimensional space with two Majorana zero modes bound to vortices

at positions x1, x2. Here the pair potential is taken to be a single valued function at all points in the two

dimensional space, jumping by 2⇡ across the branch cut indicated by the red dashed line in panel b).

1.4 Emergent Majorana fermions in superconductors

1.4.1 Historical Introduction and BCS Theory

Consider a system of electrons interacting by some spin-conserving potential. Using c†(c) to repre-

sent electron creation (annihilation) operators, the momentum space Hamiltonian describing the interacting

electron system is

H =

X

k,�

c†k�ck�✏k +

X

k1k2k3k4��0

U(k, q)c†k1�
c†k2�0ck3�0ck4�. (1.12)

Here, the first term describes the single particle kinetic energy, while the second describes interactions be-

tween electrons. In the BCS problem one considers the interaction to be momentum independent within a

small shell (of width 2~!D) around the Fermi surface, and attractive for electrons of opposite momentum and

spin (i.e. k ",�k #). We write,

Ukq =

8

>

>

<

>

>

:

�U if EF � ~!D  ✏k, ✏q  EF + ~!D

0, otherwise
(1.13)
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These assumptions simplify Eq. 1.12 to [14]

HBCS =

X

k,�

c†k�ck�✏k � U
X

kq

c†k"c
†
�k#c�q#cq" (1.14)

where the summation is taken within over a thin shell of width ~!D around the Fermi surface.

At this point the interaction term in the Hamiltonian is treated using a mean field approximation.

We do this by expanding the two operators in interaction term in Eq. 1.14 about their expectation value. We

write, c†k"c
†
�k# = hc†k"c

†
�k#i + (c†k"c

†
�k# � hc†k"c

†
�k#i) and we only keep the term in brackets to first order.

The resulting mean field Hamiltonian is

HBCS =

X

k,�

c†k�ck�✏k � U
X

kq

h

hc†k"c
†
�k#ic�q#cq" + hc�q#cq"ic†k"c

†
�k# + hc†k"c

†
�k#ihc�q#cq"i

i

(1.15)

Defining U
P

khc
†
k"c

†
�k#i ⌘ � this becomes

HBCS =

X

k,�

c†k�ck�✏k � U
X

k

h

�c�k#ck" +�
⇤c†k"c

†
�k#

i

+ |�|2 (1.16)

where we shall ignore the last term since it only contributes a constant to the energy. Thus, using the mean

field approximation we have reduced our Hamiltonian to a bilinear form in the creation and annihilation op-

erators. As we shall see in the next section, such a Hamiltonian can always be diagonalized by a Bogoliubov-

Valentin transformation which will have important implications for Majorana quasiparticle excitations.

1.4.2 Quasiparticle Excitations and Majorana Modes

By definition mean-field lattice Hamiltonians are quadratic in field operators ci, c†i acting on site i.

A typical superconducting Hamiltonian look like

H =

X

ij

⇣

c†i", c
†
i#, ci", ci#

⌘

0

B

B

B

B

B

B

B

@

H""
0 H"#

0 �

""
�

"#

H#"
0 H##

0 �

#"
�

##

�

""
�

"# �H""
0 �H"#

0

�

#"
�

## �H#"
0 �H##

0

1

C

C

C

C

C

C

C

A

0

B

B

B

B

B

B

B

@

cj"

cj#

c†j"

c†j#

1

C

C

C

C

C

C

C

A

(1.17)

If we use  i = (ci", ci#, c
†
i#,�c†i")

T as a four component spinor acting on site i, the Hamiltonian
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becomes

H =

X

ij

 

†
iHij j . (1.18)

The property Hji = H⇤
ij follows from the fact that H is a Hermitian matrix. Bogoliubov-de Gennes (BdG)

Hamiltonians describe quasiparticle excitations above the BCS vacuum and are expressed in terms of (two or

four component) Nambu spinors which mix particles and holes. In this work we use the time-reversed Nambu

basis  i = (ci", ci#, c
†
i#,�c†i")

T . Here c†i�, ci� are electronic creation and annihilation operators which obey

the usual fermionic anti-commutation relations:

�

ci�, cj�0
 

= 0 (1.19)
n

c†i�, c
†
j�0

o

= 0

n

ci�, c
†
j�0

o

= �ij���0 .

BdG Hamiltonians contain off diagonal c†c† terms. In momentum space we write H =

P

k  
†
kH(k) k.

Explicitly, in terms of the four component spinor  k = (ck", ck#, c
†
�k",�c†�k#)

T the BdG Hamiltonian is:

H =

X

k

⇣

c†k", c
†
k#, c�k", c�k#

⌘

0

B

B

B

B

B

B

B

@

H""
0 H"#

0 �

""
�

"#

H#"
0 H##

0 �

#"
�

##

�

""
�

"# �H""
0 �H"#

0

�

#"
�

## �H#"
0 �H##

0

1

C

C

C

C

C

C

C

A

0

B

B

B

B

B

B

B

@

ck"

ck#

c†�k"

c†�k#

1

C

C

C

C

C

C

C

A

(1.20)

Note that single s-wave superconductivity is descried by �"#
= ��#"

= �0 (remember |s = 0i = |"#i �

|#"i). In a matrix representation we would write the s-wave pair potential term as H� = ��0⌧y�y , where

⌧,� act on the particle hole and spin degrees of freedom.

For convenience, we now transform to the time-reversed Nambu basis. The operator transforming

to this basis is

U =

0

B

@

1 0

0 ⇥

1

C

A

(1.21)

where ⇥ = i�yK is the time reversal operator (remember this is an anti-unitary operator: ⇥†
⇥ = �i�yK ·

i�yK = �1). This ‘time-reversed’ basis is a natural choice for superconductivity, where conventional s-

wave Cooper pairs are bound states between time-reversed electrons. It also simplifies the notation for triplet

pairing by simplifying the d-vector notation. Additionally, in this basis it is clear just by inspection which
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terms break time revisal symmetry. Where finally in the Nambu spinor representation the BdG Hamiltonian

appears as

H =

0

B

@

H0 �

�

⇤ ��yH⇤
0�y

1

C

A

(1.22)

For example consider a Zeeman splitting term in the normal state described by HZ = V · �. In this basis

the Zeeman term in the (bottom right) hole sector of Eq. [5] becomes HZ 7! ��y(V · �)⇤�y = V · �.

Thus, while all time-reversal invariant terms in the normal state switch sign in the hole sector, time reversal

breaking terms do not.

Therefore, a Bogoliubov-Valentin (BV) transformation is used rotate the Hamiltonian into a diagonal

form H = E0 +
P

n En�
†
n�n. The nth excited quasiparticle creation operator is explicitly written in terms

of electronic operators as

�

†
n =

X

i�

⇣

un�ici� + vn�ic
†
i�

⌘

(1.23)

where u, v are the matrix elements of a unitary transformation matrix which preserves the algebraic struc-

ture of the operators. The BV operators must satisfy
⇥

H,�†n
⇤

= En�
†
n and this relation is typically used

to determine the coefficients u, v. For fermionic systems in general we may say – in more mathematical

language – that the BV transformation is a unitary transformation from a unitary representation of some

canonical anti-commutation relation algebra into another unitary representation, induced by an isomorphism

of the anti-commutation relation algebra.

Particles and holes are treated on equal footing in a superconductor, since charge is only conserved

modulus 2. This fact is apparent in Eq. 1.23 in which the BV quasiparticle operators are a linear combination

of electron and hole operators. In other words, an electronic excitation is the same as a partner hole excitation

with an additional Cooper pair. This particle-hole symmetry can be expressed in terms of quasiparticle

creation and annihilation operators by �†(E) = �(�E). Indeed, this indistinguishability between electrons

and holes makes superconductors natural hosts for self-conjugate Majorana excitations. Not that the particle

and anti-particle states coincide at the Fermi energy E = 0, i.e. �†(0) = �(0). Caroli, de-Gennes and

Matricon showed that the energies of bound states in Abrikosov vortices, like the more familiar quantum

harmonic oscillator, are En = (n+1/2)~![15, 13] where in this case the level spacing is ~! ⇡ �2/EF (see

Fig. 1.5). Thus, in s-wave vortices the zero point energy is responsible for preventing perfectly zero energy

modes. What is therefore needed to realize MBSs, is a topological Berry phase, in addition to the familiar

Berry phase associated with spin-1/2 fermions, to cancel out the zero point energy[16].
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Figure 1.5: Panel (a): Probability amplitude of a Bogoliubov quasiparticle (red line) bound to a defect in the
order parameter (dashed blue). Panel (b): Caroli, de-Gennes, Matricon energy levels for defect bound quasi-
particles in a s-wave superconductor (red) and vortex bound energies in a topological p-wave superconductor
(light blue).

Suppose a gapped system does not host zero energy Majorana modes. The closing of the energy

gap (usually at k = 0 in the bulk) and subsequent reopening of the gap leaving a pair of zero-energy modes

behind is called a topological quantum phase transition. The first phase, i.e. the one with no topological

modes, is a topologically trivial phase indexed by a trivial topological invariant. The second phase, in which

Majorana modes exist, is called topologically non-trivial.

1.4.3 Kitaev’s Decomposition Argument

Let us begin with Kitaev’s model for a one-dimensional spinless p-wave superconductor. We write

H =

X

i

�t(c†i ci+1 + c†i+1ci)� µc†i ci +�c†i c
†
i+1 +�

⇤c†i+1c
†
i (1.24)

To illustrate how Majorana fermions can emerge in superconducting systems, Kitaev decomposes

the complex electron operators at each site into their real and imaginary parts (note we switch notation and
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Figure 1.6: a) The electron operators on each site may be decomposed into their real and imaginary parts,
each of which is described by a Majorana operator. Eq. 1.25 Kitaev shows the Hamiltonian (for specific
parameters) can be written in terms of Majoranas coupled from the same site, or adjacent sites. b) The
leftover Majorana operators come from the two ends of the wire and leak into the bulk for generic parameters
values.

where � indicates a real operator, and suppress cite and spin indices for now)

c = �1 + i�2 (1.25)

c† = �1 � i�2.

Writing the real operators in terms of the electron operators,

�1 = c + c† (1.26)

�2 = (c � c†)/i

it is clear that �1,2 are self-conjugate, i.e. �†a = �a for a = 1, 2. While the (real) Majorana operators were

constructed from fermionic operators, their commutation relations form a Clifford algebra

{�a, �b} = 2�ab. (1.27)

This is the first hint that Majorana fermions are not actually fermions at all, instead they are non-Abelian

anyons. Note that, aside from some pre-factors, Eq. 1.23 becomes Eq. 1.26 in the special case when

ui = v⇤i , vi = u⇤
i . The quasiparticle parity N = c†c = 1 + �1�2 requires a joint measurement on both

Majorana operators. Thus, information concerning the parity is locally obfuscated in the event that the Ma-

jorana operators are spatially separated, and this fact is at the heart of topological protection.
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Chapter 2

Topological thermoelectric effects in

spin-orbit coupled electron and hole

doped semiconductors

Recently it has been shown that a 2D electron-doped semiconductor with Rashba type spin-orbit

coupling in proximity to a bulk s-wave superconductor and an externally induced perpendicular Zeeman

splitting can support a topological superconducting phase with Majorana fermion modes at vortex cores and

sample edges [17, 18, 19]. The proposal followed on an earlier similar proposal for topological supercon-

ducting states using spin-orbit coupling and Zeeman fields made in the context of cold fermions. [20, 21]. It

has also been pointed out by Alicea [22] that in the presence of Dresselhaus spin-orbit coupling co-existing

along with the usual Rashba coupling, the topological superconducting state in electron-doped semiconduc-

tors can be realized with an in-plane Zeeman field. Since the in-plane Zeeman field can be directly applied

by an in-plane magnetic field which is free of the orbital effects, the geometry proposed by Alicea is useful

for producing topological superconductivity in two-dimensional electron systems. Very recently it has also

been shown [23] that the generic Luttinger Hamiltonian applicable to the hole-doped semiconductors also

supports topological superconductivity and Majorana fermions in the presence of a perpendicular Zeeman

field in a manner similar to its electron-doped counterpart. The possibility of a larger value of the effective

mass and spin-orbit coupling in p-type holes in a semiconductor quantum well makes the hole-doped systems

an attractive candidate for realizing topological superconductivity that breaks time-reversal symmetry. The
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strategy of producing topological superconductivity and Majorana fermions using Rashba spin-orbit cou-

pling, parallel Zeeman field, and s-wave superconductivity has also been applied to electron- and hole-doped

one dimensional semiconducting wires [19, 24, 25, 26]. The one dimensional topological systems are partic-

ularly useful for constructing quasi-two-dimensional quantum wire networks [27] which can potentially be

used [27, 28, 29] as platforms for non-Abelian statistics [30, 31, 13, 32] and universal quantum computation

[33, 10] in the Bravyi-Kitaev scheme[34]. For the purpose of studying anomalous topological transverse

response functions such as anomalous Hall and Nernst effects, in this paper we will confine ourselves to

two-dimensional hole- and electron-doped semiconductor thin films.

The substantive difference between the topological states in the electron and hole doped semicon-

ductors lies in the fact that while the superconducting order parameter in the former is similar to the chiral

p-wave (px + ipy) type, the order parameter in the hole-doped system in a perpendicular Zeeman field is

predominantly chiral f -wave (fx + ify) type [23]. A strong perpendicular Zeeman field, however, is diffi-

cult to realize experimentally with a magnetic field because of the unwanted orbital effects which are pair

breaking[22]. Following Ref. 22, in this paper we will introduce the geometry and Hamiltonian for the

hole-doped systems which can support topological superconductivity in the presence of an in-plane Zeeman

field making it easier to produce with a magnetic field. We will then analyze the Berry phase mediated

topological Hall and thermoelectric effects in electron- and hole-doped systems under external conditions

necessary for realizing topological superconductivity with broken time-reversal symmetry. Note that, since

we are considering the spontaneous or anomalous components of the Hall and Nernst effects, we will only

treat two-dimensional systems in the presence of an in-plane Zeeman splitting.

In all the systems mentioned above the chemical potential regime that corresponds to the topological

state in the presence of proximity effect is characterized by a single (or odd number of) Fermi surface which

breaks the fermion doubling theorem[35]. It has been argued that, in the limit of vanishing superconducting

pair potential�0, the single (or odd number) of Fermi surface at the chemical potential constitutes a necessary

condition for the existence of topological superconductivity and Majorana fermions at order parameter defects

[36]. The breakdown of the fermion doubling theorem and topological superconductivity in all the above

cases are achieved by the introduction of a strong Zeeman splitting greater than at least the proximity induced

superconducting pair potential �0. At such high values of the Zeeman splitting the superconductivity itself

survives because of the spin-chirality induced on the semiconductor Fermi surface by a strong enough spin-

orbit coupling[19].

The twin requirements of strong Zeeman splitting as well as spin-orbit coupling on the semicon-
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ductor Fermi surface manifest themselves in interesting Berry phase[37] mediated topological effects which

have pronounced effects on the anomalous Hall and thermoelectric coefficients [38, 39, 40, 41, 42, 43, 44,

45, 46, 47, 48, 49, 50, 51, 52, 53]. While these effects have been investigated previously, our focus in this

paper is near the chemical potential regime - called topological regime hereafter - which supports topolog-

ical superconductivity in the presence of s-wave proximity effect. We find that the topological regimes in

both electron- and hole-doped semiconductors are marked by well-defined plateaus in the anomalous Hall

and Nernst effects as a function of the chemical potential. The plateaus are not quantized, however, in the

sense of quantized anomalous transport coefficients, because, even in the topological regime, the electron or

the hole-doped systems are not fully gapped. Rather, in this regime of chemical potential they have a single

(or odd number of) Fermi surface which supports, in the presence of spin-chirality induced by the spin-orbit

coupling, the superconducting proximity effect. Even so, in the topological regime, there is a clear separation

in the momentum space between the region where the Berry curvature is peaked (near the ‘band-degeneracy’

points in the absence of the Zeeman splitting) and the region where the Fermi surface lies in the Brillouin

zone. Since the Nernst effect is strictly a Fermi surface quantity at zero temperature, the vanishing of the

overlapping region in the Brillouin zone between the Fermi surface and the Berry curvature results in a van-

ishing anomalous Nernst effect in the topological regime. The plateau in the Nernst coefficient at vanishing

magnitudes is flanked on either side of the topological regime by well-defined peaks (of opposite signs) aris-

ing from the emergence of a second small Fermi surface which destroys topological superconductivity but

gives rise to large peaks in the topological Nernst effect. The results presented in this paper may be useful

for experimentally deducing the topological regimes of the chemical potential in electron and hole-doped

semiconductors supporting Majorana fermions in the presence of proximity effect.

2.1 Berry phase and topological Hall and Nernst effects

As a particle moves adiabatically through a closed contour in its parameter space it acquires a ge-

ometric phase known as a Berry phase. In a crystal lattice the wavefunctions for a band are written as

| n(k, r)i = eik·r |un(k, r)i according to Bloch’s theorem where |un(k, r)i is a Bloch function with the

periodicity of the lattice. The eigenfucntions are k dependent and the relevant paramater space is the space

defined by the crystal momentum k. The Berry connection, Ak = hun(k, r) |irk|un(k, r)i represents the

geometric phase acquired by a Bloch wave function through infinitesimal movement in k-space and is a vec-

tor potential. In analogy to electrodynamics the Berry curvature is defined as the curl of this potential as
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⌦n(k) = rk ⇥ Ak which is Berry phase per unit area. The Berry curvature enters into the equations of

motion of a wavepacket and is responsible for many intrinsic transport properties. For a system with time

reversal symmetry and spatial inversion symmetry the Berry curvature vanishes for all k so it is often ignored.

The charge current in the presence of an electric field E and a temperature gradient rT can be

written as Ji = �ijEj +↵ij(@jT ) where �ij and ↵ij are the electric and thermoelectric conductivity tensors.

In the Hall effect a current is applied and a magnetic field is present perpendicular to a conducting sample.

In this configuration an electric field is generated perpendicular to the current so that off diagonal terms of

�ij are non-zero. Similarly for the Nernst effect a current will arise normal to the temperature gradient when

a perpendicular magnetic field is present. Below we discuss the anomalous or topological Hall and Nernst

effects for a system where there is no perpendicular magnetic field but there is still a contribution to the Hall

and Nernst effects due to the presence of a non-trivial Berry curvature.

In the presence of an electric field E, the group velocity of a Bloch electron is written as [39]

˙r =

1

~
@✏n(k)

@k
+

e

~E⇥⌦n(k) (2.1)

where the first term is the usual band dispersion and the second term is called the anomalous velocity. This

anomalous velocity is responsible for the intrinsic contribution to the anomalous Hall and anomalous Nernst

effects, with the Berry curvature acting like a magnetic field in k-space. With the inclusion of the anomalous

velocity it immediately follows that by summing the anomalous velocity over all occupied states the charge

conductivity is written as,[42, 43]

�xy =

e2

~
X

n

Z

dkxdky
(2⇡)2

⌦n(k)f(En(k)) (2.2)

where f(En) = 1/(1+ exp(En �µ)/kBT ) is the Fermi distribution function, kB is the Boltzmann constant

and T is the temperature.

In order to write an expression for the anomalous Nernst coefficient we first look at the coefficient

↵̄xy which relates the heat current and electric field by Jh
x = ↵̄xyEy . ↵xy can then be solved for by making

use of the Onsager relation ↵̄xy = T↵xy . The transverse heat coefficient may be written as the velocity

multiplied by the entropy density,

↵̄xy = T↵xy =

e

�~
X

n

Z

dkxdky
(2⇡)2

⌦nsn(k), (2.3)
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where the entropy density of an electron gas is given as s(k) = �fklnfk � (1� fk)ln(1� fk) with fk as the

Fermi distribution function. Using the above equation and this form for the entropy density, the coefficient

↵xy may be re-written as:[42, 43]

↵xy =

e

~
1

T

X

n

Z

dkxdky
(2⇡)2

⌦n ⇥

{En(k)f(En(k))� kBT log[1� f(En(k))]} . (2.4)

Through the use of these Berry phase mediated thermoelectric effects one can characterize the topo-

logical regimes in chemical potentials which support the topological superconducting state in the presence of

superconducting proximity effect. We will deliberately choose quantum well configurations with appropriate

spin-orbit couplings which will allow an in-plane Zeeman field for the topological state so the conventional

Hall and thermoelectric effects make no contributions in experiments.

2.2 Topological Hall and Nernst effects in electron doped semiconduc-

tors

As a warm-up, following Alicea, [22] we first consider a zinc-blend semiconductor quantum well

grown in the [110] direction with an in-plane magnetic field applied parallel to the semiconductor film. In

such a quantum well we expect both Rashba and Dresselhaus spin orbit couplings to be present and the

Hamiltonian of this system on the (x� y) plane is written as, [22]

H =

~2k2
2m⇤ + ↵R(� ⇥ k) · ẑ + ↵Dkx�z + hy�y (2.5)

Here, ↵R and ↵D are the strengths of the Rashba and Dresselhaus couplings, m⇤ is the effective

mass of the electrons, hy the magnitude of the in-plane Zeeman field and the � = (�x,�y,�z) are the

Pauli matrices. Diagonalizing the Hamiltonian yields energy eigenvalues of E± =

h2k2

2m⇤ + E0, where E0 =

p

(↵Dkx)2 + (↵Rky)2 + (↵Rkx � hy)
2. The degeneracy between the two bands is lifted by the presence

of both Dresselhaus spin orbit coupling and the in-plane magnetic field. It is easy to see that, in the absence

of the Dresselhaus coupling, the in-plane Zeeman splitting can be reabsorbed in the Hamiltonian by a re-

definition of the momentum ↵Rkx ! ↵Rkx + hy which leaves the system gapless even with the Zeeman
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Figure 2.1: Contour plot of the Berry curvature ⌦� in the lower band of electron-doped semiconductors. The
Berry curvature is sharply peaked at a finite value of kx near the band-degeneracy point in the absence of the
Dresselhaus coupling.

splitting. The existence of a non-zero Dresselhaus term ↵D ensures that a finite gap is created near the band-

degeneracy points at a non-zero value of kx even after this re-definition. The minimum gap between the

bands, � = 2↵Dhy/
p

↵2
R + ↵2

D, is located at kx = ↵Rhy/(↵
2
R + ↵2

D) and ky = 0, [53] which is shown in

the inset of figure 2.2.

We calculate the Berry curvatures for this system through ⌦± = 2Im
D

@�±
@k

x

�

�

�

@�±
@k

y

E

ẑ, where �±

are the eigenstates of the Hamiltonian in Eq. (2.5). Evaluating this expression analytically we find that[53]

⌦± = ⌥↵R↵Dhy

2E3
0

ẑ, (2.6)

which are of equal magnitude and opposite signs in the two bands. In Fig. 2.1 we plot ⌦� where it can

be seen that the Berry curvature is sharply peaked at the gap minimum between the two bands, i.e., at the

band degeneracy point in k-space in the absence of the Dresselhaus coupling. We note here that the Berry

curvatures are only non-zero for non-zero values of ↵D,↵R and hy .
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Figure 2.2: Anomalous Hall conductivity versus chemical potential µ at zero temperature for a two-
dimensional electron-doped semiconductor. We have used ↵R = ↵D = 4.74 ⇥ 10

4 m/s m⇤
= .067me

and hy = 0.2 meV. The electronic band structure versus kx is shown in the inset along with the minimum
energy gap � indicated by the dashed lines

Figure 2.2 shows the dependence of the anomalous Hall conductivity on the chemical potential µ at

zero temperature. The band structure near the origin is shown in the inset. Below µ ⇠
=

�0.5meV there is no

contribution to the integral for the anomalous Hall coefficient (see Eq. (2.2)) as the states near the band gap

minimum which have large Berry curvatures (Fig 2.1) are unoccupied. As µ increases these states are filled

and there is a positive contribution to the integral from ⌦�. The quasi-plateau in the hall conductivity for µ

corresponds to the energy gap between the two bands where there is a single large Fermi surface away from

the origin. It is in this regime of chemical potential that the system supports the topological superconducting

state because of the breakdown of the fermion doubling theorem. [17, 18, 19, 22] At higher µ the upper band

becomes occupied, leading to a cancelation of the anomalous Hall conductivity due to the equal magnitude

but opposite sign of the Berry curvatures of the two bands.

The anomalous Nernst coefficient for an electron-doped semiconductor near the topological regime

is plotted against µ in Fig. 2.3. At low temperatures the entropy density sn(k) is sharply peaked at the Fermi
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surface, such that the integrand in Eq. (2.4) is non-zero only for values of µ corresponding to the intersection

of the Fermi surface(s) and the states near the minimum band gap (close to the origin) where the Berry curva-

tures are non-zero. Figure 2.3 illustrates this behavior with a positive peak from the lower band and a negative

contribution from the upper band. For the chemical potential slightly below or above the topological regime

the system has two (or an even number of) Fermi surfaces one of which lies close to the band degeneracy

point. This small Fermi surface, because of a non-zero Berry curvature, gives a finite contribution to the

anomalous Nernst effect which differs in sign between the regimes below and above the topological regime.

As the topological regime is approached from either side, the Berry curvatures become increasingly sharply

peaked (because of a decreasing E0, see Eq. (2.6)) while the Fermi surface areas themselves go down result-

ing in a pair of peaks of opposite signs surrounding the topological regime. The topological regime itself is

characterized by a single (or odd number of) Fermi surface with no weight near the band degeneracy points

with significant Berry curvatures. Thus, the plateau between the two peaks in Fig. 2.3 corresponds to the

minimum gap separating the energy bands and indicates the regime in which the topological superconducting

state is possible.

2.3 Topological Hall and Nernst effects in hole doped semiconductors

Next we consider thin film hole doped semiconductor quantum wells grown in the [110] direction.

In zinc-blende semiconductors the band structure is described by k · p perturbation theory.[54] Here the top

valence bands consist of three p-orbitals which have an angular momentum L = 1 leading to a six fold

degeneracy at the origin. Including spin, the total angular momentum operator becomes J = L + S so that

there are four J = 3/2 (heavy hole and light hole) and two (split-off) J = 1/2 bands which are separated

by a large energy gap through atomic spin orbit coupling. We focus on the J = 3/2 bands described by the

Luttinger Hamiltonian near k = 0 which is written as,

HL =

1

m

2

6

6

6

6

6

6

6

4

P +Q �S R 0

�S⇤ P �Q 0 R

R⇤
0 P �Q S

0 R⇤ S⇤ P +Q

3

7

7

7

7

7

7

7

5

(2.7)

where the quantities P,Q,R are functions of the Luttinger parameters �1, �2, �3 and the momentum compo-

nents kx, ky, kz and act on the basis |j,mi with j = 3/2 and m = 3/2, 1/2,�1/2,�3/2 with spin quanti-
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Figure 2.3: Anomalous Nernst coefficient versus chemical potential for 2DEG. The dashed lines show the
regime of the energy gap � between the bands. The same parameters have been used as in Fig 2.2 with the
exception of T = 0.1K

zation in the growth direction. In Ref. 23 topological superconducting states with a chiral-f -wave symmetry

have been shown to exist in hole-doped quantum wells grown in the [001] direction in the presence of a

perpendicular Zeeman field and Rashba spin-orbit coupling. A perpendicular Zeeman field, however, is un-

suitable for investigations of the anomalous Hall and Nernst effects because such a magnetic field itself gives

rise to conventional Hall and Nernst effects which are expected to dominate over the Berry-phase mediated

anomalous response. Therefore, in order to uncover the anomalous Hall and Nernst effects in the topological

regime of the hole-doped systems, we consider the semiconductor quantum well in the [110] direction with a

Dresselhaus spin-orbit coupling and a parallel Zeeman field.
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Figure 2.4: (a) Band structure of the 2DHG in the kx direction for ky = 0. (b) Energy gap at origin between
lower bands. Here we have used ↵R = ↵D = 2⇥ 10

5 m/s, hy = 5 meV, �1 = 6.92,�2 = 2.1, �3 = 2.9 and
a = 8nm which are chosen for GaAs.

For the [110] growth direction, we have for the functions P,Q,R, [55]

P =

1

2

�1(k
2
x + k2y + k2z) (2.8)

Q =

1

2

�2(k
2
x � 1

2

k2y �
1

2

k2z) +
3

4

�3(k
2
y � k2z)

S =

p
3(�3kx � i�2ky)kz

R =

p
3

4

((�2 + �3)k
2
y + (�2 � �3)k

3
z)

�
p
3

2

(�2k
2
x � 2i�3kxky)

where we now have kx, ky , kz in the [0, 0,�1], [�1, 1, 0], and [1, 1, 0] directions, respectively. Due to the

confinement of the quantum well, the momentum is quantized in the growth direction and is approximated

by hkzi = 0 and
⌦

k2z
↵

⇡ (⇡/a)2 where a is the width of the well. This confinement projects the above

Hamiltonian from three dimensions into two and also serves to lift the degeneracy between the heavy and

light hole bands.

The single particle Hamiltonian for a two dimensional hole gas in a [110] quantum well which is
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expected to support topological superconductivity with s-wave proximity effect is the sum of the Luttinger,

spin-3/2 Rashba, and Dresselhaus terms,

H = HL + ↵R(J⇥ k) · ẑ + ↵DkxJz + hyJy (2.9)

where J is the total angular momentum operator given by the spin 3/2 matrices, �1, �2 and �3 are the Luttinger

parameters, ↵R and ↵D are the strengths of the Rashba and Dresselhaus couplings and hy is an in-plane

Zeeman splitting as before. The form of the Rashba and Dresselhaus couplings in Eq. (2.9) for holes can

be derived using nearly-degenerate perturbation theory.[54, 56] The band structure for this Hamiltonian is

illustrated in Fig. 2.4 with parameters chosen for GaAs. It is clear from Fig. 2.4 that the combined effects

of the Rashba, Dresselhaus, and the in-plane Zeeman splitting give rise to several regimes of the chemical

potential where a spectral gap opens up near the band-degeneracy points. In analogy with the electron-doped

semiconductors, when the chemical potential falls within the spectral gaps (topological regime) the system

has an odd number of Fermi surfaces leading to topological superconductivity in the [110] grown hole-doped

well in the presence of superconducting proximity effect.

Next, for a robust s-wave proximity effect on a hole-doped quantum well we need to ensure that

the top valence band orbital wave functions couple with the orbitals of the adjacent s-wave superconductor.

That this coupling is not automatically assured can be seen from the fact that the valence band holes are

generically p-wave (in contrast to the conduction band electrons which are typically s-wave), and therefore

coupling with the s-orbitals of the superconductor puts certain constraints on the value of m of the top valence

band wavefunctions. To illustrate this, suppose the top valence band quantum state contains contributions

only from pure eigenstates of Jz as
�

�j = 3
2 ,m = ± 3

2

↵

. Since m = ml + ms where ml and ms are orbital

and spin angular momentum quantum numbers, respectively, m = ± 3
2 implies that this state must consist of

only ml = ±1, ms = ± 1
2 states. However in this case there will be no overlap between the superconductor

orbitals if they are s-wave (ml = 0) and the ml = ±1 orbitals of the valence band, and no proximity induced

superconductivity can be induced in the valence band. Therefore unlike in the electron conduction band,

which consists of s orbitals, we must investigate the orbital angular momentum character of the valence

bands for holes.

The eigenstates of the Hamiltonian in Eq. (2.9) are pure eigenstates of the operator Jz only at k = 0,

but as k increases the bands become a mixture Jz eigenstates and can be written as a linear combination

in the form |�ni = c1(k)
�

�

3
2 ,

3
2

↵

+ c2(k)
�

�

3
2 ,

1
2

↵

+ c3(k)
�

�

3
2 ,

�1
2

↵

+ c4(k)
�

�

3
2 ,

�3
2

↵

. Figure 2.5 shows the
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Figure 2.5: (Color online) Contour plot of the Fermi surface at µ corresponding to the topological regime
(µ = �8.5 meV). Color plot indicates the proportion of light-hole character (mj = ±1/2) in the top valence
band.

Fermi surface for a value of µ (= �8.5 meV) corresponding to the gap between the HH bands (topological

regime, see Fig. 2.4) and the mixing of mj = ±1/2 states given by |c2|2 + |c3|2 in the top band at the Fermi

surface. Note that mj = ±1/2 eigenstates can be re-written in the basis |ml,msi as a linear combination of
�

�ml = 0, 1,ms =
1
2 ,�

1
2

↵

which guarantees the presence of ml = 0 states at the Fermi surface allowing for

robust proximity induced superconductivity.

Next we wish to calculate the Berry curvatures associated with the hole band structure shown in

Fig. 2.4 numerically. In order to facilitate the calculations of the Berry curvatures, we use the following

expression for the Berry curvature [39] which is equivalent to the form discussed earlier before Eq. (2.6),

⌦

n
xy = i

X

n0 6=n

D

�n

�

�

�

@H
@k

x

�

�

�

�

0
n

ED

�

0
n

�

�

�

@H
@k

y

�

�

�

�n

E

� (kx $ ky)

(En � En0
)

2
(2.10)

That this form of the Berry curvatures is equivalent to the earlier expression discussed before Eq. (2.6)

can be understood by noting that h�n |rk|�n0i (En0 � En) = h�n |rkH(k)|�n0i. [39] Eq. (2.10) has

31



(a)

 

 

−4 −2 0 2 4

x 10
8

−4

−2

0

2

4
x 10

8

−15

−10

−5

0
x 10

−16 (b)

 

 

−4 −2 0 2 4

x 10
8

−4

−2

0

2

4
x 10

8

0

5

10

15

x 10
−16

(c)

 

 

−4 −2 0 2 4

x 10
8

−4

−2

0

2

4
x 10

8

−4

−3

−2

−1

0
x 10

−15 (d)

 

 

−4 −2 0 2 4

x 10
8

−4

−2

0

2

4
x 10

8

0

1

2

3

4

x 10
−15

Figure 2.6: (Color online) Contour plot of Berry curvature of each band (units of m2) where (a) corresponds
to the lowest band and (d) to the highest. The y and x axis are ky and kx respectively with units of m�1. As
seen from the denominator of Eq. (2.10) these functions are sharply peaked at values of k near the near-band-
degeneracy points.

the additional benefit that the arbitrary phase factors of the eigenstates from numerical diagonalization are

ignored as there is no differentiation of the eigenstates involved. A contour plot of the Berry curvatures

corresponding to each of the four bands is given in Fig. 2.6. As can be seen from this figure, the Berry

curvatures are sharply peaked at points in k-space corresponding to the minimum energy gaps in the band

structure of the holes, that is, near the near-band-degeneracy points.

We now calculate the anomalous Hall conductivity through Eq.(2.2) where we use Eq. (2.10) for

the Berry curvatures, which is equivalent to the Kubo formula in linear response theory. Fig. 2.7 shows the

dependence of �xy on µ at zero temperature. The physics of this effect is the same as that of the electron

doped case but with Berry curvatures and a band structure that are more complicated. Decreasing µ excites

more holes, filling each band, such that there are contributions to �xy corresponding to the overlap of the

Fermi distribution function and Berry curvature for each band(Fig 2.6). As µ is made increasingly large

and all bands are filled the sum of the contributions approaches zero. There is again, like in the case of the

electron doped semiconductors, a small quasi-plateau corresponding to the topological regime of the chemical
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Figure 2.7: Plot of the anomalous Hall conductivity for the hole doped semiconductor at T=0 with the same
paramaters as those used in Fig. 2.4.

potential separating the top two bands.

The regime of chemical potential suitable for topological superconductivity in the presence of s-

wave proximity effect can be more clearly seen in the anomalous Nernst coefficient which has a well-defined

plateau at vanishing values in the topological regime. We calculate the anomalous Nernst coefficient through

Eq. (2.4) with the Berry curvatures found by using Eq. (2.10). The µ dependence of the Nernst coefficient is

shown in Fig. 2.8 near the regime of µ near the energy gap� between the top bands as illustrated in Fig. 2.4.

Similar to the electron doped systems, the integrand of Eq. (2.4) is a product of the entropy density, sharply

peaked at the Fermi surface, and the Berry curvatures shown in Fig 2.6 which are peaked near the near-

band-degeneracy points. There are two contributions to Fig. 2.8 as the Fermi surface corresponding to each

band sweeps through the area of k-space near the origin where the Berry curvature is sharply peaked. The

plateau for which the coefficient ↵xy = 0 corresponds to the energy gap between the bands which supports

the topological superconducting state and is surrounded by well-defined peaks of opposite sign on either side.

The vanishing of the Nernst effect, as before, originates from the clear momentum space separation between

the single (or odd number of) Fermi surface, which is a requirement for the topological superconductivity
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Figure 2.8: Plot of the anomalous Nernst coefficient for the [110] grown hole-doped quantum well near the
topological regime of the chemical potential. The topological regime of µ is characterized by a plateau of the
anomalous Nernst coefficient (at vanishing values) flanked by two peaks of opposite signs as in the case of
the electron-doped semiconductors. The parameters used are the same as in Fig. 2.4 except that T = 0.1K.

with Majorana fermions, and the regions in the momentum space (the near-band-degeneracy points) where

the topological Berry phase is sharply peaked.

In this chapter we have studied the intrinsic contributions to the anomalous Hall and thermoelectric

coefficients for thin film electron- and hole-doped semiconductors with Rashba and Dresselhaus spin orbit

couplings and a suitably directed Zeeman field. Due to the presence of the spin orbit interactions and Zeeman

field, a gap is induced in both the conduction and valence bands. When the chemical potential is inside the

gap, the so called topological regime, it has been proposed that a topological superconducting state with

Majorana fermions may be supported in the presence of s-wave superconducting proximity effect. For the

study of anomalous Hall and Nernst effects, we require the applied Zeeman field to be parallel to the planes of

the semiconductor. To achieve this, we first introduce the Hamiltonian of a [110] grown hole-doped quantum

well and show that in the presence of a parallel Zeeman field several topological regimes of chemical potential

open up which can potentially support topological superconductivity in the presence of proximity effect. We
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then discuss the wave function of the top hole-doped valence band and show that there is a considerable

mixing of mj = ±1/2 states which is necessary for proximity induced s-wave superconductivity. With the

Hamiltonians for the electron- as well as hole-doped systems capable of supporting topological regimes of

the chemical potential with only in-plane magnetic fields, we discuss the associated Berry curvatures. Time

reversal and spatial inversion symmetry breaking give rise to non-trivial Berry curvatures at the points in

k-space corresponding to local minimum gaps between energy bands, the so-called near-band-degeneracy

points. We make use of this fact to show that the topological regimes of the chemical potential generically

have well-defined plateaus in both anomalous Hall and Nernst effects. While the plateau in the anomalous

Hall coefficient is at a non-zero value, the Nernst coefficient saturates in the topological regime at ↵xy = 0.

The plateau at ↵xy = 0 is surrounded by well-defined peaks of the anomalous Nernst effect of opposite signs

indicating the emergence of the topological regime. The vanishing of the Nernst effect in the topological

regime originates from the clear momentum space separation between the single (or odd number of) Fermi

surface, a requirement for the topological superconductivity with Majorana fermions, and the regions in the

momentum space (the near-band-degeneracy points) where the topological Berry phase is sharply peaked.
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Chapter 3

Topological Properties of

one-dimensional superconductors

Multiple zero-energy Majorana fermions (MFs) with spatially overlapping wave functions can sur-

vive only if their splitting is prevented by an underlying symmetry. In this chapter we systematically analyze

the the topological properties for Hamiltonians which describe spinfull p-wave superconductors, as well as s-

wave superconductors in the presence of spin-orbit coupling and Zeeman fields, and illustrated that additional

symmetries do exist in general. We begin by showing that the pair of Majorana modes at each end of a 1D

spin triplet superconductor with total Cooper pair spin Sx = 0 (i.e., �"" = ��## = p�0; two uncoupled

time reversed copies of the Kitaev p-wave chain) are topologically robust to perturbations such as mixing

by the Sz = 0 component of the order parameter (�"# = �#"), transverse hopping (in quasi-1D systems),

non-magnetic disorder, and also, most importantly, to time reversal breaking perturbations such as applied

Zeeman fields/magnetic impurities and the mixing by the Sy = 0 component of the triplet order parameter

(�"" = �##). We show that the robustness to time reversal breaking results from a hidden chiral symmetry

which places the system in the BDI topological class with an integer Z invariant. This work has important

implications for the quasi-1D organic superconductors (TMTSF)2X (X=PF6, CIO4) (Bechgaard salts) which

have been proposed as triplet superconductors with equal spin pairing (�"",�## 6= 0,�"# = 0) in applied

magnetic fields.

Turning our attention to systems which obey conventional time-reversal symmetry, we then study

the magnetic field response of Majorana Kramers pairs of one-dimensional time-reversal invariant topological
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superconductors (class DIII) with or without a coexisting chirality symmetry. We again emphasize how the

anomalous magnetic field response of DIII class topological superconducting systems can be explained within

the context of a coexisting class BDI chiral symmetry and provide a realistic route to engineer a “true” TR-

invariant topological superconductor, i.e. one whose pair of Majorana bound states at each end is split by an

applied Zeeman field in arbitrary direction. We also prove that quite generally the splitting of the Majorana

bound states in a true time reversal invariant topological superconductor by time reversal breaking fields is

highly anisotropic in spin space.

Finally we will show that multiple Majorana-Kramers pairs with strongly overlapping wave func-

tions persist at zero energy even in the absence of an easily identifiable symmetry. We find that similar results

hold in the case of quasi-one-dimensional (Q1D) semiconductor-superconductor heterostructures (class D)

with t? ⌧ t, where t? and t are the transverse and longitudinal hoppings, respectively. Our results, ex-

plained in terms of special properties of the Hamiltonian including spatial reflection symmetries, underscore

the importance of hidden accidental symmetries in topological superconductors.

3.1 Topological superconducting platforms

It was shown by Read and Green [31] that 2D spinless p-wave superconductors host zero energy

Majorana fermion (MF) excitations (with second quantized operator � satisfying �† = �) in order parameter

defects such as vortices and edges. Kitaev showed [36] that the 1D version of the same system (henceforth

referred to as the “Kitaev p-wave chain”) can host MFs at the chain ends which can be used for topological

quantum computation [10]. Recently, MFs have been proposed to exist in systems closely analogous to the

spinless p-wave superconductors/superfluids such as heterostructures of topological insulators and s-wave

superconductors [57], cold fermion systems with Rashba spin orbit coupling, Zeeman field, and an attractive

s-wave interaction [20, 21], and also, heterostructures of spin-orbit coupled semiconductor thin films [17, 19]

or nanowires [19, 24, 25] proximity coupled with s-wave superconductors and a Zeeman field. There have

been recent claims of experimental observation of MFs in the semiconductor heterostructure which have

attracted considerable attention [58, 59, 60, 61, 62, 63, 64, 65, 16, 66]. In concurrent developments, recent

work [67, 67, 68, 69] has established that quadratic Hamiltonians describing gapped topological insulators

and superconductors may be classified into 10 distinct topological symmetry classes (the so called “ten-fold

way”) that can be characterized by certain topological invariants. The symmetry classification of a given

system is important as it provides an understanding of the effects of various perturbations on the stability of
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the protected surface modes such as the MFs. Generally speaking, if a given perturbation breaks a symmetry,

the surface zero energy modes of the corresponding symmetry protected topological state acquire non zero

energy and are removed by that perturbation.

Although the 1D spinless Kitaev chain has un unphysical Hamiltonian, quasi-1D spin-triplet super-

conductivity has been proposed in a class of organic superconductors (TMTSF)2X (Bechgaard salts, X=PF6,

ClO4) in the presence of applied magnetic fields [70, 71, 72, 73], as well as in Li0.9Mo6O17 [74]. The

Bechagaard salts are quasi-one-dimensional charge transfer salts exhibiting pressure induced superconduc-

tivity with abnormally high upper critical fields Hc2 [71]. The precise form of the order parameter is not

completely known, but there is evidence that when in the presence of a magnetic field, the superconducting

state is consistent with an equal-spin-pairing (ESP) p-wave phase [70, 71, 72, 73, 75, 76, 77]. Such a phase

with �"",�## 6= 0,�"# = 0 realizes two independent copies of the Kitaev p-wave chain, one for each spin

sector. By continuity from Kitaev’s argument [36], since the two spin sectors are uncoupled, one expects a

pair of MFs (one from each spin sector) at each end of the chains (the average spin-polarizations of the MFs

are zero since they are an equal superposition of particles and holes within a single spin sector). Neverthe-

less, since for �"" = ��## = p�0 (henceforth called the “TR-symmetric Kitaev chain”) the Hamiltonian

is symmetric under time reversal, it may appear that the pair of MFs at a given end are protected by the

TR symmetry. The relevent topological class would be DIII, which is characterized by a Z2 invariant. A

consequence of this would be that the MFs in (TMTSF)2X (or in Li0.9Mo6O17) would acquire a gap in the

presence of Zeeman fields and/or magnetic impurities and would be difficult to observe experimentally.

We now show that the pair of MFs at each end of a TR-symmetric Kitaev chain are in fact topo-

logically robust to a large class of perturbations including mixing by the Sz = 0 component of the order

parameter (�"# = �#"), transverse hopping (for quasi-1D systems), non-magnetic disorder, and also, im-

portantly, to perturbations that explicitly break the TR symmetry such as Zeeman fields/magnetic impurities

(in two orthogonal directions in spin-space) and perturbations rendering |�""| 6= |�##| (i.e., mixing by the

Sy = 0 component of the order parameter, �"" = �## = p�1). Note that such TR-breaking perturbations

are likely to be present in the experiments as the evidence for the possible spin-triplet order in Bechgaard salts

is found only in the presence of magnetic fields [70, 71, 72]. We show that the topological robustness to the

TR-breaking perturbations results from a hidden chiral symmetry that places the TR-symmetric Kitaev chain

in the BDI topological class with an integer Z invariant. The integer invariant is equal to the number of MF

modes at each end which are protected by the chiral symmetry. In quasi-1D systems with multiple coupled

chains the Z invariant can take arbitrary integer values given a large number of connected chains. Our work
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Figure 3.1: (Color online) (a) Low energy BdG quasiparticle spectrum for TR-symmetric Kitaev chain
corresponding to Eq. (3.1) which hosts a pair of Majorana Fermions. The parameters used are as follows:
�0 = 0.5meV, µ = 0.75 meV, N = 300 sites, a = 15 nm, corresponding to a wire length of 4.5µm
and a hopping amplitude of t = 11meV. (b) The response of the low energy spectrum to the TR-breaking
perturbations given in Eq. (3.2). We have added bulk Zeeman splitting (red circles, Vy, Vz = 0.4 meV),
magnetic impurity (blue squares) at wire endpoints of magnitude Jy, Jz = 1 meV, and mixing by the Sy = 0

(Sz = 0) component of the order parameter �"" = �## = 0.5�0, green diamonds (�"# = �#" = 0.5�0,
yellow triangles). (c) Zeeman splitting in the x̂ direction (Vx = 0.1 meV, red circles) and localized at the
endpoints (Jx = 0.5 meV, blue squares) split the MFs to finite energy

clarifies the topological properties of the doubled Kitaev chains and the related quasi-1D superconductors

with a spin-triplet p-wave order parameter. Additionally, we will show that the MFs and the resultant zero

bias tunneling peak [78, 79] and the fractional ac Josephson effect [36, 80, 81] should be topologically robust

and experimentally observable in (TMTSF)2X and Li0.9Mo6O17.
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3.2 The spinfull Kitaev model and chiral symmetry

We begin with the 1D electronic tight binding Hamiltonian for a pair of Kitaev chains in uncoupled

spin sectors,

H1 =

X

i,↵

(�tc†i↵ci+1,↵ � µc†i↵ci↵ +�↵↵c
†
i↵c

†
i+1↵ + h.c.), (3.1)

where i = 1, ..., N represents the lattice sites and ↵ =", # is the spin index. The first term in Eq. (3.1)

represents the kinetic energy, µ is the chemical potential and �↵↵ is the ESP p-wave superconducting pair

potential. For a finite wire we first solve the BdG equations corresponding to Eq. (3.1) for the TR-symmetric

case,�"" = ��## = �0 (see below for the TR-invariance of the doubled Kitaev chain) and choose parame-

ters as follows: �0 = 0.5meV, µ = 0.75 meV, N = 300 sites, a = 15 nm, corresponding to a wire length of

4.5µm and a hopping amplitude of t = 11meV. Given this choice of chemical potential the system realizes a

non-trivial topological state and as shown in Fig. (3.1a), the low-energy spectrum for this system contains a

total of four zero energy modes (two on each end) separated by a finite gap on each side. The wave functions

for the pair of zero modes at each end are such that the corresponding second quantized operators satisfy the

Majorana condition, �†i = �i.

Next, we examine the stability of the MFs against the TR-breaking perturbation Hamiltonian H2,

H2 =

X

i,↵,↵0

[(

~V · ~�)↵,↵0 c†i↵ci↵0
+ J(~Si · ~�)↵,↵0 c†i↵ci↵0

+ �1(c
†
i"c

†
i+1" + c†i#c

†
i+1#) + h.c]. (3.2)

The first term in Eq. (3.2) represents an applied Zeeman field ~V = (Vx, Vy, Vz), the second term represents

magnetic impurities localized at site i with spin ~Si and coupling constant J , and the third term �1 adds an

Sy = 0 component to the triplet order parameter. All three terms break the TR symmetry (note that the

term �1, added to a state with Sx = 0, makes the magnitudes of the order parameter in the two spin sectors

unequal, |�""| 6= |�##|). Additionally, we checked the robustness of the MFs to TR-invariant perturbations

such as (�"# = �#" = �2), non-magnetic disorder, and, for multiple coupled chains, to hopping in the

transverse directions. Since the spin-orbit coupling in the organic superconductors is negligible [72] we have

not included a Rashba spin-orbit term in the perturbation Hamiltonian.

Fig. (3.1b) shows the low energy BdG spectrum of the full Hamiltonian H = H1 + H2. The pair

of MFs at each end remain protected to perturbations such as Zeeman fields and magnetic impurities along
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two transverse directions, and also to mixing by the Sy = 0 and Sz = 0 components of the triplet order

parameter. In addition we have also found (not shown in Fig. 1) that the MFs are robust to non-magnetic

disorder and to transverse hopping (i.e. in a quasi-1D system). However we find that a Zeeman field along x

(Vx) splits the MFs to finite energy ±✏ as illustrated in Fig. (3.1c). Nevertheless, since the MFs are robust to

TR-breaking perturbations such as bulk Vy and Vz as well as magnetic impurities and mixing by the Sy = 0

component of the order parameter, the topological robustness of the MFs cannot be explained by the time

reversal symmetry.

To understand the topological properties of the TR-symmetric Kitaev chain we take a Fourier trans-

form of H1 in Eq. (3.1) (for �"" = ��## = �0)and write the Hamiltonian as, as H1 =

P

k  
†
kH1(k) k

where,

H1(k) = (�2t cos(k)� µ)�0⌧z +�0 sin(k)�z⌧x. (3.3)

Likewise the perturbation Hamiltonian H2 becomes H2 =

P

k  
†
kH2(k) k with,

H2(k) = Vx�x⌧z + Vy�y⌧0 + Vz�z⌧z +�1 sin(k)�0⌧x, (3.4)

where �i and ⌧i are the Pauli matrices in the spin and the particle-hole spaces, respectively. Here we have used

the coupled spin and particle-hole basis,  k = (ck", ck#, c
†
�k", c

†
�k#)

T , and have replaced kx by k. Using

the time reversal operator ⇥ (⇥=i�y⌧0K) and the particle-hole operator ⌅ (⌅ = �0⌧xK) in this basis, where

K is the complex conjugation operator, it is easy to see that H1 is TR-invariant (⇥H1(k)⇥
�1

= H1(�k))

and has the particle-hole symmetry (⌅H1(k)⌅
�1

= �H1(�k)). To understand the origin of the chiral

symmetry, we introduce the operator O = �i�z⌧zK, with O2
= I , under which the Hamiltonian is invariant

(OH1(k)O�1
= H1(�k)). The presence of O and the particle-hole symmetry ⌅ implies that H1 has the

chiral symmetry, {H,S} = 0, where S = O · ⌅ = �z⌧y is the chirality operator and {, } indicates the

anti-commutator. The anti-commutation with S and commutation with O, along with O2
= I , imply that the

TR-symmetric Kitaev model is in the topological class BDI with an integer (Z) winding number invariant W

[67, 69, 82, 83]. Note that all the perturbations in Eq. (3.4), including non-magnetic disorder and transverse

hopping, except Vx (and a magnetic impurity polarized along x), respect the chiral symmetry S . As shown in

Fig. 3.1 a perturbation such as Vx (and Jx) breaks the chiral symmetry, creating a gap and removes the MFs.

In order to calculate the topological winding number W we first off-diagonalize the Hamiltonian in
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Figure 3.2: (Color online) Parametric plots of Re(Det(A(k))) and Im(Det(A(k))) as the momentum k is
varied through the 1D Brillouin zone from k = �⇡ and ⇡. (a) The winding of the angle ✓(k) for the TR-
symmetric Kitaev chain in the topologically non-trivial (red) and trivial (blue) phases corresponding to |µ| <
2t and |µ| > 2t, respectively, indicating the existence of 2 and 0 MFs at each end. (b) The winding number
in the presence of perturbation (�"" = �## = 0.5�0), and 3 values of the Zeeman splitting, Vy, Vz = 0.5µ
(red), 1.5µ (blue), and 3.3µ (purple). With increasing Zeeman fields, the Fermi surfaces disappear in turn and
W decreases from 2 (red) to 1 (blue) to 0 (purple) indicating the corresponding disappearance of the MFs.
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Eq. (3.3),

H
0
= UHU †

=

0

B

@

0 A(k)

A†
(�k) 0

1

C

A

, (3.5)

and write the determinant of A(k) in a complex polar form, Det(A) = |Det(A)|ei✓(k). The winding number

W is then given by [82] W = 1/(2⇡)
R ⇡
�⇡ d✓(k).

In Fig. (3.2a), we show the winding number in the topologically non-trivial and trivial phases of

the TR-symmetric Kitaev chain. The winding number is 2 (0) in the topologically non-trivial (trivial) phases

indicating the existence of 2 (0) topologically protected MFs on a given end. In Fig. (3.2b) we show that the

winding number is 2 even in the presence of the perturbations Vy, Vz and �"" = �## 6= 0 (red curve). This

explains the topological robustness of the pair of MFs on a given end of the finite wire (Fig. (1)). In Fig. (2b),

blue and purple curves indicate the evolution of W with increasing Zeeman fields Vy, Vz . Even though the

chiral symmetry is still unbroken, the Zeeman field can change the value of W from 2 ! 1 ! 0, indicating

a corresponding decrease of the number of MFs on a given end. Physically, the Zeeman field reduces the

number of MFs by 1 by removing the individual Fermi surfaces in turn.

Next we consider the Hamiltonian in Eq. (3.1) with �"" = �## (ESP phase with Sy = 0). In this

phase, as we show in Fig. (3a), the winding number W = 0 (red curve). Although W = 0, since the two

spin sectors are uncoupled and each sector hosts a single MF, the system has a total of 2 MFs on a single

end. However, in this case the pair of MFs are accidental with respect to the chiral symmetry S , meaning

that they are not topologically protected by S . We see the absence of the topological protection in Fig. (3b)

where a small Zeeman field Vy , even though it respects the symmetry under S (see Eq. (3.4)), still removes

the MFs from the chain ends. Fig. (3c,3d) illustrate the fact that in the Sy = 0 phase, a field Vz > µ can

remove one of the Fermi surfaces, resulting in the winding number increasing from 0 to 1 (Fig. (3c)), which

is then protected by the chiral symmetry S . We note in passing that the pair of MFs in the Sy = 0 phase are

also protected to Vx, Vz , but this protection is provided by a different chiral symmetry ˜S = �0⌧y .

To illustrate the possibility for higher integer values of W (and, correspondingly, higher number of

protected MFs per end) let us now consider multiple chains coupled in the transverse directions by hopping

parameters ty, tz . Since in the Bechgaard salts the hopping ratios are tx : ty : tz = 1 : 0.1 : 0.03 []

we consider only the effects of ty . In the limiting case ty ! 0 there exist a set of degenerate 1D chains

each hosting 2 MFs at each end and a small hopping between the chains ty ⌧ tx breaks this degeneracy.

Despite the degeneracy breaking, the additional terms in the Hamiltonian do not break the chiral symmetry
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Figure 3.3: (a) The winding of the angle ✓(k) for the (Sy = 0) Kitaev chain with �"" = �## with the two
spin sectors uncoupled (red) and coupled by a Zeeman splitting Vy = 0.25 meV (blue). In both cases W = 0.
(b) Low energy BdG spectrum for the uncoupled spins (red circles) shows 2 topologically unprotected MFs
at each end. Since the MFs are unprotected (see text), even a chiral symmetric perturbation Vy = 0.25 meV
splits them to finite energy (blue squares). (c) Increasing the Zeeman splitting in the ẑ direction (Vz > µ)
drives the system through a topological phase transition into a phase with winding number W = 1. We show
the winding for uncoupled spins (red) and with additional Zeeman splitting Vy = 0.25 meV (blue). (d) Low
energy BdG spectrum in the W = 1 regime for uncoupled spins (red circles) and in the presence of Vy (blue
squares) illustrating the topological protection of the MF.
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Figure 3.4: (a) Low energy BdG spectrum of four parallel chains coupled by transverse hopping ty . ty/tx =

0.2, 0.75, 1.5 correspond to 8 (red circles), 6 (blue circles), and 4 (green diamonds) MFs at each end. (b)
Quasiparticle gap closing and TQPT (separating phases with different number of MFs) tuned by the transverse
hopping. Panels (c, d) show the bulk energy-momentum dispersion in the gapped regime with 8 MFs and as
the bulk gap closes leading to the regime with 6 MFs at each end.
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and the multi-chain problem is the winding number W formulation remains valid (suitably defined for a

larger dimensional H).

If ty ⌧ tx between N conducting chains, such that the confinement energy is much smaller than

the chemical potential, the system will accommodate 2N sets of Majorana fermions. As the strength of ty

increases the confinement energy lifts the energy of the bands above µ such that they are no longer occupied.

Thus the number of MFs localized at an end (and the value of W ) goes down in pairs. As shown in Fig. 3.2,

at each jump of the value of W , the superconducting quasiparticle gap closes and the system passes through

a topological quantum phase transition (TQPT).

In principle, the MFs in 1D chiral symmetric topological superconductors can be probed by differ-

ential tunneling conductance from the ends [84]. Additionally, in a butt-to-butt Josephson set up between two

1D chiral TS there now exists a stable Majorana quartet (two MFs on each side of the junction). The energy

levels of the junction plotted as a function of the phase difference � is 4⇡ periodic [80, 81], giving rise to a

4⇡ periodic Josephson effect (see Fig. (3.5a)). As shown in Figs. (3.5b, c), the topological robustness due to

chiral symmetry ensures that the single crossing of the E vs. � curves at � = ⇡ is stable to perturbations

including those breaking TR symmetry. In Fig. (3.5d) we show that the 4⇡ periodicity of the curves is broken

only by adding a Zeeman field Vx that breaks the chiral symmetry S .

3.3 True time-reversal invariance

Recently, one-dimensional (1D) time reversal (TR) invariant topological superconductors (in class

DIII) have been proposed where a pair of MBSs exist on each end of a quantum wire [85, 86, 87, 88, 89, 90,

91, 92]. Even though a pair of zero energy states are localized at the same end, they are protected against

hybridization (and acquiring finite energies) by TR symmetry. These systems are characterized by a DIII

class Z2 invariant which takes a non-trivial value when the pairing potential has a negative sign on an odd

number of Fermi surfaces each of which encloses a TR-invariant momenta [93]. In Ref. 88 this is achieved

by having a quantum wire with Rashba spin-orbit coupling proximity coupled to an unconventional s± wave

superconductor with pair potential �k changing sign between the two Fermi surfaces. A non-trivial Z2

invariant implies that no perturbation respecting TR symmetry can remove the MBS pair from the wire ends

without closing the bulk gap. Conversely, it is expected that perturbations that do break the TR symmetry can

split the pair of MBSs to higher energies by hybridization.

In this section we first show that 1D TR-invariant (TRI) TS systems in class DIII which are s± wave
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Figure 3.5: (a) Low energy ABS spectrum as a function of � for TR-symmetric Kitaev chain with parameters
as in Fig. 1. Each red curve is twofold degenerate. (b) TR-breaking bulk Zeeman fields Vy, Vz = .25 meV lift
the degeneracy but preserves the 4⇡ periodicity of the spectrum. (c) Adding the order parameter component
with �"" = �## = 0.5�0, although it breaks the TR symmetry, preserves the 4⇡ periodicity (d) The
spectrum with Vx = 1 meV added to the junction breaks chiral symmetry and results in a conventional 2⇡
Josephson effect.
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superconductor based frequently possess the BDI co-existing chiral symmetry allowing an integer Z topo-

logical invariant. For unbroken TR invariance the parameter regimes for nontrivial values of the Z2 invariant

and the Z invariant coincide, each indicating the presence of the Kramers pair of MBSs. We emphasize that

broken TR may not be accompanied by broken chirality, and if the chiral symmetry is unbroken, the pair of

MBSs at a given end can survive the loss of the TR symmetry. We show that the existence of the chiral sym-

metry explains the persistence of the MBSs even in the presence of magnetic fields in a plane perpendicular

to the spin-orbit coupling (the chiral symmetry was used earlier to explain the robustness of the zero modes

to Zeeman fields in a specific direction in spin space in Rashba-coupled d-wave superconductors [94, 85]).

Conversely, we find that broken chirality may also not be accompanied by broken TR symmetry, and in this

case also the MBSs remain un-split due to the persistence of the Z2 TR invariant. By numerically solving the

appropriate BdG equations for a s±-wave TRI superconductor we find that only those physical perturbations

that simultaneously break both TR and chiral symmetries can hybridize the MBSs and split them to finite

energies. Additionally, we provide a realistic route to engineer a “true” TRI TS system whose Majorana

Kramers pairs are split by an applied Zeeman field in any direction. In this case we find that the splitting of

the MBSs by TR-breaking Zeeman fields is highly anisotropic in spin space, and this can be taken as a strong

signature of TRI superconductivity and Majorana Kramers pairs.

Let us now adopt new notation and consider a TRI TS system given by the following BdG Hamilto-

nian H =

P

k  
†
kHk k where,

Hk = (✏k � µ)�0⌧z + ↵R
k (â · �)⌧z +�s

k�0⌧x (3.6)

where ✏k = �2t cos(k) is the single particle kinetic energy, ↵R
k = ↵R sin k is the Rashba-type spin orbit

interaction, and �s
k = �0 + �1 cos(k) represents the spin-singlet superconducting pair potential with a

conventional s-wave order parameter (�0) and a s± [88] or d-wave component ([85]) (�1). �i,⌧i are spin

1/2 Pauli matrices in the spin and the particle-hole spaces respectively, and we have used the Nambu basis,

 k = (ck", ck#, c
†
�k#,�c†�k")

T . The vector â indicates an arbitrary spin orbit coupling direction in the

spin space. Selecting â along ŷ, Eq. (3.6) reduces to the 1D Hamiltonian used in [88]. We solve the

corresponding lattice BdG equations for a finite wire setup and find zero energy Majorana quasiparticle

modes. The wavefunctions for the zero energy modes are localized at the wire ends, as illustrated in Fig. 3.6

panel (a), subject to the constraint that the chemical potential satisfies |µ| < 2↵R and the Z2 TR invariant

takes a non-trivial value (see Fig. 3.6 panels (b,c)).
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Figure 3.6: (Color online) (a) Probability amplitude | (x)| of the lowest energy solution to Eq. 3.6 on a
finite system with a length of 300 sites. (b) The low energy BdG spectrum as a function of chemical potential
µ. Each band is doubly degenerate, with 2 MBSs at each end of the nanowire in the |µ| < 2↵R topologically
non-trivial regime. (c) Parametric plot of Re(Det(A(k))) and Im(Det(A(k))) as the quasi-momentum k is
varied through the 1D Brillouin zone (k 2 [�⇡,⇡]). The red curve (|µ| < 2↵R, non-trivial regime) winds
about the origin twice as k is varied through the Brillouin zone yielding a chiral invariant W = 2. Upon
increasing the chemical potential, the blue curve (|µ| > 2↵R topologically trivial regime) winds about the
origin 0 times indicating a decrease in the chiral invariant from W = 2 to W = 0.

Due to the fact that we have written Eq.3.6 in a modified basis with respect to Eq.3.3, we re-

view the symmetric properties of Eq.3.6 within the new basis. In addition to the particle-hole symmetry

(⌅Hk⌅
�1

= �H�k with the operator ⌅ = �y⌧yK) the above Hamiltonian (i.e.Eq. 3.6) satisfies the TR con-

dition ⇥Hk⇥
�1

= H�k with ⇥ = i�y⌧0K where K is the complex conjugation operator. For the parameter

range |µ| < 2↵R the TR Z2 topological invariant has a non-trivial value and a pair of MBSs localized at

each end of the nanowire. Note however, that there exists an operator O = (â · ŷ + i(â ⇥ ŷ) · �)K with

O2
= 1 which acts on the Hamiltonian similarly to the TR operator, OHkO�1

= H�k. Due to the existence

of O and the presence of ⌅, there exists a chiral operator S2 = O · ⌅ = (â · �)⌧y which anti-commutes

with the Hamiltonian. Note that it is trivial to show that the operator S1 = �0⌧y also anti-commutes with

the BdG Hamiltonian as �0 (⌧y) commutes (anti-commutes) with each term in Eq. (3.6). However, invariants

calculated with this operator (see below) are inconsistent with the behavior of the BdG spectrum and we note
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that S1, S2 form a two dimensional vector space of chiral operators anti-commuting with Hk.

The existence of the S2 symmetry allows us to compute an Z invariant counting the number of

topologically protected MBSs at each end of the wire. In the eigenbasis of S2 the BdG Hamiltonian still

takes the off-diagonal form

H0

k = UHkU
†
=

0

B

@

0 Ak

A†
�k 0

1

C

A

(3.7)

where U is the unitary transformation matrix between the two eigenbasis. Again writing the determinant

of Ak, a complex quantity, in its polar form, Det(Ak) = |Det(Ak)| exp[i✓(k)]. For a gapped system, the

topological invariant is given by the winding number W [82, 83],

W =

1

2⇡i

Z ⇡

�⇡

dz(k)

z(k)
. (3.8)

with z(k) = exp[i✓(k)]. W counts the number of times ✓(k) winds about the origin in the complex plane.

Note that this quantity is invariant under smooth deformations and cannot change without |Det(Ak)| going

to zero, indicating a gap closing and topological phase transition. As shown in Fig. 3.6 panel (b) the winding

number in the regime (|µ| < 2↵R) is 2, while in the topologically trivial regime the winding number is 0.

This corresponds exactly with the parameter regime for which the DIII class Z2 invariant takes a non-trivial

value [85, 88]. Thus in the non-trivial topological regime the Hamiltonian given by Eq. (3.6) is characterized

by the coexistence of TR and chiral symmetries. Next we investigate the behavior of the Majorana Kramers

pair in the presence of terms which break one symmetry while maintaining the other, and finally when both

symmetries are destroyed.

3.3.1 TR-breaking perturbations maintaining chiral invariance

In order to illustrate the dual protection afforded by both time-reversal symmetry and chiral sym-

metry, let us now consider the effect of TR-breaking perturbations such as Zeeman splitting in an arbitrary

direction on the low energy BdG spectrum for a finite wire. A spatially uniform Zeeman splitting, due to a

uniform magnetic field for example, is written as

HZ
= V (b · �)⌧0. (3.9)
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Figure 3.7: (Color online) (a) Winding curves for the bulk BdG Hamiltonian given by Eqs. (3.6,3.9) which
preserves the chiral symmetry (b ? â). The red, blue, and green curves yield chiral invariants W = 2, 1, 0
connected by gap closures and topological phase transitions. (b) Low energy BdG quasiparticle spectrum
corresponding to the winding curves in panel (a). Here N counts the number of positive (negative) energy
eigenvalues above (below) the Fermi energy. The chiral invariant counts the number of topologically pro-
tected modes at each end of the nanowire.

The total BdG Hamiltonian is a sum of Eq. (3.6) and this term as Htot = Hk + HZ . Note that for b ? â

this term anti-commutes with S2, preserving the chiral symmetry of the system. The MBSs are topologically

protected and immune to splitting by Zeeman fields in the two directions (and on the entire plane formed by

them) perpendicular to the spin-orbit field. Increasing the magnitude of the splitting may however remove

one Fermi surface driving the system through a topological quantum phase transition into a state which

is effectively a spinless p-wave superconductor, and hence supports a single MBS at each edge. Further

increasing the Zeeman splitting removes the second Fermi surface driving the system into a trivial phase

as seen in Fig. 3.7. Thus, in the presence Zeeman splitting discussed above, it is appropriate to classify

the system as a chiral topological superconductor with an Z invariant. Note that a Zeeman splitting b k â

commutes with S2, breaking both TR and chiral symmetries. In this case the MBSs do in fact couple as a

result of the broken symmetries and the zero energy modes are split to finite energy (Fig. [3], panel (a)).

3.3.2 Chirality breaking perturbations maintaining TR-invariance

Conversely, we wish to consider terms in the BdG Hamiltonian which break the chiral symmetry

while preserving TR-symmetry. For example, one may examine the response of the zero energy modes to the
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inclusion of a TR-invariant next nearest neighbor spin-orbit coupling. In the absence of Zeeman splitting the

total Hamiltonian is written as a sum of Eq. (3.6) and

HSO0

k = ↵0
sin(2k)(c · �)⌧z. (3.10)

Here the vector c indicates the axis of the next-nearest neighbor spin-orbit coupling. Regardless of this

direction, Eq. 3.10 always respects the TR condition, ⇥Hk⇥
�1

= H�k. If c k â the spin-orbit coupling

has a fixed axis and the chiral S2 symmetry is maintained. In this case, the results of the preceding section

are applicable and the MBSs are robust to the application of magnetic fields in the plane perpendicular to

â. However, for c ? a, the extra spin-orbit coupling commutes with S2, breaking the chiral symmetry.

Physically, the next-nearest neighbor spin-orbit coupling corresponds to the spin quantization axis being

different at the different spin-split Fermi points. Such a difference in spin-polarizations between the two

Fermi points is natural in the limit where the Fermi points are sufficiently separated to allow a different sign

of the pairing potential. Since such a difference in sign in the pair potential between the two spin-split Fermi

points is achieved in the topological regime (|µ| < 2↵R) [88] the next-nearest neighbor spin-orbit coupling

is expected in this regime. Because the perturbation HSO0
does not break time-reversal symmetry, Kramers

theorem dictates that Majorana fermions can only occur in pairs and a single Kramers pair of Majorana modes

at either of the ends of the nanowire cannot be split by HSO0
.

3.3.3 Zeeman splitting in a spin-nonconserving Hamiltonian – signature of a “true”

TR-protected topological superconductor

An HSO0
which breaks the chiral symmetry leads to a topological state in which spin is not con-

served and Kramers pairs of MBSs are hybridized by Zeeman splitting in all directions. Note that, in the

absence of such a term the spin operator â · � commutes with the Hamiltonian whereby this component of

spin is conserved. However, as argued below, even in this general time-reversal invariant case, where no

chiral symmetry is present, the splitting of the MBSs at small Zeeman fields is still highly anisotropic in spin

space, and this property can be used as a diagnostic signature of Majorana-Kramers pairs in experiments.

To understand the splitting in more detail, we consider the response of the MBSs on the right end

of the wire to an applied magnetic field. We assume that the MBSs on the left end have been gapped out by

a localized magnetic field, which does not affect the right end of the wire. The splitting and crossing of the

MBSs on the right end as a function of the magnetic field V =

P

a=x,y,z Ba�a can be analyzed by studying
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Table 3.1: Possible 1D topological invariants in the presence of Zeeman fields (Eq. 3.9) and second nearest
neighbor spin-orbit coupling (Eq. 3.10). Here â is the direction of the nearest neighbor spin orbit field and
b = 0 indicates no Zeeman splitting.

b = 0 b k â b ? â

c k â Z,Z2 0 Z

c ? â Z2 0 0

the Pfaffian of the BdG Hamiltonian

Q(B) = Pf(�y⌧yHBdG(B)), (3.11)

where we have taken advantage of the fact that �y⌧yHBdG is anti-symmetric and allows the definition of

a Pfaffian. The Pfaffian Q defined here is related to the Majorana number defined by Kitaev [36], and

corresponds to the fermion parity of the ground state. More importantly, the Hermiticity of HBdG dictates

that Q(B) is real and since Q(B)

2
= Det(HBdG), Q(B) can only change sign when an odd number of

pairs of energy levels cross zero-energy. Therefore, in our system, where only the energy levels on the right

side can cross zero-energy when a small B is applied, the splitting and crossing of MBSs is determined by

Q(B). The MBSs are unsplit only when Q(B) = 0. Since the MBSs are unsplit at B = 0, Q(B = 0) = 0.

Applying the time-reversal operator i�yK to Eq. (3.11) we observe that Q(B)

2
= Q(�B)

2. This allows

two choices Q(B) = ±Q(�B) where only the case with the � sign corresponds to having an odd number

of MBSs that are split by the Zeeman field. This case corresponds to the Z2 non-trivial TRI superconductor

such that Q satisfies

Q(B) = �Q(�B). (3.12)

At small B, one can expand Q(B) as

Q(B) =

X

a

[⇢aBa{1 +
X

b,c

⇢abcBbBc(1 +

X

d,f

(⇢abcdfBdBf

+ . . . )}], (3.13)

where ⇢a, ⇢abc, and ⇢abcdf are coefficients that in principle can be determined in perturbation theory.

Using Eq. 3.13, we note that there is a unique direction b1 parallel to ⇢, where the MBSs split

linearly as long as B is not in the plane perpendicular to b1. This is similar to the chiral case where the

Zeeman potential is applied along the axis of the spin-orbit field. The existence of a unique axis with such
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Figure 3.8: (Color online) (a) Energy splitting of the MBSs in the presence of Zeeman splitting V along ŷ
(along the direction of spin orbit direction) as described in Eq. (3.9). (b) Energy splitting as a function of
Zeeman field along three orthogonal directions b1,2,3 described in the text on a log-log scale are found (from
the slope) to split as V ,V 3 and V 5, where V is the magnitude of the Zeeman field. Thus, in the presence of
next-nearest neighbor spin-orbit coupling described by Eq. 3.10, the MBSs split in every direction. Both axes
are in units where the pairing potential�1 = 2.

a strong splitting of MBSs is a general feature of the TR-invariant state. In general the MBS splitting when

B is in the plane perpendicular to ⇢ is of order B3. However, varying B along the circle with B · ⇢ = 0

and |B| held fixed we conclude that since Q(B) is odd in B, the splitting must vanish at some point on the

circle. Along this direction b3, the cubic coefficient also vanishes and the splitting of the MBSs is expected

to be even slower, i.e. of order B5. The splitting in the perpendicular direction b2 = b1 ⇥ b3 is of order

B3. By considering the nanowire with a next-nearest neighbor spin-orbit coupling with strength ↵0
= ↵, and

calculating numerically the MBS energies in the plane perpendicular to the direction where the MBSs split

linearly, we see in Fig. 3.8 that the MBSs in this model split in all directions.

3.4 Spatial reflection symmetry

In Q1D multi-chain systems multiple Majorana fermions with spatially overlapping wave functions

can remain at zero energy only if their splitting is forbidden by an underlying symmetry. In this work we

show that, in Q1D TR-invariant topological superconductors, multiple Majorana-Kramers pairs (MKPs) with

strongly overlapping wave functions persist at zero energy even in the absence of an identifiable physical

symmetry. We find similar results also for Q1D semiconductor-superconductor heterostructures with spin-

orbit (SO) coupling and Zeeman field (class D with Z2 invariant) with t? ⌧ t, pointing to the existence of a

hidden symmetry decoupling of the MFs.
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To demonstrate this result we start with a strictly 1D (single chain) TR-invariant Kitaev model

superconductor (Eq. (3.14)), modeling the ESP spin-triplet p-wave state proposed to be realized in LiMO.

Remember tha in addition to TR-invariance, the model has a chiral as well as a mirror symmetry both of

which allow an integer (Z) invariant. In the physically realistic Q1D generalization of this model (with

t? ⌧ tx) the Z invariant takes arbitrary integer values, allowing multiple MKPs localized at the same end

despite wave-function overlap. We show that, even in the absence of such symmetries, multiple MFs can still

be protected by symmetries such as spatial reflection. In realistic materials, however, reflection symmetry

is expected to be broken by disorder. Remarkably, we find that disorder induced breakdown of reflection

symmetry fails to lift the degeneracy of the zero energy modes even with strong wave function overlap.

We find very similar results also for Q1D systems in class D. These results, which we explain in terms of

special properties of the Hamiltonians and wave functions, underscore the importance of hidden symmetry

decoupling of MFs in topological superconductors.

We model a one dimensional spin-triplet topological superconductor by a lattice Hamiltonian which

includes nearest neighbor hopping, on-site chemical potential and a general p-wave superconducting order

parameter which reads,

H1D
=

X

i,�,�0

[�tc†i+1�ci,� � µc†i�ci� +���0c†i+1�c
†
i�0 +H.c.]. (3.14)

Here t = tx is the hopping integral between nearest neighbor sites, i 2 [1, Nx] is the lattice index and � =", #

represents the spin index. Next, we Fourier transform Eq. (3.14) to study the 1D bulk topological properties.

In momentum space, the superconducting gap function which describes correlations between electrons is

written �↵�(k) = hc↵(k)c�(�k)i, where c↵(k) is the destruction operator of a single electron with spin

↵ and momentum k. The spin symmetry of Cooper pairing may be classified by the total spin as either

singlet (S = 0) or triplet (S = 1). A general pair potential is expressed compactly in terms of a d-vector

as �↵�(k) = [�s(k) + d(k) · �] (i�y)↵� with a symmetric singlet component �s(k) = �s(�k), and an

antisymmetric triplet d-vector d(k) = �d(�k). In this work we will consider a pure triplet order parameter

with �s(k) = 0, however the following analysis is general and applicable in the presence of a singlet term.

As an example, consider a Cooper pair in a state with zero spin projection along ẑ, that is Sz = 0. This is in

fact a Cooper pair described by the familiar triplet state |"#i+ |#"i and corresponds to a pairing potential in

Eq. 3.14 with �",# = �#,".

We now write the bulk Hamiltonian corresponding to Eq. (3.14) as a momentum space Bogoliubov-
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de Gennes (BdG) Hamiltonian, H1D
=

P

k  
†
kHk k. With the Nambu basis k = (ck", ck#, c

†
�k#,�c†�k")

T

which absorbs the factor i�y associated with the d-vector, the matrix Hk then takes the form

H1D
k = (✏(k)� µ)�0⌧z + d(k) · �⌧x. (3.15)

Here k = kx is the 1D crystal-momentum, ✏(k) = �2t(cos(k) � 1) is the single particle kinetic energy,

d(k) =

ˆd|d(k)| = (dx, dy, dz)� sin(k) is the p-wave order parameter and �i,⌧i indicate spin 1/2 Pauli

matrices in the spin and the particle-hole spaces respectively. The bulk spectrum consists of two doubly

degenerate bands given by the dispersion relation E± = ±
p

(✏k � µ)2 + |d(k)|2.

Superconducting Hamiltonians observe an intrinsic particle-hole symmetry (PHS) which emerges

from the structure of the BdG equations. The BdG Hamiltonian in Eq. (3.15) satisfies ⌅Hk⌅
�1

= �H�k,

where, in this basis the anti-unitary PHS operator reads ⌅ = �y⌧yK where K is the anti-unitary complex con-

jugation operator. ⌅ anti-commutes with the real space representation of H1D
k and obeys ⌅2

= 1. PHS which

relates quasiparticle excitations at ±E through �†E = ��E is fundamentally important for the formation

of Majorana modes which are a special case satisfying E = 0. Additionally, H1D
k obeys the time-reversal

symmetry (TRS) relation ⇥Hk⇥
�1

= H�k with the TR operator ⇥ = �y⌧0K. The presence of PHS and

TRS leads to a unitary chiral symmetry which is simply the product ⇧ = ⌅ · ⇥ = �0⌧y . When |µ| < 2t

the system is in the topologically non-trivial phase, characterized by a DIII class Z2 invariant which takes

a value ⌫ = �1. This invariant may be viewed as a Kramers polarization and reduces to Kitaev’s Pfaffian

invariant for one spin block in the presence of spin rotation symmetry [95]. When ⌫ = �1 unpaired MFs

at each end of the wire form topologically protected MKP’s. This explains the robustness of the four zero

energy modes in the presence of TR-invariant perturbations, for example spin-orbit coupling terms such as

HSO
= ↵R sin(k)�y⌧z added to Eq. (3.15). Additionally, the BdG Hamiltonian Eq. (3.15) belongs to the

topological class BDI, due to a co-existing chiral symmetry given by SBDI
= O · ⌅ = (

ˆd · �)⌧y , which is

the product of a TR-like operator O = (

ˆd · ŷ + i( ˆd ⇥ ŷ) · �)K with O2
= 1, and the particle-hole operator

⌅. In d = 1 BDI Hamiltonians are classified by a bulk Z topological winding number invariant W . To

calculate the invariant we off-diagonalize the Hamiltonian from Eq. (3.15) in the basis which diagonalizes

SBDI . Writing the determinant of the off-diagonal part in a complex polar form, Dk = |Det(Dk)|ei✓(k), W

is given by [82, 83] the number of times ✓(k) winds about the origin as k varies through the 1D Brillouin

zone. As can be seen from Fig. [3.9], panel (a), the invariant takes the value W = 2 in the topological phase

of Eq. (3.15) while W = 0 in the trivial phase. This chiral symmetry explains the persistence of the zero
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Figure 3.9: (Color online) (a) Chiral topological invariant W = 2 indicating two topologically protected
MFs at each end of a single chain described by Eq. (3.15) (b) Mirror topological invariant �M = 2 (difference
of the winding numbers in the two mirror subsectors) also indicating two MFs at each end of a single chain
in Eq. (3.15).

modes to TR-breaking terms including stray Zeeman fields (HZ
= V ·�⌧0) perpendicular to the d-vector. A

generic SO coupling term aligned in an arbitrary direction in spin space is written HSO
= ↵R sin(k)a · �⌧z

meaning that a k dk preserves chiral symmetry while a SO term in the plane perpendicular to the d-vector

does not respect chiral symmetry.

Recently, mirror symmetry has also been a proposed as a topological protection mechanism for MFs

[96]. The one-dimensional Hamiltonian Eq. (3.15) is invariant ([M,Hk] = 0) under the mirror symmetry

operator M = i ˆd ·�⌧0. Because M and Hk commute, the Hamiltonian may be expressed in a block diagonal

form where each block corresponds to a mirror eigenspace subsector. Each block is written h± · � where

the ± is the mirror eigenspace index. Explicitly choosing ˆd along x̂ we find h±
= (±� sin(k), 0, ✏k � µ)

such that the mirror winding number invariant in each subsector C± is defined in the (�x � �z) plane.

Each mirror winding curve encloses the origin once, but with opposite helicity, leading to a mirror invariant

�M = C+ � C�
= 2, which is illustrated in Fig. 3.9.

A realistic quasi-1D spin triplet superconductor such as LiMO (or quasi-1D TRI systems in cold

fermions) may first be modeled as an array of 1D chains coupled by a weak hopping amplitude ty ⌧ tx. One

may further consider a truly 3D system by stacking 2D arrays and coupling them through a third hopping

integral tz ⌧ ty ⌧ tx. We consider a system which consists of Ny parallel chains, indexed by l 2 [1, Ny],

57



coupled only by transverse hopping ty . The quasi-1D Hamiltonian is a generalization of Eq. (3.15) given by

HQ1D
=

X

kll0

 

†
kl(H1D

k �l,l0 +H?
l,l0) kl0 , (3.16)

where we have used the basis  kl = (ckl", ckl#, c
†
�kl#,�c†�kl")

T , and H?
l,l0 = �t?�0⌧z(�l,l0+1 + �l,l0�1).

We proceed by first examining a double chain setup with l = 1, 2 as an illustrative example. For a

two-chain system the Hamiltonian is expressed as 2⇥ 2 matrix where every entry is itself a 4⇥ 4 matrix (see

Eq. 3.15). This reads,

HQ1D
=

X

k

( 

†
k,1, 

†
k,2)

0

B

@

H1D
k �t?�0⌧z

�t?�0⌧z H1D
k

1

C

A

0

B

@

 k,1

 k,2

1

C

A

(3.17)

Introducing a new Pauli matrix (⇢) in the double chain Hilbert space allows us to write Eq. (3.17)

compactly as H1D
k ⇢0+t?�0⌧z⇢x. Using this, we may generalize the chiral operator to the double chain space

as SBDI
= �x⌧y⇢0. We are now able to calculate a generalized multi-chain winding number W counting the

number of MFs at each edge which are now localized across both chains. Just as in the single chain case, the

magnitude of the chiral invariant |W | is equal to the number of topologically protected MFs present at each

end. This is illustrated by the phase diagram presented in Fig. 3.10 which shows that for small transverse

hopping 2⇥Ny = 4 Majorana modes are present. In general, as long as one can define a chiral and/or mirror

invariant, and the transverse hopping is small enough, the number of MFs at each end grows with the size of

the sample (|W | = 2⇥Ny).

Let us now investigate the fate of Majorana multiplets in the event of broken chiral and mirror

symmetries, which may occur due to intra-chain spin-orbit coupling perpendicular to the d-vector. This

modifies the Hamiltonian in Eq. (3.15) to, H1D
k 7! H1D

k + ↵R sin(k)�y⌧z altering Eq. (3.17) accordingly.

Note that while in the previous section, where we studied the topological properties of a true TR-invariant

topological superconductor, spin orbit coupling did not destroy the chiral symmetry. However, we are now

considering a p-wave superconductor in which the chiral symmetry is broken by any spin orbit coupling

unless its orientation in spin space is parallel with the d-vector. In the two-chain problem, the two distinct

sets of MKPs may interact, each hybridizing to finite energies. We note however, that the Hamiltonian

(Eq. 3.17) commutes with the spatial reflection operator R = �0⌧0⇢x which interchanges the chain index,

i.e. ĉk
x

,1(2) 7! ĉk
x

,2(1). Writing Eq. (3.17) in the eigenbasis of R results in a block-diagonalized form

which reads H1D
k ⇢0 + t?�0⌧z⇢z . In this form it is clear that transverse hopping only serves to modify the
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Figure 3.10: (Color online) Phase diagram for a double chain set-up of TR-invariant Kitaev system (or
generic class DIII superconductors) coupled by weak transverse hopping ty ⌧ tx. A large range of µ
accommodates the topological phase indexed by the topological invariant |W | = 4 which counts the number
of localized Majorana modes at each end.

effective chemical potential in the two non-interacting bands. Notice also that [⇥,R] = [⌅,R] = 0, so

that every diagonal block in the eigenbasis of R is particle-hole and time-reversal invariant. Because of this

invariance each independent, non-interacting block constitutes a DIII topological superconductor hosting a

zero energy MKP at each end. The extension of this argument to decouple Ny chains is straightforward. A

generalized ⇢x is a totally symmetric Ny ⇥ Ny dimensional matrix given by ⇢x = (�l,l0+1 + �l,l0�1) with

l, l0 2 (1, 2, ..., Ny), that is, the super-diagonal and sub-diagonal elements connect nearest neighbor sites are

+1 and all other matrix elements are zero. The eigenvalues of ⇢x come in pairs of equal magnitude and

opposite sign (±�1,±�2,±�3, ...) for Ny even and (0,±�1,±�2,±�3, ...) when Ny is odd. In this case

the rotated Ny chain Hamiltonian involves a generalized ⇢z . Because ⇢z and ⇢x have the same eigenvalue

spectrum, the block diagonal Hamiltonian consists of non-interacting sectors where the chemical potential in

sector is modified by ±�i.

However, reflection symmetry is only approximate since some disorder will always be present in any

realistic system. Therefore we add an onsite term �µi, with a random magnitude within a normal distribution,
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Figure 3.11: (Color online) Low energy BdG quasiparticle spectrum for TR-symmetric Kitaev system (class
DIII superconductor) for Ny = 2 (red circles) in the absence of chiral and mirror symmetries. The eight
MFs (four on each end) are protected from splitting by spatial reflection. Blue squares show same number
of protected zero modes in the presence of local chemical potential disorder which breaks spatial reflection.
Green diamonds and black triangles show two MFs at each end for class D, Ny = 2, systems with or without
spatial reflection, respectively.

to the tight-binding Hamiltonian in Eq.3.14 in order to effectively model local disorder. As illustrated in

Fig. 3.12, by numerically solving the BdG equations on a double chain system, we find that the presence of

on-site disorder minimally affects the bulk band-structure, while the zero-energy modes are insensitive to this

perturbation. Note that the Majorana multiplets persist even in the absence of chiral, mirror, and reflection

symmetries, all of which are now explicitly broken. We get similar results even for Ny > 2, and the number

of Majorana multiplets scale with the number of chains in the transverse direction.

In order to understand the response of the MFs to reflection breaking perturbations we consider first

the two-chain Hamiltonian describing the chemical potential imbalance written as,

HQ1D
k =

0

B

@

H1D
k + � �t?

�t? H1D
k � �

1

C

A

(3.18)

where t? is understood to be t?�0⌧z , � = �µ�0⌧z , and we continue to work in the ( 

†
k,1, 

†
k,2) basis. Note

that we still consider k = kx to be a good quantum number and break reflection symmetry only by introducing
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Figure 3.12: (Color online) Effects of reflection symmetry breaking on the two dimensional band-structure.
We have taken periodic boundary conditions along the y-direction and open boundary conditions along x. (a)
In the presence of reflection symmetry, and one of chiral or time-reversal symmetries, a highly degenerate
Majorana flat-band emerges if the transverse hopping is small (i.e. ty ⌧ tx). (b) Reflection symmetry
breaking by the addition of a transverse (↵ sin(ky)) Rashba type spin-orbit coupling term splits the Majorana
band at all ky except the TR-invariant momenta ky = 0,⇡. (c) Uniform hopping ty = tx gaps out most of
the flat-band except for the states near the origin in momentum space. (d) A single degenerate point remains
in the presence of uniform hopping and transverse spin-orbit coupling.

a chemical potential imbalance among the chains. The question is now the following: Can we systematically

block-diagonalize this Hamiltonian with a unitary eigenvalue-conserving transformation that commutes with

time reversal and particle-hole symmetries? If yes, MFs will persist in each block due to a ‘hidden symmetry’

associated with this transformation. Since Hk
1D appears with an identity matrix in chain space, this problem

amounts to finding a matrix which diagonalizes the remaining terms leaving Hk
1D invariant.

We search for a hidden unitary transformation in a systematic way by first considering the eigen-

decomposed form of the non-diagonal terms in Eq. (3.18), which we call A = �⇢z � t?⇢x. This is expressed
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as A = Q⇤Q�1, where Q is a matrix whose columns are the eigenvectors of A,

v± = 1/(
p
2N±)

✓

�(� ±
q

t2? + �2)/t?, 1

◆T

and N± =

q

1 +

�2

t2 ± �
p
t2+�2

t2 is the normalization constant. Also remember that each entry in Q involves

an identity in spin and particle-hole spaces. The unitarity of Q is a direct consequence of the Hermiticity of

A. Note that in the limit � ! 0, this reduces to the eigenbasis of R which was the reflection transformation

operator used in the presence of R. Rotating the full 8 ⇥ 8 Hamiltonian in Eq. (3.18) by the Q operator

we see Q�1HQ1D
k Q = [�(✏k � µ)�0⌧x + ↵R

k �y⌧z + ��x⌧x]⇢0 �
p

t2? + �µ2�0⌧z⇢z . The transformed

Hamiltonian consists of two non-interacting topological DIII sectors, each block respecting both particle-

hole and time reversal symmetries, subject to a modified chemical potential of magnitude
p

t2? + �2 and a

sign change for the single particle kinetic energy. The commuting hidden symmetry operator associated with

the Q transformation is R
0
=

⇣

1 +

�µ2

t?2

⌘

�1/2
⇣

⇢x � �µ
t ⇢z

⌘

. This explains why the multiple MKPs with

spatially overlapping wave functions persist even with broken reflection symmetry, as shown in Fig. 3.12 (but

only as long as kx is a good quantum

3.5 Conclusion

In summary we show that the pair of MFs at each end of a 1D TR symmetric Kitaev p-wave chain are

topologically robust to a large number of perturbations including those breaking TR symmetry. We identify

the appropriate topological class to be BDI with an integer (Z) invariant the value of which gives the number

of topologically protected MFs at each end. In addition to the topological properties of the TR-symmetric Ki-

taev chains, our results establish the organic superconductors (TMTSF)2X (X=PF6, ClO4) and Li0.9Mo6O17,

which have been proposed [70, 71, 72] to be quasi-1D equal-spin-pairing p-wave superconductors, as suitable

platforms for experimental studies of MFs. Apart from explaining the anomalous magnetic field response of

all the DIII class systems proposed in the literature [85, 86, 87, 89, 88, 90, 91] we provide a realistic route

to engineer a “true” TRI TS system whose Majorana Kramers pairs are split by a Zeeman field applied in

any direction. In this system, and quite generally in TRI superconductors, we prove that the splitting of the

MKPs is highly anisotropic in spin space. Furthermore, we show that spatial reflection symmetry further pro-

tects the Majorana modes from hybridizing which can even lead to a highly degenerate Majorana flat-band

in certain circumstances. Differential conductance experiments in the presence of a variable magnetic field,
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as seen in Ref. 58, could directly probe this remarkable phenomena. Platforms potentially exhibiting TRI

topological superconductivity, with or without chiral symmetry, include pnictide based s±-wave nanowire

heterostructures [88] and some naturally occurring quasi-1D organic superconductors [97].
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Chapter 4

Majorana Bound States in Chiral

Ferromagnetic Nanowires

In the previous chapter we analyzed the conditions under which Majorana bound states (MBSs) cab

exist in topological superconductors in the presence of magnetic fields. In this chapter we will analyze the

differential conductance signatures of a new experimental system to which our model is directly applica-

ble. In this recent experiment zero-bias peaks have been observed in scanning tunneling microscopy (STM)

experiments performed on chains of magnetic atoms on a superconductor, we show that a multichannel fer-

romagnetic wire deposited on a spin-orbit coupled superconducting substrate can realize a non-trivial chiral

topological superconducting state with Majorana bound states localized at the wire ends. The non-trivial topo-

logical state occurs for generic parameters requiring no fine tuning. We theoretically obtain the signatures

which appear in the presence of an arbitrary number of Majorana modes in multi-wire systems incorporating

the role of finite temperature, finite potential barrier at the STM tip, and finite wire length. These signatures

are presented in terms of spatial profiles of STM differential conductance which clearly reveal zero energy

Majorana end modes and the prediction of a multiple Majorana based fractional Josephson effect. A critical

comparison of our results with the experimental data shows a basic inconsistency in the interpretation of the

Fe nanowire STM experiment in terms of Majorana zero modes– in particular, the observation of the pre-

cise localization of the Majorana zero modes at the wire ends cannot be reconciled with the extremely small

topological superconducting gap (and the associated extremely weak Majorana tunneling peak) observed si-

multaneously. Other than this incompatibility most other aspects of the experimental phenomenology are
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reasonably well explained by our theory.

4.1 Introduction

Very recent experimental work [98] suggests that atomic scale ferromagnetic Fe nanowires on the

[110] surface of superconducting Pb may support Majorana modes and topological superconductivity. Exten-

sive earlier theoretical work suggested several different mechanisms which could lead to MBS-carrying TS

in magnetic nanowires placed on superconducting substrates. The earliest such mechanisms [99, 100, 101]

modeled the nanowire as a chain of magnetic impurities in a spin-spiral phase. The spin-spiral, following

previous work [102], is used to mimic an effective spin-orbit coupling that would in turn lead to an effective

triplet pairing superconducting proximity effect from the singlet superconducting substrate, exactly as in the

existing semiconductor nanowire models of topological superconductivity [19, 24, 25]. The magnetic impu-

rities were suggested to generate an array of Yu-Shiba-Rusinov (YSR) [103, 104, 105] bound states in the

superconductor. The combined effect of the superconductivity and spin-texture leads to an effective Kitaev

nanowire model [36] that can support Majorana bound states under appropriate conditions [99, 100, 101].

However, the theoretical plausibility of creating such a spin-spiral phase[106, 107] was debated, and it was

shown that such spin spirals are unstable toward the formation of purely ferromagnetic or antiferromagnetic

phases [108].

The absence of a spin-spiral in the experimental system has led to the conjecture of an alternative

mechanism involving the strong spin-orbit coupling of the Pb superconducting substrate itself contributing

to topological superconductivity in the magnetic nanowire [108]. The basic model, which has been studied

in this context by several authors [98, 109], proposes that only the spin-triplet component of Cooper pairing,

if any, may be proximity-induced in a ferromagnetic wire from a spin-orbit coupled superconductor. This

mechanism has previously been proposed as an approach to topological superconductivity [110] and also

been invoked [111] to explain the long-range proximity-effect observed through ferromagnetic nanowires

[112]. The mechanism of triplet proximity effect on a ferromagnetic wire arising from a spin-orbit coupled

superconducting substrate has been studied in detail by three of us recently and shown to potentially support

MBS-carrying topological superconductivity in the BDI chiral symmetry class [113]. Such a symmetry

would suggest unsplit Majorana modes whenever the effective chemical potential in the ferromagnetic wire

is positive.

In this context, it may be useful, particularly for later discussion of the experimental results [98], to
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distinguish two complementary and distinct theoretical models for topological superconductivity and Majo-

rana bound states in a one-dimensional (or quasi-one-dimensional) ferromagnetic nanowire (Fe in Ref. 98)

lying on a two-dimensional surface of an underlying superconductor (Pb in Ref. 98). One model, which

we refer to as the Shiba model (or Shiba chain model), discussed in Refs. 100 and 109 respectively for the

helical and the ferromagnetic magnetic order in the wire, describes the magnetic atoms (Fe in Ref. 98) as

essentially independent quenched classical magnetic impurities with little direct inter-atomic hopping along

the chain, i.e. the one-dimensional band width of the chain is basically zero (or equivalently, vanishing

inter-atomic hopping amplitude t). The other model, which we refer to as the nanowire (or simply, the wire)

model, introduced in Ref. 113 for the ferromagnetic order in the magnetic chain, describes the ferromagnetic

chain as strongly directly tunnel-coupled along the chain with considerable inter-atom hopping leading to

one-dimensional bands of fairly large band-widths (or equivalently, large inter-atomic hopping amplitude t).

These two models have been recently introduced and studied in the context of a ferromagnetic chain on a

superconductor (i.e. the experimental system of Ref. 98) in Refs. 109 and 113 respectively, where it has been

explicitly pointed out that the models are complementary, and depending on the nature of the ferromagnetic

chain (i.e. whether there is or is not considerable hopping which is defined simply by whether the inter-atomic

hopping energy along the chain is smaller or larger than the superconducting gap in the substrate supercon-

ductor) one or the other model will apply, and by definition, there cannot be a situation where both models

apply simultaneously. The accompanying band structure calculations for the Fe chain on Pb presented in the

experimental work [98] clearly show that the hoping term on the chain t is of the order of eV whereas the

superconducting gap in Pb is of course of the order of meV. Therefore, the system studied in Ref. 98 is deep

inside the nanowire regime very far from the Shiba model. To apply the Shiba model to the experimental

situation of Ref. 98, one will have to assume absurd superconducting gaps of eV size (with superconducting

critical temperatures which would be > 10

4 Kelvins!). Thus, we present all our results using the nanowire

model introduced in Ref. 113, and not the Shiba chain model discussed in Refs. 100 and 109. The reason

we are emphasizing this seemingly simple conceptual point is that Ref. 98 has a confusing interpretation of

the experimental data presented therein, where depending on different aspects of the data, the theory used

in Ref. 98 has randomly varied between the Shiba model and the nanowire model, which are, as described

above, completely incompatible with each other. This is the same incompatibility alluded to in the abstract

of our paper– in particular, we find that there is simply no way one can understand and interpret all aspects of

the observations presented in Ref. 98 using one coherent theoretical approach. Obviously, the Shiba model

has no place in the analysis of the experiment in Ref. 98 since the inter-atomic hopping energy along the Fe
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chain is thousands of times larger than the superconducting gap of Pb. As we discuss later in this work, this

fundamental inconsistency between different aspects of the results presented in Ref. 98 remains unresolved

with the reported induced topological gap being 10

�4eV and the observed strong lattice-level, < 5 nm,

localization of the Majorana mode requiring an estimated superconducting gap of ⇠ 1eV . This basic incom-

patible dichotomy must be resolved before the observations of Ref. 98 can be considered to be evidence for

the existence of localized MBS in the Fe/Pb hybrid system.

The current work is an extension of Ref. 113 carried out in the context of the putative experimental

MBS observation claimed in Ref. 98 in order to provide a detailed critical comparison between theory and

experiment, which is necessary since the rather strong claim of a direct observation of Majorana modes must

be thoroughly validated from all possible perspectives. It may be useful in this context to emphasize that

the recent spurt in the experimental MBS activity, including both the earlier work on semiconductor (InSb

and InAs) nanowires [58, 60, 61, 59, 62, 63] and the very recent work on Fe nanowires[98], is completely

dependent on theoretical predictions and analyses for its validation since the observations themselves in-

volving tiny zero-bias tunneling conductance peaks at low temperatures in rather complex hybrid systems

are remarkably unremarkable, becoming noteworthy only because theories specifically predicted that such

zero-bias tunneling peaks should exist in these specific hybrid structures as MBS signatures. In particu-

lar, Ref. 19 not only predicted the existence of the Majorana bound states in semiconductor-superconductor

hybrid structures, specifically laying out the type of structures (and the materials) experiments should use,

but also carried out realistic calculations showing that the resulting MBS-induced zero-bias tunneling peaks

should have a small height (because of finite temperatures, tunnel barrier heights, and wire lengths) compared

to the expected quantized value [114] associated with the perfect Andreev reflection anticipated for MBSs.

This early paper[19] also specifically suggested the use of STM in order to look for topological zero energy

Majorana excitations in hybrid systems as has eventually been accomplished in Ref. 98.

While topological superconductivity in the chiral symmetry class has been established for ferro-

magnetic wires with a single spatial orbital per atom, the number of Majorana modes arising from such a

model is limited to two. On the other hand, the band-structure calculation for the experimentally realistic

system [98] suggests that the number of channels in the wire can be significantly enhanced by the presence

of multiple orbitals per atom and multiple atoms along the diameter of the chain. In this work, we con-

sider a multichannel generalization of the FM heterostructure and its topological properties starting from the

nanowire model of Ref. 113. Non-trivial zero-bias phenomena appear across a broad range of parameters in

contrast to the fine tuning necessary for a non-trivial topological phase in class D [17, 115, 19, 24, 25] or
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DIII systems [94, 85, 86, 87, 88, 89, 90, 91, 92, 116]. Within this framework, manipulating the system width

(i.e. coupling parallel magnetic chains) enhances or reduces the zero-bias conductance peak (ZBCP) height

accordingly. Manipulation of the zero-bias conductivity tuned by the width of the magnetic chain would be

a direct signature of the chiral class BDI topological superconductors. Additionally, we calculate spatially

resolved scanning tunneling conductance profiles including effects of finite temperature and finite size of the

wire (as well as the finite tunnel barrier effects) which are experimentally accessible by scanning tunnel-

ing microscopy (STM). Finally, we show that the fractional Josephson effect maintains its 4⇡ periodicity in

phases supporting multiple spatially overlapping MBSs and comment on how the Josephson current may be

enhanced in the presence of Majorana multiplets [36, 24].

It may be useful to point out the connection between MBS in much-studied semiconductor nanowire

systems with that in the new platform of interest in Ref. 98 involving ferromagnetic nanowires. Although

it may appear at first sight that the two systems are completely distinct, from a theoretical perspective the

MBS in the ferromagnetic wires are described by essentially the same theory as developed earlier for the

semiconductor nanowires in Refs.19, 24, 25, provided that one is in the nanowire limit of large inter-atomic

hopping along the chain (and not in the Shiba limit), and that one is in the limit of the spin splitting (induced

in the semiconductor case by an external magnetic field or by a proximate exchange splitting) being very

large (much larger than the other energy scales in the problem including the spin-orbit coupling energy, the

Fermi energy, and the superconducting gap in the ferromagnetic wire case). In this large spin-splitting limit,

the semiconductor system is also essentially an effective “half-metallic ferromagnet” exactly as the Fe wire

studied in Ref. 98 is claimed to be. In the semiconductor nanowire case also, the topological superconducting

phase will be generic in this very large spin-splitting limit since the chemical potential would by definition be

in the single spin polarized subband, with the superconducting gap being smaller than the spin splitting. Thus,

the distinction made between semiconductor nanowires and magnetic nanowires with respect to topological

superconductivity is a distinction without much difference, since one can take the existing theory for the

semiconductor nanowire and obtain all the necessary formula for the ferromagnetic wire case by assuming

the spin-splitting to be by far the largest energy scale.

We emphasize that the precise theoretical analogy between the semiconductor nanowire and the

ferromagnetic nanowire applies only in the case of large hopping between the magnetic atoms along the

chain. In the opposite case of a Shiba chain with essentially vanishing hopping, the ferromagnetic system is

qualitatively different from the semiconductor system, requiring extreme fine-tuning to obtain the topological

superconductivity as studied in Refs. 100, 113. This is not studied at all in the current work since it is clear
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based on band structure calculations that the system of Ref. 98 is in the nanowire (and not the Shiba) regime.

4.2 Experimental Setup and Theoretical Model

Taken very close to a sample surface, an STM can be used as an electrode to measure transport

properties. A movable scanning point contact tunneling experiment is potentially very useful in investigat-

ing the edge character of Majorana zero modes since the STM is particularly well-suited in measuring the

local density of states. This idea, originally proposed in Ref.19, is rather impressively implemented in the

highly demanding measurements presented in Ref. 98. Provided the electrical contact is good between the

ferromagnet (Fe nanowire) and the superconducting substrate (Pb), Cooper pairs will leak into the ferromag-

net, thereby proximity inducing superconductivity in the nanowire. We model a finite quantum wire with

dimensions Ly ⌧ Lx ⌘ L by considering a Nx ⇥ Ny site square lattice with unit spacing. The effective

Hamiltonian for the topological superconductor is HTS = Ht +HS=0
� +HS=1

� +HZ where

Ht =

X

hiji�

t
h

c†i�cj� + H.c.
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(4.1)

Here c†j is the electronic creation operator for site j, hiji indicates nearest neighbor sites, � = (�x,�y,�z) is

the vector of Pauli matrices, t is the hopping amplitude in the nanowire, and µ is the chemical potential. The

superconducting pairing is a mixture of singlet and triplet terms. For the triplet pair potential term we have

taken a Cooper pairing with spin projection Sx = 0, which is the familiar equal-spin-pairing �## = ��"".

The Zeeman spin-splitting due to an internal magnetization in the ferromagnet is M is V = gµBM =

(Vx, Vy, Vz) where g and µB are the Lande g-factor and Bohr magneton respectively. We note that our

effective Hamiltonian, as given in Eq. 4.1, describes the TS phase of the ferromagnetic nanowire assuming

that the degrees of freedom of the underlying superconducting substrate (Pb in Ref. 98) have been integrated

away with Eq. 4.1 now describing only the electrons in the Fe magnetic wire. We refer to Ref. 113 for

the details on how to obtain Eq. 4.1 which is our starting point in the current work. We note that in this
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context our effective model, derived from Ref. 113 which should be consulted for the details, describes only

the ferromagnetic nanowire, hiding all information about the underlying superconducting substrate with the

parameters for the spin-orbit coupling, the bulk superconducting gap of the substrate, the hopping amplitude

of Cooper pairs between the substrate and the nanowire inducing the singlet and triplet proximity effect,

etc. being implicitly contained in the induced superconducting pair potentials �s and �p, which we use as

phenomenological parameters to be obtained from the experimental measurements themselves. Our goal here

is to obtain the phenomenological consequences of the minimal topological nanowire model (i.e. Eq. 4.1) for

the ferromagnet/superconductor hybrid system to make observable predictions and to carry out comparison

with the existing data. We also ignore all nonessential complications such as the number of orbitals per Fe

atom and the effective width of the wire, and so on which can be absorbed in the multichannel generalization

we consider below (i.e. the W-parameter denoting the number of active wire channels as described below).

Our goal here is to utilize the minimal model and work out its implications in great details. Our Eq. 4.1 serves

as the minimal model for the experimental system of Ref. 98 in the current work.

Throughout this work we fix all of our parameters relative to the hopping integral t in the nanowire.

To begin and to establish our general results, we use �s = �p = t/10, V = Vz = 2.0t, L = 100 while

W (the number of transverse channels) and the chemical potential µ are allowed to vary. For simplicity and

numerical convenience, we will choose �s = �p. Choosing two such values �s = �p = 0.1t and �s =

�p = 0.01t (both of which are several orders of magnitude larger than reported in Ref. 98) will allow us to

estimate the order of magnitude of parameters such as the Majorana decay length (see Fig. 4.5). A discussion

concerning experimentally realistic parameters and their effect on the measured tunneling conductance is left

to a later section. We note that this choice of generic parameters incorporates the half-metallic character

of the ferromagnetic wire since only one spin subband is occupied for a large range of chemical potential

values keeping the system in the topological phase without any additional fine-tuning of parameters. Solving

Eq. 4.1 directly numerically we find zero energy Majorana states which are localized at each end of the wire.

The evolution of the low energy spectrum as a function of the chemical potential, as well as a function of

the number of zero energy modes, is presented in the bottom panel of Fig. 4.2. To understand how Eq. 4.1

realizes an integer number of Majorana zero modes we analyze the topological properties of this model.
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Figure 4.1: (Color online) a) Schematic diagram of the proposed heterostructure involving a series of ferro-
magnetic quantum wires (gray), with large intrinsic magnetization M, deposited on top of a spin-orbit coupled
s-wave superconductor such as lead (blue substrate). Spin singlet and triplet pairing potentials are proximity
induced in the FM wires due to the strong spin orbit coupling and inter-orbital mixing in the superconductor.
A STM probe, at coordinate x, measures the spatial dependence of the differential conductance along the
longitudinal axis.

4.3 Topological Properties and Quantum Phase Transitions

According to the Altland-Zirnbauer classification scheme[117], free fermion systems are character-

ized by their dimensionality as well as by the presence and the sign of anti-unitary symmetries. There are

ten topological classes in total and five of them are non-trivial (i.e. a non-trivial topological invariant can be

defined) for a given dimension. The two anti-unitary symmetries used are time-reversal symmetry (TRS) and

particle-hole symmetry (PHS), with the latter often being referred to as charge conjugation symmetry. Denot-

ing the TRS and the PHS operators by⇥ and ⌅ respectively, the anti-unitary symmetries are present when the

following reality conditions are satisfied: ⇥H⇥�1
= U⇥H

⇤U†
⇥ = +H and ⌅H⌅�1

= U⌅H
⇤U†

⌅ = �H .

Here U⇥,⌅ denote the unitary part of the TR and PH operators. A system is chiral invariant (or sublattice

symmetric) when both TR and PH are present and is given by the unitary operator S = ⇥ ·⌅. The classifica-

tion triplet (T,C, S) = (⇥

2,⌅2,S2
) is used to index each symmetry class, where the TR and PH operators

can square to ±1 and the chiral operators is restricted to S2
= +1. We write O2

= 0 if an operator is not

71



En
er
gy

1

2

3

4

1

0

1

0

�1.0 �0.5 0.0 0.5 1.0 1.5 2.0 2.5
µ/t

�0.4

�0.2

0.0

0.2

0.4

E
/
t

0

�1.0 �0.5 0.0 0.5 1.0 1.5 2.0 2.5
µ/t

�0.4

�0.2

0.0

0.2

0.4

E
/
t

0

�1.0 �0.5 0.0 0.5 1.0 1.5 2.0 2.5
µ/t

�0.4

�0.2

0.0

0.2

0.4

E
/
t

0

�1.0 �0.5 0.0 0.5 1.0 1.5 2.0 2.5
µ/t

�0.4

�0.2

0.0

0.2

0.4

E
/
t 0 1 2 3 4 6

b)a)

c)

Figure 4.2: (Color online) Comparison of the topological properties of the class D spin-orbit coupled semi-
conducting nanowire (red) and our ferromagnetic system (blue). In panel (a) an externally applied magnetic
field induces a Zeeman splitting between the originally degenerate spin bands. This system is topological
non-trivial if an odd number of bands is occupied and Cooper pairs are supplied by a nearby superconductor.
When the Fermi energy lies in the shaded region, the class D Z2 invariant non-trivial and a single Majorana
bound state emerges at each end. b) Normal state band structure for a multichannel ferromagnetic wire (see
Fig. 4.1). In the presence of proximity induced p-wave pairing, the FM is promoted to the topological class
BDI, which is characterized by a non-trivial Z invariant for generic band occupancy. Additionally, the large
intrinsic magnetization provides a broad non-trivial parameter regime in which a non-trivial topological state
persists even if the chiral symmetry is broken, say, by a second Zeeman field perpendicular to the magne-
tization (BDI ! D). In this case, the shaded regions with an odd Z invariant remain non-trivial while the
others become trivial. (c) Low energy quasiparticle spectrum as a function of the chemical potential in the
ferromagnetic wire. As µ increases, the number of Majorana zero modes at each end of the FM wire increases
by one following each gap closing.
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present.

Invariants are generally formulated in terms of the bulk Hamiltonian’s topology, so we now look at

a strictly 1D version of HTS . Fourier transforming Eq. 4.1 with a single spatial channel (i.e. no transverse

hopping), the momentum space Bogoliubov-de Gennes (BdG) Hamiltonian becomes H =

P

k  
†
kH(k) k

where

H(k) = (�2t cos(k)� µ)�0⌧z (4.2)

+ [�s�0 +�p sin(k)d · �] ⌧x

+ V · �⌧0.

Here k ⌘ kx is the one-dimensional crystal momentum and  k = (ck", ck#, c
†
�k#,�c†�k")

T is our four

component Nambu spinor which acts on the particle-hole (⌧ ) and spin spaces (�). In our calculations we

use d = (1, 0, 0),V = (0, 1, 0) but leave d,V in Eq. 4.3 to highlight the generic properties of the various

symmetry classes. Given our choice of basis, the anti-unitary TR and PH operators have the matrix structure

⇥ = i�y⌧0K and ⌅ = �y⌧yK where K is the complex conjugation operator.

In momentum space, the reality conditions for Bloch Hamiltonians are [118]

⇥H(k)⇥�1
= +H(�k) (4.3)

⌅H(k)⌅�1
= �H(�k).

PH symmetry emerges from the BCS mean-field theory and is intrinsic to all BdG Hamiltonians, so in the ab-

sence of any additional symmetries (T,C, S) = (0, 1, 0). This triplet corresponds to the topological class D,

which is characterized by aZ2 topological invariant in d = 1. Recall,Z2 ⌘ Z/2Z is the cyclic quotient group

with two elements {0, 1}. The topological invariant for class D systems is given by Kitaev’s Majorana num-

ber, which is defined as [36] M = sgn
h

Pf( eA(0))Pf( eA(⇡))
i

where eA is the momentum space Hamiltonian

written in a skew symmetric form, determines when the system is topologically non-trivial. The spin-orbit

coupled semiconductor-superconductor heterostructure proposal[17, 115, 19, 24, 25], which aims to replicate

the physics of Kitaev’s spinless superconductor belongs to the topological class D for the most general types

of spin-orbit coupling. However, the specific models studied in the original proposals[17, 115, 19, 24, 25],

assumed that the spin-orbit direction was perpendicular to the Zeeman coupling. These models are in a more

restricted BDI class that will be discussed further at the end of this section because of its relevance to the

73



ferromagnetic wire model. In this system, a Zeeman field splits degenerate spin-orbit coupled bands. The

goal of this splitting is to remove a single Fermi surface thus rendering the system effectively spinless. Typ-

ically, the Zeeman splitting is small compared to the bandwidth, resulting in a small non-trivial topological

parameter range (see Fig. 4.2). In this case, the difficult task of fine tuning the chemical potential, by using

gate electrodes for example [58, 60, 61, 59, 62, 63], may be necessary to achieve a non-trivial topological

state if the chemical potential lies near half filling for a subband. As emphasized at the end of the Introduc-

tion, however, we are free to take the very large spin-splitting (i.e. very large Vz) limit of the semiconductor

model (although this would not be a particularly physically relevant model for semiconductors per se, it is

a perfectly allowed theoretical limit), which then coincides with the current ferromagnetic wire situation of

interest to the experimental system in Ref. 98.

If Zeeman splitting is absent in Eq. 4.3, then the first reality condition from Eq. 4.3 is satisfied.

Using ⇥ = i�y⌧0K we see that T = �1 so a class DIII TR invariant system is characterized by the triplet

(T,C, S) = (�1, 1, 1). Class DIII is characterized by a Z2 topological index which is related to a Kramers

polarization [119] similar to the way the class D invariant is related to the electric polarization of the wire

[118]. If H belongs to this class hybridization between time-reversed Majorana zero modes is forbidden by

Kramers degeneracy and each end of the wire hosts a perfectly degenerate Majorana Kramers pair.

In addition to the two classes discussed above, superconducting systems can belong to the topo-

logical class BDI. Note that there exists the chiral operator S =

ˆd · �⌧y which anti-commutes with the

Hamiltonian in Eq. 4.3; note in the TR invariant case the chiral operator is SDIII = �0⌧y . This unitary chiral

operator must be a product of two anti-unitary operators, one of which is ⌅. By simple algebra, one can show

that our missing operator is O = (

ˆd · ŷ + i( ˆd ⇥ ŷ) · �)K so that O2
= 1 (i.e. T = +1) and that H(k) sat-

isfies OH(k)O�1
= +H(�k). We continue to call this operator O, even though it leads to the same reality

condition as⇥, in order to distinguish it from the usual time reversal symmetry. A crucial difference between

classes BDI and D/DIII is that the former is characterized by an integer Z invariant. Because the invariant

can take any integer value, multiple spatially overlapping MBSs can coexist in contrast to class D systems

where localized zero-energy anyonic MBSs hybridize into conventional finite-energy fermionic quasiparticle

states. As illustrated in Fig.4.2 panel (b), a BDI chiral system is non-trivial for a generic parameter range.

We numerically diagonalize and plot the low energy quasiparticle spectrum for HTS as a function chemical

potential in Fig4.2 panel (c). The Majorana occupancy grows when µ increases and successive higher energy

bands are occupied. Therefore for any generic chemical potential one expects a non-trivial topological state

with end-localized zero energy MBSs.
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Composing the two reality conditions in Eq. 4.3 we see that the chiral operator satisfies {S, H(k)} =

0. This anti-commutation relation implies that in the eigenbasis of S the Hamiltonian is off-diagonal,

H 0
(k) =

0

B

@

0 A(k)

A†
(k) 0

1

C

A

(4.4)

Here we have used U to represent the unitary transformation matrix between the original and the chiral basis.

For a single channel A(k) is a 2 ⇥ 2 complex Hermitian matrix whose determinant D(k) ⌘ Det(A(k)) is

generally complex. Obviously the complex phase exp[i✓(k)] = D(k)/|D(k)| lies on the unit circle and we

have established a mapping from the Brillouin zone (S1 in 1D) to U(1) . The fundamental group ⇡1(U(1)) =

Z is well defined here so that we may write the topological winding invariant as [120],

W =

1

2⇡

Z 2⇡

0
argD(k)dk. (4.5)

The integer W counts the number of times the complex argument ✓(k) winds about the origin in the complex

plane and is invariant under smooth deformations. In other words, W can change only if the winding curve

D(k) passes through the origin. However, by looking at the from of Eq. 4.4 we know that the k-point where

D(k) vanishes constitutes a gap closing and a concomitant topological quantum phase transition. Note that

the DIII chiral operator is odd under time-reversal symmetry, {SDIII ,⇥} = 0 which implies that the end

modes with chiral charge +1 are compensated for by an equal number of modes with charge �1. Therefore,

while this procedure may be mathematically well defined, it is trivial in the sense that the net DIII chiral

topological charge always vanishes.

The winding number defined in Eq. 4.5 can also be used to calculate the chiral topological invariant

for multichannel wires [121]. The quasi-one-dimensional Hamiltonian used in this procedure is one in which

a Fourier transform has been performed along the longitudinal x-direction, but not along the y-direction.

Using l, l0 2 [0,W ] to indicate the y-coordinate, we write HTS =

P

kll0  
†
kl(H(k)�l,l0 +H?

l,l0) kl0 where

H?
l,l0 = �t�0⌧z(�l,l0+1 + �l,l0�1). We use the procedure outlined above, where A(k) is now a 2W ⇥ 2W

dimensional matrix and multiple Bloch bands can now be mapped to U(1) by the determinant function. The

result is sketched in Fig. 4.2 panel (b). As the chemical potential increases and higher bands are filled the

gap closing occurs in the spectrum of HTS and the corresponding topological invariant W increases by unity.

We emphasize that when the chemical potential is in the lowest spin-split band (Fig. 4.2), the topological

phase is generically present in this half-metallic FM situation since the spin-splitting is much larger than the
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induced superconducting gap. We shall now discuss the experimental signatures which are a consequence of

our model.

4.4 Scanning Tunneling Differential Conductance

Consider an STM brought close to the surface of the multichannel FM wire described by Eq. 4.1

(see Fig. 4.1) . The STM tip weakly couples to FM wire orbitals through a small hopping integral HSTM =

P

� t
0
(c†s�ds� + H.c.). Here d annihilates electrons at the STM tip which we take to be three sites wide

and centered the x-coordinate s = (x � 1, x, x + 1). We will parametrize the tunneling barrier at the STM

tip (which determines the size of the zero bias tunneling peak at finite temperatures [114, 19]) by the single

parameter t0 for simplicity– typically t0 ⌧ t in the STM set up of Ref. 98. A potential difference V is now

applied between STM and drain (i.e. the grounded superconductor on which the FM has been deposited).

We will now set up a scattering matrix formalism to calculate the differential conductance through the FM

wire, in order to experimentally detect the MBSs. Within this approach we model the STM, which is the first

scattering lead, as a normal metal electron reservoir biased at a variable electrochemical potential µN + eV

measured relative to the superconducting Fermi energy. Our quasi-one-dimensional FM wire (Eq. 4.1) acts

as the scattering region and the second lead is the grounded electron drain which is held at chemical potential

µN . We adopt a BTK perspective [122] in assuming that equilibrium Fermi distribution functions determine

the incoming quasiparticle occupancy levels. Here,  in = ( S
in, 

D
in)

T are plane waves originating deep

within the semi-infinite lead STM and drain leads which are described by the Fermi functions f(E�eV ) and

f(E) respectively. Note, in general  S,(D) is an N(M) component spinor given N(M) occupied channels

in the STM (drain) lead. For a quantum coherent process we can relate the outgoing modes to the incoming

modes by the scattering matrix  out =
ˆS in where

ˆS =

0

B

@

r t0

t r0

1

C

A

. (4.6)

Here r is a 4N ⇥ 4N matrix consisting of complex reflection coefficients between all the occupied incoming

STM channels. Likewise r0 is the reflection matrix for the drain and t, t0 are the transmission coefficient

matrices connecting the two leads. (Note that we use the same notations t, t0 to denote the transmission

matrix elements for the leads as what were used to define the tunneling amplitudes in defining the basic

Hamiltonian, but there is no scope for any confusion here since the transmission matrix elements t, t0 only
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appear in Eq. 4.6 above in defining the ˆS-matrix and in our numerical work and nowhere else in the text

below.)

In the presence of a proximity induced superconducting gap, single electrons cannot tunnel from

the STM to the FM for low bias-voltages V ⌧ �. As a result, all of the flowing current in the subgap

regime is generated through the Andreev reflection process in which excess Cooper pairs are created and

simultaneously the incident electrons are converted into holes. The reflection matrix can be written as

r =

0

B

@

ree reh

rhe rhh

1

C

A

. (4.7)

where ree (reh) refers to the normal (Andreev) reflection submatrix. At low bias voltages the differential

conductance, proportional to the transmission probability at a given energy E, is expressed in terms of the

STM reflection matrices as [123]

dI(V )

dV
=

e2

h

h

N � Tr(r†eeree) + Tr(r†ehreh)
i

E=V
. (4.8)

We generate the scattering coefficients numerically using the Kwant [124] numerical package.

4.4.1 Results

We know from the topological properties discussion in Sec. 4.3 that MBSs appear as soon as any

FM bands, within a normal state picture, become occupied. Setting V = 0 and using Eq. 4.8 we see a peak

in the zero-bias conductance,quantized in units of 2e2/h, abruptly appear at the critical value of the chemical

potential when the first band becomes occupied (µ ⇡ �0.7t) as shown in panel (a) of Fig. 4.3. As µ increases,

higher sub-bands are filled while the Majorana occupancy increases, and each MBS contributes its own factor

of 2e2/h to the total zero-bias differential conductance. The zero-bias peak is a direct probe of the Majorana

occupancy as the plot for W = 6 in Fig. 4.3 (a) clearly mirrors the the zero-energy excitation spectrum given

in Fig. 4.2. In realistic experiments, because of disorder and electrical contact complications, it is difficult

to increase the chemical potential uniformly across an entire sample in order to induce a topological phase

transition. It is for this reason that we instead propose manipulating the system width, i.e. tightly packing

parallel magnetic atomic chains, as an experimental test of the chiral topological state. Fig. 4.3 panel (a)

illustrates the zero-bias signal behavior for various values of W . Samples with different widths are expected

to have a similar chemical potential, but the strength of the zero-bias peak at that µ should increase (red
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Figure 4.3: (Color online) (a) The zero-bias differential conductance as a function of chemical potential
µ for various wire widths W . Since each Majorana modes contributes a factor of 2e2/h to the zero-bias
signal, this measurement directly probes the number of Majorana states present. For a given geometry the
maximum possible conductance is Gmax = 4We2/h (not shown here). (b) Representative dI/dV curves
from parameter regimes with an integer topological invariant |W | = (0, 1, 2) are given by the green, blue
and red curves respectively. Inset shows the quantized peak height for the blue (2e2/h) and red (4e2/h)
curves. (c) Finite temperature thermally broadens the zero-bias conductance peak width as well as reducing
the height to well below the quantized value of 2e2/h. (d) Weak STM - FM nanowire coupling, i.e. small t0,
in conjunction with finite temperature (T = 0.05t) further reduces the peak height.
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dashed line for example) as a function of W . It is also important to note that while finite temperature effects

generally suppress the ZBCP height (as seen below), this effect is uniform and transitioning from W = 2 to

W = 4 at µ corresponding to the dashed line, would still double the zero-bias signal. The observation of

such jumps in the ZBCP height with increasing the number of wires or channels will be a strong indication

that the ZBCP is indeed arising from the localized MBSs in the ferromagnetic wires in the BDI class.

Typical differential conductance profiles over finite voltage range are presented in Fig. 4.3 panel

(b). The green, red and blue lines are dI/dV profiles generated for µ values corresponding to topologically

distinct phases indexed by an integer winding invariant |W | = (0, 1, 2). A superconducting gap devoid of

subgap states (V  .1t) is characteristic of the trivial regime (green curve) while a quantized zero-bias signal

appears in the non-trivial regimes.

The conductance at finite temperature T is given by

dI(V, T )

dV
=

Z 1

�1
dV 0 dI(V

0, T = 0)

dV 0
d

dV
f(V, T ), (4.9)

where f(E, V, T ) = (exp [(E � µ� eV )/T ] + 1)

�1 is the fermi function. In this paper all zero temperature

results will be assumed to be smeared by an infinitesimal temperature T = 10

�5t. The finite temperature is

crucial to avoid anomalies that depend on exponentially small coupling between Majorana modes which must

exist in any finite length system no matter how long the wire is. As seen from previous calculations [125]

the zero-bias conductance vanishes at strictly zero temperature even for a topological system. However, this

anomaly reduces to the usual result of a quantized conductance at temperature T larger than the exponentially

small Majorana splitting energy, but smaller than the tunneling energy between the Majorana mode and the

lead. Strictly speaking, the tunnel coupling t0 between the STM tip and the Fe nanowire is unknown in

the experiment of Ref. 98 except that it is known to be very small. On the other hand, the experimental

temperature in Ref. 98 is pretty high, > 1K, so the condition t0 > T is probably only marginally satisfied

in Ref. 98. Fortunately, this does not cause any qualitative problem in the theoretical analyses where most

of the experimental parameters, except for the temperature, are not precisely known any way. Thermally

smeared differential conductance curves are plotted in Fig. 4.3 panel (c) for various temperatures. Similar

to the zero-bias phenomena observed in recent semiconductor experiments, where the peaks are generally

an order of magnitude smaller than 2e2/h[58, 60, 61, 62, 63], thermal effects smear our zero-bias peaks to

well below its quantized value as was already pointed out in Ref. 19. Furthermore, the very weak coupling

between the STM and the ferromagnetic nanowire, i.e. t0 ⌧ t, in conjunction with finite temperature further
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Figure 4.4: (Color online) Spatially resolved differential conductance profiles from the left edge to the middle
of a wire with L = 200. Panels a)-d) are broadened by temperatures T = (0, 0.005, 0.010, 0.015)t. Note
the color scales are different in each panel and we present the the zero-bias signal in panel e) for clarity. See
discussion below Eq. 4.9 for a note on the T = 0 result.

reduces the ZBCP height. Choosing a temperature of T = 0.02t we illustrate this phenomena in Fig. 4.3.

By varying the STM coordinate x, we now simulate the tunneling spectra which would result from

spatially sweeping the STM probe across the length of the sample, which has recently been experimentally
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achieved[98]. MBSs are localized at each end of the wire, and we expect the ZBCP to vanish as the STM

reaches the wire midpoint. Fig. 4.4 a (b,c,d) shows the zero (finite) temperature differential conductance

spatial profile. The signal due to tunneling into quasiparticle states above the superconducting gap remains

approximately constant as the probe position varies, in contrast to the zero-bias signal which disappears in the

bulk. A zero-bias spatial profile displayed in Fig. 4.4 (e) illustrates the exponential decay of the zero modes

away from the edges as well as the end localization scaling with the characteristic length ⇠ (see discussion in

next section, Fig. 4.5). The features shown in Figs. 4.3 and 4.4 are generally consistent with the experimental

findings in Ref. 98, providing some level of confidence that the experimentally observed ZBCP may indeed

be arising from MBS-related physics (although the model parameters used in these figures are not realistic

representations of the Fe/Pb system used in Ref. 98).

4.5 Experimental Implications

Having established generic features of our model, we now turn our attention to a comprehensive

comparison with a recent experiment[98] which shares many, but unfortunately not all, features with our

theoretical results. Our focus here is mainly on comparing the qualitative phenomenological properties of the

experimentally observed ZBCP and our theoretical results. In addition to analyzing the height and width of

the ZBCP as a function of temperature, wire length, and the STM tunnel barrier, we will also closely examine

the spatial structure of the differential conductance profile, which can be directly calculated from our STM

simulation (see Fig. 4.4). To begin with, we first recapitulate the system parameters as quoted in Ref. 98 and

then set up our numerical parameters accordingly for comparison. The ferromagnetic splitting is estimated

to be J = 2.4 eV , which is much greater than the estimated hopping parameter t = 1 eV (which in turn is

much larger than the superconducting gap ⇠ 1 meV in the substrate, thus allowing us to use the half-metallic

ferromagnetic nanowire model for the theoretical description). Additionally, the superconducting gap in the

underlying substrate is �s = 1.36 meV while the induced p-wave gap is estimated to be �p = 100 µeV

[98]. Measurements were made on atomic chains between 100 � 150 nm in length at a temperature T =

1.4K which corresponds to 100 µeV in energy (roughly equal to the topological gap). This experimentally

used parameter regime is obviously a non-ideal regime for studying topological superconductivity since the

lowest energy scale is the topological gap in the system, which is the same as the temperature of the system.

Temperature would therefore be expected to suppress any signatures of the topological gap, including the

Majorana zero-mode, which would merge with the bulk states. As already discussed in earlier sections of
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this paper, this estimated parameter regime for Ref. 98, particularly the hopping along the chain (t ⇠ eV )

being much larger than the superconducting gap (⇠ 1meV ), implies the applicability (non-applicability) of

the nanowire (Shiba) model to the experimental situation.

To compare our results with the experiment we introduce two parameter regimes, each characterized

by different Majorana decay length scales, and then compare the results between the two regimes. In the large

pairing regime we take the magnitude of the superconducting pair potential to be �p = 0.1t while in the

small pairing regime we use �p = 0.01t. (To be clear, the system is always in a topological state and this is

not to be confused with the weak/strong pairing regimes of Ref 31 which describe topologically non-trivial

and trivial phases.) In both cases we choose �s = �p and simplify our notation by referring to this quantity

simply as � (keeping in mind that �p is responsible for the topological properties). In both parameter sets

we use µ = �.65t, W = 2 and Vy = 2t. We also typically choose very small values of t0(⌧ t) to simulate

the very large tunnel barriers occurring at the STM tip contact with the nanowire. (Very small values of t0 are

essential for obtaining extremely weak zero-bias signals for the Majorana modes as observed experimentally.)

In a finite system, the localized MBS wavefunctions exponentially decay into the bulk with the char-

acteristic superconducting coherence length ⇠ / vF /�, thus acquiring a finite energy due to wavefunction

overlap from the two end MBS on two sides (true zero modes only occur in the L ! 1 limit). Fig. 4.5

panels (a,b) show the Majorana amplitude | |2 on systems composed of L = 700, 100 sites in the large

pairing regime. The Majorana decay length is clearly much shorter than the wire length for both cases, so

zero-energy Majorana bound states are localized at each end of the wire and with | |2 being negligible near

the midpoint. Panels (c,d) illustrate the wavefunction amplitude in the small pairing regime, in which the Ma-

jorana decay length is comparable to the system size for the L = 100 case. The end modes appear unaffected

in the L = 700 wire, however, the wavefunctions for Majorana modes bound to opposite ends of the wire

overlap significantly in the L = 100 case, and as we discuss later, this has important ramifications for the

zero-bias signal. Note that the small gap used in the small pairing regime (� = 0.01t) is closer to the exper-

imentally quoted parameters which would indicate a minuscule value of � = 10

�4t (since the experimental

system has t ⇠ 1eV and � ⇠ 100µeV ). We do not use even smaller � due to the prohibitive computational

resources which would be required; however, the physics is generic and the topological pair potentials we

have chosen are already sufficiently small, albeit still two orders of magnitude larger than the experimental

values, to illustrate our point. In fact, our theory is strongly over-emphasizing the topological aspects of the

experimental systems– all topological signatures will be much weaker in the experiment compared with our

results since the induced gap is much smaller in Ref. 98 than our chosen theoretical value.
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Figure 4.5: (Color online) Majorana wavefunctions for small (� = 0.01t), and large (� = 0.1t), pairing
regimes as calculated for short (L = 100) and long (L = 700) systems. For both lengths considered in the
large pairing regime, panels a,b), the Majorana decay length is much smaller than the system length (⇠ ⌧ L),
so the zero energy excitations are heavily localized to the FM wire endpoints. Panels c,d) illustrate how
reducing the pair potential to � = 0.01t substantially increases the Majorana decay length and while a 700
site system still hosts Majorana states, considerable wavefunction overlap in the 100 site system hybridizes
the end modes into conventional, delocalized quasiparticle states. Panels e,f) show the logarithm of the energy
splitting �E between the two Majorana modes. As the wire length L increases �E falls off exponentially.
Majorana decay lengths of of ⇠ ⇠ 10 sites, in the large pairing regime, and ⇠ ⇠ 99 sites, for the small pairing
regime, are extracted from the black linear fits in panels e,f) respectively.
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Figure 4.6: (Color online) Zero-bias differential conductance peak height, panels correspond to same param-
eter values as used in Fig. 4.5 panels a-d), at one end of the wire (x = 0) as a function of STM-FM coupling
t0 and temperature T . Panels a-c) When the Majorana decay length is significantly shorter than L a quantized
zero-bias signal of 2e2/h is seen at zero temperature and t0 > 0.03t (dark red on logarithmic color scale).
The quantized signal decays rapidly by introducing finite temperature or decreasing t0. Panel d) No zero-bias
signal is present near zero temperature (see below Eq. 9 for details) due to Majorana hybridization which
splits the zero-bias peak into two separate finite bias signals. The cause of this effect is finite temperature,
which smears two finite-bias peaks together for an effective zero bias signal (see to Fig. 4.9 for details).

�E, the MBS splitting, can be directly captured using an effective Hamiltonian spanning the zero-

energy Majorana subspace, Heff = i(f/2)�L�R where f / exp (�L/⇠). In Fig. 4.5 panels (e,f) we

numerically calculate �E as a function of length in order to determine the decay length. Plotted on a loga-

rithmic scale, the red circles represent the raw data while the black linear regression has been fit to the data.

Taking f = exp (�L/⇠) we extract coherence (or equivalently, MBS localization) lengths of ⇠ = 10, 100

sites in the large and small pairing regimes respectively. Note that the ‘beading’ on top of the exponential

decay is due to constructive and destructive interference between the MBSs, and the length scale of these

oscillations go as 1/kF [126]. Note that our estimated Majorana localization length is likely to be an under-

estimate, i.e. the real localization length is likely to be larger, since the actual MBS localization, depending

on some technical details, may have an algebraic fall off in some situations, and because the actual reported

topological gap in Ref. 98 is two orders of magnitude smaller than our choice.

Next, we consider the roles of STM-FM coupling t0 and finite temperature T in the quantitative
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suppression of the ZBCP strength in both parameter regimes. As we have already noted in Fig.4.3 a small

t0 reduces the ZBCP, which in conjunction with thermal smearing effects, significantly reduces the zero-bias

signal. As seen in Fig. 4.6 panels (a,b), the T = 0 zero-bias signal in the large pair potential regime, where

both wire lengths support MBSs, saturates to the quantized value of 2e2/h as t0 becomes large. Increasing

temperature or decreasing t0 both monotonically reduces the magnitude of the zero-bias signal, and similar

behavior is found in panel (d) (long wire in small pairing regime), which also hosts well defined Majorana

excitations. Interestingly, as seen in panel (b), the short wire in the small pairing regime, i.e. one in which

MBSs have hybridized due to the small wire length (⇠ ⇠ L), displays a finite temperature zero-bias signal

comparable in magnitude to the finite temperature signal seen in the other panels. Moving upward from the

zero-temperature x-axis towards large temperature, this signal grows until some critical value, after which the

zero-bias signal decays like in the other panels. As discussed later in this section, the source of this unusual

zero-bias peak behavior increasing with temperature is thermal smearing between a pair of split Majorana

states near zero energy.

Having established that a strongly suppressed ZBCP is a generic feature of the experimental param-

eter regime (i.e. small t0, large T , and small topological gap), observable with or without the existence of zero

energy Majorana excitations, we now analyze the spatial profile of the ZBCP, which can in principle be used

to distinguish between a signal originating from zero energy or finite-energy split quasi-MBSs. Focusing on

the small pairing parameter regime first, i.e., the parameters which are closer to those reported in Ref. 98, we

plot the differential conductance measured at three STM positions x = 0, L/4, L/2 along a wire of length

700 sites (see Fig. 4.7). In panel (a) the conductance is measured from the wire endpoint (i.e. x = 0) and we

observe that finite bias quasiparticle states are separated from the Majorana signal by a gap which is compara-

ble in magnitude to the pair potential (recall, � = 0.01t). Note the zero-bias Majorana signal (green and red

solid lines are almost completely superimposed and therefore not discernible) is delta function shaped as a

consequence of the small coupling parameter t0. The dashed lines indicate the signal at a finite temperature of

T = � = 0.01t, which is the case in Ref. 98. The thermally broadened peak height for the green dashed line

is 10�3e2/h ⇡ 40nS which is comparable to that reported in the experiment. Additionally, the peak width

at half maxima is �, which is also consistent with experimental results. Panel (b) shows how by moving the

STM tip into the bulk of the wire (x = L/4) the zero-bias signal drastically falls off, to the point where it is

of the same order of magnitude as the conventional background thermal quasiparticle signal. Due to the large

separation between the zero- and finite-bias signals, a valley, centered around V = 0, appears in the thermally

broadened conductance profile (dashed line). Lastly, in panel (c) we see that, as expected, the Majorana peak
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Figure 4.7: (Color online) Differential conductance calculated using an STM coordinate x = 0, L/4, , L/2
for a long wire L = 700 in the small pairing regime. Solid and dashed lines are at temperature T = 0, 0.01t
respectively, and green (red) lines correspond to a STM-FM coupling of t0 = 0.01t (0.005t). Panel a) shows a
clear zero-bias signature which is visible at the wire endpoints for both zero and finite temperature. The green
dashed line (T = �) displays a peak height (10�3e2/h ⇠ 40nS) and width (⇠ �) which are comparable
to the experimentally reported values. Panels b,c) The zero temperature Majorana peak decays as the STM
moves into the FM nanowire bulk. The peak completely vanishes at the midpoint, and is not visible at zero
or finite temperature signal.

is completely absent at the wire midpoint x = L/2. All these features appear to be qualitatively consistent

with the experimental data reported in Ref. 98.
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Figure 4.8: (Color online) Differential conductance spatial profile as a function of the STM coordinate x.
Panels a) b) correspond to temperature T = 0, 0.01t respectively, and we present the zero temperature data
on a logarithmic scale for improved visibility. At zero temperature, the spatially localized Majorana mode
resides within a well defined superconducting gap which not visible at finite temperature due to thermal
smearing effects. Note that the true spatial extent of the Majorana mode is revealed by the finite temperature
result, i.e. on a linear scale.

A detailed spatial profile of the differential conductance should reveal the highly localized Majorana

wavefunction from Fig. 4.5. In order to numerically reveal the localized nature of these Majorana wavefunc-

tions, we smoothly vary the STM tip position x and plot the zero temperature differential conductance at

each point in Fig. 4.8 panel (a). Along most of the wire, the spatially resolved dI/dV indicates a well formed

superconducting gap separating the single Majorana peak at zero energy from the finite energy quasiparticles.

Note that, in this plot, the spatial extension of the Majorana wavefunction is exaggerated due to the logarith-

mic scale which has been used to increase the visibility of the data. Panel (b) shows the spatially resolved

conductance at finite temperature (T = �), which reveals the true spatial extent of the Majorana mode.

We pause to note that while the model parameters used here are similar those quoted in the experiment, the

localization length seen in panel (b) is significantly larger than reported in Ref. 98. This much longer MBS lo-

calization length in the theory is the most important unresolved discrepancy between theory and experiment.

The MBS localization length could be substantially reduced by increasing the induced gap energy �, but to

obtain an MBS localization length as short as the ones reported in Ref. 98 one would have to use completely

ludicrous values of the proximity-induced pairing gap around 1000K implying a bulk superconducting gap

of 10, 000K (or higher) for Pb. We see absolutely no way out of this incompatibility between theory and ex-
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Figure 4.9: (Color online) When the ferromagnetic nanowire is short (i.e. L ⇠ ⇠ ) Majorana bounds states
at opposite ends hybridize as their wavefunctions overlap significantly in the bulk. Panel a) Using the same
parameters from the Fig. 4.8 except L = 100, we see that the zero-bias Majorana signature splits into two
distinct peaks centered near V = ±0.01t. The green, red, and blue curves correspond to the differential
conductance calculated at x = 0, L/4, L/2 respectively, and the solid (dashed) lines denote the zero (finite
T = � = 0.01t ) temperature. Panels b,c) Spatially resolved differential conductance along the longitudinal
axis for zero (on a log scale) and finite temperature. Solid and dashed lines indicate the position of the dI/dV
curves presented in panel a).

periment at this stage. To put it simply, one cannot have a tiny topological gap as well as a strongly localized

end Majorana mode as seems to have been observed in Ref. 98 – these two are fundamentally incompatible.

Since small pair potentials and short wire lengths are quoted in Ref. 98, we now investigate the small

pair potential regime (� = 0.01t, ⇠ = 99) on the L = 100 system, i.e. parameters which should be most

applicable to the experiment. Remember that for these parameters the Majorana modes generally hybridize
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(see Fig. 4.5) and therefore the Majorana splitting should be visible. Using an STM-FM coupling strength

t0 = 0.01t, the green, red and blue solid lines in Fig. 4.9 panel (a) show the differential conductance calculated

at STM positions x = 0, L/4, L/2. We immediately note that, due to finite size effects, the zero-bias signal

has split into two peaks centered around V = 0, with an estimated energy splitting comparable to the gap

energy (�E = 0.01t). Also note, that while the tunneling signal into these two finite energy quasiparticle

states may be the largest at x = 0, the signal persists well into the bulk of the wire (x = L/4, L/2). At

finite temperature T = �, the splitting between the peaks is no longer visually resolvable since temperature

has thermally broadened the signal across a range greater than the original Majorana splitting �E (dashed

green line). Panels (b,c) illustrate the differential conductance spatial profile for temperatures T = 0, 0.01t,

where again we have presented the zero temperature data on a logarithmic plot. In these bottom panels we

see that the split quasi-Majorana modes are spatially extended across the entire length of the wire. Green, red

and dark blue solid and dashed lines superimposed on the spatial profiles correspond to the dI/dV curves

presented in panel (a). Thus, in the context of a small pairing potential present in a short wire, we see a finite

temperate zero-bias signal extending into the bulk of the wire, with no measurable decay. For reasons which

remain unclear at this stage, this theoretically expected splitting of the Majorana mode and the associated

spatial delocalization of quasi-Majorana modes are again not observed in the experiment, casting serious

doubts on the whole theoretical interpretation.

In light of the above results, it seems intrinsically inconsistent that Ref. 98 reports a proximity

induced p-wave pair potential orders of magnitude smaller than ours (i.e. 10

�4t in the experiment rather

than 10

�2t as in our numerics– this should make the incompatibility and the inconsistency discussed here

far worse quantitatively), while at the same time claiming to observe a very short Majorana decay length.

For the Majorana decay length to match the experimental value (⇠ ⇠ 5nm) an extremely strong proximity

effect would be needed to induce much larger p-wave superconducting gap than reported in the experiment.

Therefore, we have every reason to believe that either the zero bias peak is not topological in origin or some

other physics, not captured by our model, drastically and unexpectedly reduces the Majorana decay length for

reasons completely unknown at this stage. Our conclusion is that while we can explain either the observed

ZBCP and its spatial dependence very well in both long and short wires or we can explain the observed strong

MBS localization and the lack of MBS splitting (simply by assuming large ad hoc numbers for the topological

gap, thus suppressing the Majorana localization length), but there is no consistent model to explain both

behaviors together since they are fundamentally incompatible with each other– a small gap automatically

implies a long MBS localization length. In the experimental reference[98], this serious incompatibility is

89



not mentioned at all, with the authors ‘explaining’ the strong MBS localization by a completely different

(and highly simplistic) Shiba chain model (whereas everything else in the experiment is described using a

ferromagnetic wire model) which as already emphasized in the Introduction of our paper, does not apply at

all to the experimental system of Ref. 98 since the inter-atomic hopping parameter t is much larger than the

bulk superconducting gap. The use of a fine-tuned Shiba chain model to explain the strong MBS localization

and the ferromagnetic wire model to describe the ZBCP physics of course makes no sense at all, since the

two models apply in very different regimes of parameters, and obviously the experimental system belongs

to the nanowire model and not the Shiba model. The other option of obtaining compatibility between the

ZBCP observations and the strong MBS localization would be to assume absurd superconducting gaps of

many thousands of K. A consistent (even qualitative) understanding of all aspects of the experimental data

presented in Ref. 98 remains a completely open question at this stage.

An additional problem in the interpretation of the experimental data of Ref. 98 is the issue of disorder

which should very strongly suppress the induced p-wave superconductivity. Given that the induced gap is

0.1 meV and the typical electronic energy scales in the ferromagnetic chain (i.e. hopping energy, chemical

potential, exchange energy) are all in the eV range, one expects the slightest static fluctuations in the system

(e.g. 0.1 % variation in the locations of the Fe atoms or the presence of any neighboring random impurities

near the chain) to completely destroy the topological superconductivity in the system since the p-wave pairing

is not protected against disorder by Anderson’s theorem [127]. One simple and approximate way to estimate

disorder effects here is to ask about the amount of elastic scattering which would be necessary to completely

suppress the reported 100 µeV topological gap in Ref. 98. Equating the reported p-wave gap to a disorder

induced collisional level broadening of 100 µeV in the Fe chain and using the band parameters estimated

in Ref. 98 for the system, it is easy to conclude that the electronic mean free path along the Fe chain must

be longer than 100nm for the disordered system to manifest any topological gap (assuming the clean system

gap to be 100 µeV ). This is of course inconsistent with the observation of a topological gap in chains of

variable lengths between 5 nm and 15 nm as reported [98] since the wire length serves as a cut off for the

maximum possible mean free path in the system. One could of course assume that the measured gap already

incorporates the disorder effect (starting from a much larger clean topological gap), but this would imply very

strong dependence of the measured topological gap on the wire length, not reported in Ref. 98.
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Figure 4.10: a) Top view of ring geometry JJ formed by weakly coupling (t00 = t/10) the two ends of a
nanowire. The phase difference across the junction is controlled by the magnetic flux,�, threading the ring. b)
Evolution of subgap Andreev bound states as a function of the phase difference between two superconductors
in a Josephson junction setup. Zero energy crossings are absent in the ABS spectrum in the topologically
trivial regime. c) In the |W| = 1 phase, the ABS spectrum crosses zero energy for the single value � = ⇡.
Transitions between the subgap branches are forbidden by particle-hole symmetry so that Fermion parity
flips as � evolves by 2⇡. d,e) Spectra in a system indexed by topological invariant |W| = 3, 5. There are
|W| protected zero energy crossings and chiral symmetry forbids transitions between different sets of subgap
branches.

4.6 Chiral Fractional Josephson Effect

We now turn our attention to another important signature which would definitively confirm the

presence of the topological superconducting state, the fractional Josephson effect. A Josephson junction

(JJ) consists of two superconductors connected by a weak link, normal metal or insulator for example.

Conventionally, the current passing through a JJ obeys the 2⇡ periodic current-phase Josephson relation,

IJ = Ic sin(��), where �� = �L � �R is the phase difference across the junction and Ic is the critical

supercurrent. It has been predicted [80, 36] that spinless p-wave superconductors, when in a topologically

non-trivial phase, obey a 4⇡ periodic current-phase relation IJ / sin(�/2). Even if quasiparticle relaxation

times are shorter than the phase adjustment time, one expects to see a peak in the current noise spectrum at

half the Josephson frequency[128]. The difference in periodicity is rooted in the fact that only Cooper pairs

can tunnel between conventional superconductors, while single electron tunneling is enabled by MBSs, thus
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doubling the Josephson period from 2⇡ to 4⇡ in the process.

Weakly coupling the two ends of a finite wire by a hopping integral t00 allows us to model a

Josephson junction (see Fig. 4.10). The Hamiltonian for our ring geometry is H = HTS + HJ where

HJ =

P

� t
00
(c†N�c1�+H.c.). Hybridizing the two Majorana states by t00 results in the formation of Andreev

bound states (ABS) in the weak link junction.

Next, we wish to control the superconducting phase difference across our junction by penetrating

the ring with a magnetic flux �. Since we introduce a flux we must use the phase which is invariant under

a gauge transformations A 7! A + r� (� is an arbitrary scalar function). This is given by [129] � =

�� � 2⇡
�0

R

A · dl where the integration is performed across the junction. The magnetic vector potential

couples to the momentum by p 7! p � eA/c and we model this on a lattice with the Peierls substitution

t 7! teie
R
A.dl/~ where the integral is taken along the two sites which t connects. The Peierls phase factor is

exactly half the gauge invariant phase and the matrix elements connecting the ring junction become t00e±i�/2

(Fig. 4.10) where the ± corresponds to counter- or clockwise hopping across the junction.

At zero temperature the Josephson quasiparticle current is IJ =

P

n @En(�)/@�, where n indicates

the nth excited Bogoliubov state [80] and the summation is taken over all states up to the Fermi energy.

Using this and the Josephson current-phase relation, it is clear that the relevant quasiparticle energies obey a

cosine like behavior with the same periodicity as the current. Andreev bound states (ABS) are quasiparticles

bound to the junction and are responsible for the Josephson current, in contrast with � independent bulk states

which do not contribute to the Josephson current. Therefore, one can deduce the periodicity of the Josephson

current just by looking at the � dependence of the ABS spectrum (Fig. 4.10). A topologically trivial junction

is marked by an absence (generically any even number) of zero energy crossings as seen in panel (b). In this

regime each quasiparticle’s energy is 2⇡ periodic, the fermion parity is conserved, and the Josephson relation

is a conventional 2⇡ periodic one. Upon entering the topologically non-trivial regime, a single protected

crossing emerges at � = ⇡ (an odd number of crossings will generally flip Fermion parity). Transitions

between the positive and negative energy subgap branches are forbidden by particle-hole symmetry so that

Fermion parity flips as � evolves by 2⇡. During this process, a single electron is transferred across the

junction which is forbidden in parity conserving topologically trivial superconductors. Winding � by another

factor of 2⇡ recovers the spectrum and fermion parity, leading to a 4⇡ Josephson effect. Further increasing

the chemical potential causes more energetic sub-bands to become occupied and the system transitions into

topological phases characterized by topological index W > 1. The ABS spectrum in this regime contains

|W| sets of protected zero energy crossings at � = ⇡. In addition to PH symmetry, chiral symmetry now
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forbids transitions between the different sets of ABS leading to a robust 4⇡ Josephson effect. The basic idea

here is that non-trivial JJ physics, indicating the existence of the fractional Josephson effect associated with

the existence of the MBS in the system, can be tuned by varying W rather than µ. W should in principle be

easier to tune in the current system, due to the experimental challenges associated with manipulating chemical

potential via an electrostatic gate potentials.

4.7 Summary

In this work, motivated by a recent experiment[98] in which STM zero-bias peaks have been ob-

served from the edges of chains of magnetic atoms deposited on superconducting Pb substrates, we show that

a multichannel ferromagnetic wire deposited on a spin-orbit coupled superconducting substrate can realize a

non-trivial topological superconducting state with one or more Majorana bound states localized at the wire

ends. We explain how the persistence of the zero-bias phenomena for generic parameters [98] as observed

in the experiments can be understood if the induced topological superconductivity is chiral in nature. To

test this hypothesis, we develop several experimental signatures which may verify the existence of a topo-

logical superconducting state. When several chains of magnetic atoms (such as Fe), or a multichannel FM

nanowire, are deposited onto a spin-orbit coupled superconductor such as Pb, a mixture of spin-singlet and

triplet components are expected to be proximity induced [99, 100, 109, 110, 111, 113]. The induced topo-

logical superconductivity may generically belong to the topological class BDI, which is characterized by a Z

topological invariant. In this case, by varying the wire width – or equivalently by coupling parallel chains of

magnetic atoms – one can increase or decrease the strength of the zero-bias signal in a controlled manner. The

width dependence of the peak height is robust against finite temperature effects, which reduce the peak height

from the zero-temperature quantized value. Observing this width dependence of the ZBCP would establish

the presence of a chiral topological superconducting state. We also show that the 4⇡ fractional Josephson

effect remains, even in the presence of multiple spatially overlapping MBSs, and can be used to reveal the

Majorana occupation number by tuning the width parameter of the coupled chains.

This work has been motivated by recent experiments [98] studying the conductance spectrum of a

ferromagnetic wire on a spin-orbit coupled superconductor. Our calculations reproduce the qualitative fea-

tures of the position and voltage dependence (Fig. 4) of the conductance experiments. The low value of the

measured conductance in experiment can be attributed to the small topological gap, the high tunnel barrier at

the STM-wire contact, and the large temperature. In spite of this success in our reproducing the qualitative
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behavior of the observed ZBCP in the experiment of Ref. 98, we conclude that the current experiment is in-

ternally inconsistent and cannot be even qualitatively explained by our theory since we have no explanations

whatsoever for the experimentally observed strong localization of the Majorana bound states near the wire

ends and for the lack of observation of the Majorana splitting in the experiment. Since the topological gap

needed for explaining the observed zero bias peak is very small, the corresponding Majorana localization

length must be very large in the system, leading to the Majorana wavefunction having considerable weight

very far from the wire ends as well as considerable Majorana energy splitting due to the overlap between

Majorana modes from the two ends. Since the latter two predictions of the theory are incompatible with

the experimental observations, we conclude that the current data cannot be explained by the standard model

of Majorana fermions in magnetic nanowires coupled to superconducting substrates. The extreme Majo-

rana localization observed in the experiment necessitates superconducting gap energy which are thousands

of kelvins, obviously a ridiculous proposition, and at this stage we have no consistent explanation for the

observed 100 µeV topological gap along with < 5nm Majorana localization length in Ref. 98.

The most important conclusion of our work with respect to the recent experiment [98] is that we

find a fundamental qualitative inconsistency between having a very small topological gap and very strongly

localized Majorana zero mode in the reported data. We do not see how this basic inconsistency can be

resolved since the Majorana localization length is inversely proportional to the gap. A related problem is the

non-observation of either the Majorana mode or any Majorana splitting in short wires where theory predicts

the existence of observable quasi-Majorana signal as well as the presence of observable Majorana splitting.
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Chapter 5

Conclusions and Summary

In this thesis we have theoretically analyzed the signatures associated with, and the robustness of,

condensed matter analogues of Majorana fermions in a variety of condensed matter platforms. A compre-

hensive review of our results is first presented in this. last chapter. Afterwards, we comment on a few open

questions, which have arisen during the course of this work, as well as on possible future directions.

5.1 Summary of results

In chapter 2 we calculated Berry phase mediated thermoelectric coefficients for electron- and hole-

doped semiconductor thin films with Rashba and Dresselhaus spin-orbit coupling. Under the appropriate

parameter conditions, i.e. application of a finite in plane magnetic field, we find that a gap appears in the

conduction (electron-doped) or valence (hole-doped) semiconductor bands. A necessary condition for the re-

alization of a two dimensional Z2 topological superconducting phase is that the chemical potential lies within

‘non-trivial’ gap. For both carrier types, the intrinsic contribution to the anomalous Hall coefficient saturates

to a fixed value when the chemical potential satisfies the non-trivial condition and vanishes otherwise. We

found an even more striking signature provided by the anomalous Nernst coefficient which shows that the

non-trivial regime is marked two sharp peaks of opposite sign, separated by a region with a vanishing Nernst

coefficient . In order to ensure robust proximity induced s-wave superconductivity, we took special care to

ensure considerable mixing of mj = ±1/2 states in the top hole-doped valence band. These results pro-

vide generic thermoelectric signatures useful in experimentally identifying the range of chemical potential,

or doping levels, which can support a topological superconducting state[130].
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We began chapter 3 by considering Majorana modes at the end of a one-dimensional spin-triplet

superconductor with total Cooper pair spin projection Sx = 0 (�"" = ��## = p�0). Surprisingly, we found

that the spatially localized zero-modes are robust to many perturbations including mixing by the Sz = 0

component of the order parameter, transverse hopping (in quasi-1D systems) and non-magnetic disorder.

While these perturbations can be explained by the presence of time reversal symmetry, we also found that

the Majorana modes are robust to time reversal breaking perturbations including applied Zeeman fields,

magnetic impurities, and other superconducting order parameters. By analyzing the topological properties of

this model, we proved that the robustness to time reversal breaking stems from a hidden chiral symmetry, thus

places the system in the BDI topological class with an integer Z invariant. BDI chiral symmetry forbids matrix

elements between pairs of zero-energy modes bound to the same ends, in stark contrast with the previously

held belief that any spatially localized Majorana modes must hybridize into conventional quasiparticle states.

Given this result, we re-established the quasi-one-dimensional superconductors (TMTSF)2PF6 (a possible

triplet superconductors with equal spin pairing, �"",�## 6= 0,�"# = 0, in applied magnetic fields) and

Li0.9 Mo6 O17 as natural hosts for Majorana fermions[97].

In addition to the spin-triplet p-wave superconducting systems described earlier, BDI chiral symme-

try is also present in other systems. For example,a spin-orbit coupled nanowire or thin film deposited onto a

s±-wave superconductor falls into this category. Indeed, chiral symmetry explains the anomalous magnetic

field response of all the DIII class topological superconducting systems proposed in the literature [96, 116].

This is because, in the example given chiral symmetry coexists with time-reversal symmetry which leads to

doubly robust edge modes. By doubly robust we mean that a given perturbation may break one symmetry but

not the other, and in this case zero-energy Majorana edge modes are protected by the remaining symmetry. In

addition we provided a realistic route to engineer a “true” TR-invariant topological superconductor, i.e. one

whose pair of Majorana bound states at each end is split by an applied Zeeman field in arbitrary direction.

We also prove that quite generally the splitting of the Majorana bound states in a true time reversal invariant

system by time reversal breaking fields is highly anisotropic in spin space. The spatial anisotropy can be used

as an experimental signature – the energy splitting can in principle be observed in near zero-bias differential

conductance measurements – to identify this exotic state of matter.

Although not considered in the original classification of topologically ordered free fermion systems,

crystallographic or spatial symmetries may also stabilize topologically order. Therefore, we constructed a

quasi-one-dimensional system with reflection symmetry, i.e. one comprised of one-dimensional topological

chains coupled by transverse hopping. We then showed how in the eigenbasis of the spatial reflection op-
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erator the total Hamiltonian can be decomposed into non-interacting block diagonal sector. Each individual

block represents a non-interacting subspace of the full Hamiltonian and may or may not obey particle hole

symmetry, with the details depending on the specific microscopic model. For each particle-hole symmetry

preserving sub-sector symmetry one may define a topological invariant, counting the number Majorana zero

modes within that sub-sector. In a two dimensional system, which is translationally invariant system along

the transverse direction, the Majorana states form a flat band constrained to zero energy. [131].

Afterwards, in chapter 4, we used the chiral symmetry to explain the persistent zero-bias peak re-

cently found in recent STM measurements[98]. In their setup, magnetic atoms (Fe) are deposited onto the

surface of an s-wave superconductor with spin-orbit interaction(Pb). Next, the surface atoms self assemble

into one-dimensional chains (alternatively one could call this a ferromagnetic nanowire) in a controlled an-

nealing process. With no fine tuning, evidence for Majorana bound states appease in a peak in the zero-bias

scanning tunneling conductance at the wire endpoints. Modeling a finite width ferromagnetic based topolog-

ical superconductor we confirm that a zero-bias signature is kneed a generic feature. Furthermore, we show

that increasing the system width will enhance the magnitude of the observed zero-bias signal, even at finite

temperature. This simple width manipulation can therefore be used as a diagnostic tool to determine if the

character of the topological phase is chiral in nature[132].

5.2 Future Directions

5.2.1 Multiplet exchance statistics

Earlier, we showed how doublets (multiplets) of Majorana bound states arise in class DIII (BDI)

systems and that hybridization between these spatially overlapping states is prevented by a time-reversal

symmetry with T 2
= �1(+1). Ivanov established that the exchange statistics of Majorana fermions bound

to vortex cores in a two-dimensional chiral p-wave superconductor (class D) is identical to that of the Moore-

Read (Pfaffian) quantum Hall state. Ivanov’s analysis[13] is however limited to the case of spatially isolated

zero modes. In the event that Majorana fermions are found in a naturally occurring one-dimensional topolog-

ical superconductor belonging to BDI or DIII they should appear in clusters consisting of pairs or multiplets.

The first important question is, how are exchange statistics modified by this clustering? And secondly, if the

non-Abelian statistics are preserved, how robust are the symmetries which forbid hybridization and ‘bind’

the clusters? The two questions can be summarized by asking, what are the exchange statistics, and to which
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perturbations are they robust. The first work to address this issue [90] claims that time-reversal invariance

protects the non-Abelian braiding statistics in a Z2 TR-invariant superconductor. However, recent work[133]

has shown that local adiabatic perturbations can cause a rotation in the space spanned by the Kramers pair.

More work is surely needed to resolve this conflict and to generalize it to incorporate BDI Majorana multi-

plets.

5.2.2 Unitary symmetry classification

A&Z introduced the classification of Hamiltonian on the basis of particle-hole and time-reversal

symmetries, both of which are represented by anti-unitary operators. These two fundamental symmetries

were chosen because they are thought to be more “robust” than unitary symmetries which are typically broken

by disorder [134]. For example, consider the translational symmetry of a perfect crystal. We know that real

crystals almost always contain dislocations, atomic substitutions or some other impurity which breaks the

global translational symmetry. For this reason crystallographic (and spin-rotation?) symmetries are not

considered. In contrast time-reversal and charge-conjugation symmetries are intrinsic symmetries, robust to

large classes of perturbations, including all the aforementioned crystal deformations.

Despite their deficiencies, unitary symmetries have been tremendously successful in predicting and

understanding condensed matter phenomena. Most notably band theory, which correctly describes the elec-

tronic strutter of many materials, is formulated in momentum space. How do we then rectify these two oppos-

ing viewpoints? Perhaps we must distinguish between weak and strong symmetry breaking, where symmetry

protected modes are unaffected in the former case. Another (possibly related) route to enhancing the existing

topological classification may be provided by statistical topological phases of matter [135]. In a statistical

topological insulator edge modes are protected against localization by the statistical properties of a disor-

dered ensemble. One may even claim this explains why the Quantum Spin Hall effect, a state which requires

time-reversal symmetry, was detected using photoemission [118] experiments even though electromagnetic

radiation locally breaks time-reversal symmetry. Additionally, the interplay between the d-vector direction,

spin-orbit coupling or Zeeman coupling orientations should be studied since it is the geometric relationship

between these vector quantities which determines the presence or absence of the orthogonal chiral symme-

try. Does the superconducting d-vector choose a particular direction in the presence of a magnetic field?

How about in the presence of a (spatially dependent) spin-orbit field? These questions may be answered by

calculating the proximity induced pair potential in a self-consistent manner.
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5.2.3 Interactions and Fractionalized Majorana Fermions

Gapped systems which may not be adiabatically connected without closing the bulk gap are topo-

logically distinct. Interactions do not affect generally affect topological phases since adding small interaction

perturbations should not destroy the bulk gap. In a system classified by a Z2 invariant a single set of edge

modes are present in the non-trivial phase (no edge states are permitted in the trivial case). A Z topological

index allows for any infinite number of topological phases, each with a different integer number of edge

states. [136, 137] showed that interactions reduce the topological invariant from Z to Z8. However this limi-

tation can be overcome by considering only edge theories where this argument does not apply [138]. Indeed

in this case it has been shown that interactions (by coupling with fractional quantum hall states) can actually

fractionalize Majorana excitations into Zn parafermions.

Because MFs are Ising anyons and their topological braids do not support universal computation,

and therefore must be supplemented with some topologically unprotected operations, they are not the end goal

concerning quantum computation. However, the hypothetical parafermions arising from the Read-Rezayi

state, which may explain the ⌫ = 12/5 fractional quantum Hall effect, are Fibonacci anyons and can indeed be

used to a enact universal quantum logic gates. Analogous to the way in which the semiconducting Majorana

nanowire mimics the physics of the Moore-Read ⌫ = 5/2 Pfaffian wavefunction, the goal is to recreate

the Read-Rezayi state in superconducting heterostructures[139]. This can be accomplished by combining

understood topological states of matter along with quantum hall states to further ”fractionalize” MFs into

parafermionic excitations. Knowledge and experience gained from the first two research goals should prove

useful in the detection, and hopefully manipulation of parafermionic modes.
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