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Abstract

In this thesis, we focus on convergence performance of first-order methods to compute an
e-approximate solution of minimizing convex smooth function f at the N-th iteration.

In our introduction of the above research question, we first introduce the gradient descent
method with constant step size h = 1/L. The gradient descent method has a O(L?||xg—z*||?/€) con-
vergence with respect to ||V f(xx)||?. Next we introduce Nesterov’s accelerated gradient method,
which has an O(L|zo — 2*||y/1/€) complexity in terms of |V f(zn)|?>. The convergence perfor-
mance of Nesterov’s accelerated gradient method is much better than that of the gradient descent
method but still not optimal. We also briefly introduce some other first order methods in the lit-
erature to compute an e-approximate solution of minimizing convex smooth function f, including a
monotone convergence accelerated gradient method and a perturbed gradient method in [8]. They
have O(L%/3||zg — 2*||>/3/€'/3) and O((\/L|zo — z*]|/€/*) In(1 + 2L||zg — 2*||/v/€)) complexities
respectively. Those results are better than that of Nesterov’s accelerated gradient method, but the
convergence performance of first order methods can still be better.

Our main focus is to design a first order method for reducing the gradient norm of the ob-

jective function. Our research is closely related to [4], in which a first order method is proposed with

complexity of order O(y/L(f(xo) — f(2*))/v/€). This method is studied through the performance
enhancement program (PEP) originated from [2]. In [9] it is pointed out that by combining the

accelerated gradient method and the method in [4] into a two-phase optimal gradient method, one

is actually able to obtain an optimal O(/L[jzg — x*||/e!/*) complexity.

Our new result in this thesis is a different set of parameters from [4] that also achieves

the O(v/L(f(zo) — f(x*))/+/€) convergence with respect to |V f(xn)||>. Combining with Nesterov’s
accelerated gradient method, we are able to derive an O(y/L|[zo — z*||/€*/*) complexity, which is

optimal among first-order methods, by the two-phase optimal gradient method.
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Chapter 1

Introduction

The problem of interest in this thesis is the following unconstrained optimization problem
of convex smooth functions:

min f(z), (1.1)

where f is convex, continuously differentiable, and its gradient V f is Lipschitz continuous with

L Our goal is to compute

constant L. We use notation f € 9’2’1(R”) to denote such functions.
an approximate solution with accuracy threshold e. Note that there are several different possible
definitions of e-approximate solutions. In our research, we define an e-approximate solution as a

solution x that satisfies
IVF(@)]]* <e

Here and throughout this thesis, || - || denotes the Euclidean norm. To emphasize that the above
definition requires that the gradient norm ||V f(z)|| is smaller than the threshold ¢, in the sequel,
we sometimes refer to the above definition as “e-approximate solution with small gradient norm”.
Clearly, if € = 0, then z is a stationary point of problem (1.1) and hence an optimal solution due to
the convexity of f.

There has been several possible methods for solving problem (1.1). Our focus is on first-

order methods that relies on objective function value and gradient evaluations. Such methods are

IThe notation ?i’l(R") follows from the book [8]. Such functions are also known as convex smooth functions.
Here F stands for the set of convex functions; the subscript ”1,1” denotes that f is continuously differentiable and its
gradient is Lipschitz continuous; the subscript L denotes the Lipschitz constant of L.



commonly used when the accuracy threshold € is modest to relative large and the dimension n is
large. In such cases, higher order methods (Newton’s method, etc.) requires more computational
time per iteration and becomes less appealing.

Our chapter is organized as follows. In Section 1.1, we describe several key properties of
convex smooth functions that we utilize throughout this thesis. In Sections 1.2 and 1.3 we describe
two possible methods for solving problem (1.1) and discuss their convergence properties. In Section

1.4, we provide a literature review on other first-order methods for solving problem (1.1).

1.1 Properties of convex smooth functions

In this section, we describe several commonly known properties of convex smooth functions
fe S"i’l(R”). Some properties are utilized in many convergence analysis performed throughout this
thesis. The proofs of all the results below are commonly known in convex optimization textbooks

(see, e.g., [8]) and are skipped.

Lemma 1.1.1. For any function f € H’kl(R”) and any x,y € R™, we have

LIVF@) ~ Vi) < (V) ~ VI (w), ).

Specially, with y = x* we have

LIVF@I? < {VF(@), 7~ ). (12)

The lemma above states that the inner product of gradient difference Vf(x) — V f(y) and
point difference x —y is lower bounded by the squared gradient norm difference |V f(z) — V f(y)||?/L.
Note that the special case (1.2) of the above lemma has an important implication. Specifically, for

any differentiable convex function f, the following property holds for its minimizer x*:
0 <(Vf(x),x —a").

The above relationship is indeed an optimality condition for convex and differentiable functions.

The property (1.2) states that for convex smooth functions, its optimality condition can be stronger

2



than the above equation with an extra gradient norm.

Lemma 1.1.2. Let f be an arbitrary function s.t. f € S"i’l(R”), Y,y € R",

0< f(2) = £6) ~ (VF() 2 ) < 5 lle — Il (13)

FEspecially, when we let y = x*, since V f(z*) =0, we have

Fa) — S < Elle— a2 (14)

Similar to Lemma 1.1.1, the above lemma states that convex smooth functions have a
stronger condition than that of convex differentiable functions. Specifically, for convex differential
function f we know that 0 < f(z) — f(y) — (Vf(y),x —y), namely, f(z) is lower bounded by a linear
approximation at y. Lemma 1.1.2 reveals that f is not only lower bounded the aforementioned
linear approximation, but also upper bounded by a quadratic function. Indeed, for convex smooth
functions we can also further strengthen its lower bound from linear approximations, as stated in

the lemma below.

Lemma 1.1.3. Let f be an arbitrary function s.t. f € ?2’1(]1%"), Ve, y € R",

£~ F) (V@) x—9) > 5= |IVF() ~ Vi)

Especially, when we let y = x*, since V f(z*) = 0, we have
1 ) \
S IVF@IF < f(z) = f("). (1.5)

Lemmas 1.1.1, 1.1.2 and 1.1.3 are the fundamental properties of f € ffi’l(X) that play
important roles in convex smooth optimization analysis. Throughout this thesis we need them to

derive convergence analysis of several first-order methods.



1.2 The gradient descent method

The most common first-order method for solving problem (1.1) is the gradient descent
method. It is based on a straightforward observation that for any differentiable function, its nega-
tive gradient at a point is the direction along which the function decreases the fastest locally at such
a point. We describe the gradient descent method and analyze its convergence performance in this

section. The gradient descent algorithm is listed below.

Algorithm 1 The gradient descent method
Require: Initial point g € R™, h > 0
for:=0,1,...,N do

Tiy1 = x; — hV f(x;) (1.6)

end for

For f € 3’2’1(R"), we first derive a convergence result in terms of f(xy) — f(z*). The

derivation is based on the analysis of the relationship between f(z;) — z* and f(x;—1) — z*, as

detailed in the proof of the following proposition.

Proposition 1.2.1. Let f be a function in the function class F; (R™) and {x;}]L, be the iterations

of the gradient descent method applied to minimize f. If we have 0 < h < 1/2L, then for any N > 0

e 2(f(@0) — f(&9)llzo — " |
FEon) = 1) < gy =2 + NA@ = L) (F(zo) — Fo)' .

Proof. First, by the definition of z; (1.6) in the description of Algorithm 1, the relationship (1.2) in

Lemma 1.1.1, and noting that V f(z*) = 0, we have

v — 2 |* =llwi — & — hV f(2)]*
=llw; — a*|]* = 20(V f(2:), 2 — 2*) + B[V f(z3)|]?

2
<l If <0 (3 = 1) VS



Thus for any i, we have ||x; 11 — z*| < ||a; — *||. Consequently, we can observe that ||x; — z*| <
l[zo — 7.
Next, by Lemma 1.1.2 and the description of z; (1.6) in the gradient descent algorithm, we

have

F(is) FG@) + (V) zirn = w0) + e — il

(1.8)
1) = (1 51) 197

Since the function f is convex differentiable, recalling our previous observation that ||z; — z*|| <

|lzo — 2*||, we know that
flai) = f(@") < (Vi) —2%) < V@)l - |l — 2" < V@)l - w0 — 2.

Thus by (1.8), we obtain

)

Flain) <fx:) = h (1 _ g h) W

i.e.

Fasin) = %) <flo) = a0~ (1 ) LLZHED

Dividing (f(x;) — f(z*)) (f(zi41) — f(z*)) on both sides, we have

1 N 1 LAk f) — f@)
fivn) = f(@*) = flxi) = f@)  wo—a** flzipr) = fla*
N 1 N h(1— %h)
~ fl@) = f@) o flwo — |

)

Summing the inequalities above from k =0,..., N — 1, we have

1 1 Ch(1-3h)
Fan) — 7@ = o) — @) TN e a2

The above result implies (1.7) immediately. O

In the convergence property above, the right-hand side of the result (1.7) is dependent on
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the stepsize h. Theoretically, the best choice of stepsize h is the one such that h(1 — (L/2)h) in the
denominator of the right-hand side is maximized, i.e., when h = 1/L. The convergence result when

h =1/L is described in the theorem below.

Theorem 1.2.1. Let f be a function in function class T (R™) and {x;:} N, be the iterations of the

gradient descent method. If the stepsize is chosen to h = 1/L, then for any N > 0 we have

2L||zo — x*||?
N +4

4L2||zg — x*|)?

2
<
and |V f(a) P < =20

flan) = f(a7) <

Proof. The first result in (1.9) follows directly from Proposition 1.2.1 (with stepsize h = 1/L).
Moreover, noting from the relationship (1.5) in Lemma 1.1.3 that ||V f(z)||? < 2L(f(x) — f(z*)), we

conclude the second result in (1.9). O

By the result (1.9) in the above theorem, in order to make sure that the iterate xy is an
e-approximate solution to problem (1.1), i.e., |V f(zn)||? < ¢, it suffices to run N iterations of the
gradient descent method with

o 4L2||zo — m*||2

N > (1.10)

€

Namely, the iteration complexity of the gradient descent method for computing an e-approximate
solution with small gradient norm is of order O(4L?/¢). Note that the above convergence rate can be
further improved. Indeed, Nesterov introduced in [7] (see also [8]) an accelerated gradient method
that has better convergence properties than that of the gradient descent method. In the following

section we introduce Nesterov’s method and analyze its convergence.

1.3 Nesterov’s accelerated gradient method

The first version of Nesterov’s accelerated gradient method appears in [7]. After the work
in [7], there are several extensions and modifications proposed in the literature (see, e.g., [8, 6]). In

this section our description of Nesterov’s method in Algorithm 2 is based [5] under the Euclidean



setting. Note that [5] covers a more general treatment of Nesterov’s method with non-Euclidean

prox functions; however, this is out of the scope of this thesis.

Algorithm 2 Nesterov’s accelerated gradient method
Require: Initial point xy € R", ¢; € [0,1], v; > 0, o; € [0,1]
Set Tg = xg.
fori=1,...,N do

Compute
z; =1 —q;)Tim1 + i
@i = argmin{;(Vf(z;), ) + [|zi-1 — 23}
z€R
Z; :(1 — Oéi)fi,1 + o,y
end for

Output approximate solution T .

Here, {(z;,7:,7:)}Y, € R" x R" x R™ are the iterates generated by Nesterov’s accelerated
gradient method. Specially, the notation z; denotes the iterates at which gradient of f is computed.
Here the underline is since any gradient evaluation V f(z;) proves a linear approximation lower
bound f(z;) + (Vf(z;),x — z,) of the function f(z). The notation x; denotes the iterates at which
we perform gradient-descent-like updates. The notation T; denotes the outputs of the approximate
solutions of the algorithm. Here the overline is since f(%;) > f(z*) is an overestimate of the optimal
objective function value. We can immediately observe that if «; =1 and v, = hfori=0,..., N —1,
Algorithm 2 is identical to Algorithm 1. In the following proposition, we prove that the certain
choices of algorithm parameters ¢;, «; and ~; can lead us to a relationship between the i-th and

(i — 1)-th iterates of Algorithm 2.

Proposition 1.3.1. Let f be a function such that f € F}"(R™) and {(z;, z;, %)} X, € R* x R x R”
be the iterates generated by Nesterov’s accelerated gradient method in Algorithm 2 to minimize f. If

parameters q;, a; and y; satisfy the following relationships:

o > g, (1.11)

Llc: — a

M_()’ (1.12)
I =g

Lg(1—og) 1

Lal—o) 1y § (1.13)
l—q i



then for any x € R™, we obtain
K3 3

F(@:) — f(z) + %nm —a]? < (1= a)[f@i1) — f(2)] + j—n — 2. (1.14)

Proof. First, by the definitions of Z;, z; and z,; in Algorithm 2, we have

T —z; =(¢i — ) Tio1 + T — i

_ Qi — gi ai(1 — o) ]
=0 | T — i-1

x; — x
ai(l—q) " ai(l—q)
a; —q; ¢i(1 — o) a; —¢q; ¢i(l — )
i — z; — Ti—1
ai(l—q)  ai(l—g) a;(1 - q;) a;(1 - q)

iy e o)
_O(i(l —qi)( i 71) + Ozi(l —Qi)( i 11):| .

=q (

:ai

Thus by the relationship a; > ¢; of o; and ¢; in (1.11) and the convexity of norms, we obtain

o i (1 — oy
g+ 22,

7. _ 21?2 <
1% — z]]” < i 1—q 1—q

‘IZ‘ —xi_1|2:| . (115)

Next, by property (1.3) in Lemma 1.1.2, the relationship Z; = (1 — a;)%;—1 + «;x; described
in Algorithm 2, the convexity of f, inequalities (1.15), (1.12) and (1.13) above, we are able to derive

that

F(E) @) + (V@) B~ m) + 27 - ]
= (0 ) @) + {9 (@), Foor — 2] + 0 [F ) + (V) 20— )] + 21T — )
<(I—ai)f(Ti-1)

fa [f(x» (V) a ) + i) Lol ~ o)

<(1 =) f(@i-1) + a {f(flfi) +(Vf(z;),zi —z;) + %Hl’i —zia|?].

2 — z,]|* + 2 — @i |?

In the above derivation, we first use (1.3) in the first inequality. Then we use the relationship that
T; = (1 — a;)T;—1 + o;x; in the first equality. Next we use the convexity of f and relationship (1.15)
in the second inequality. Finally we use (1.12) and (1.13) in the last inequality.

Finally, by the optimality condition of x; in its definition in Algorithm 2, we have that for



all z € R™,
ViV f(2;), 23) + lwicy — 2ll3 < % (V (), 2) + vy — )3,

Hence combining with the fact that ||z;_1 — 2;]|> > ||z;_1 — 2||*> — ||zs — z||?* and the convexity of f,
we conclude that

o
— i — x?
Yt

f@) (U= i) f(@io1) + i [f(z;) +(Vf(2y), 2 — z)] + %lei—l —af|* -

?

_ Qg Q;
<1 —a)f(@iz1) + aif(x) + ?Hxi,l —z|* - ?Hxi -z

7 (3

In the above proposition, we prove that when the parameters satisfy (1.11), (1.12) and
(1.13), we obtain a recursive relationship between the i-th and (i — 1)-th iterates of Nesterov’s
gradient method (1.14). Consequently, we show in the following proposition that by induction it is
now possible to expand the aforementioned relationship to one that is between the N-th and the

initial iterates.

Proposition 1.3.2. Let f be a function such that f € 3"2’1(R") and {(z;,2:,T;) } g € R* xR" x R™
be the iterates generated by Nesterov’s accelerated gradient method to minimize f. If o = gq;,

La; < 1/5; and (1 — o) /oy < vim1/ci—1 for alli =1,..., N, then it holds that

F@EN) — Fa) + Ny — a3 < IO pay )+ O g — o2 (1.16)
YN YN Q1 YN

Proof. Tt is straightforward to verify that assumptions (1.11)—(1.13) holds and hence we can use

Proposition 1.3.1 to conclude that

F@) — f(a™) + %uwz— — 23 < (1= ) [f(@i1) — f(a)] + %an —z*|3-

K3 3



Applying relationship v;(1 — a;)/a; < v;—1/c;—1 to the above result, we have

2@~ 16N+ 21 S ) = £ s =B

<=L (i) = @)+ lleis — o3
i—1

Repeating the above relationship inductively for N times, we are able to derive that

) — S0 + o = o1 < S 1) — @)+ o — B

and conclude (1.16). O

With help from the above result, we are now ready to analyze the convergence properties

of Algorithm 2.

Theorem 1.3.1. Let f be a function that belongs to function class Ty (R™), and {(z;, z:, %)}, €
R™ x R™ x R™ be the iterates generated by Nesterov’s accelerated gradient method with parameters
a; =¢q =2/(i+1), v =1i/(2L), we obtain

82
N(N+1)

4L

- _ |2 = 2 <
vy o o 1B and V7 @E)I? <

fEy) = f(a") < lwo —*[I3.  (1.17)

Proof. By the choices of «a;,q;, and ; we have that «;/v; = 4L/(i(i + 1)) and it is easy to verify

that assumptions of Proposition 1.3.2 hold. Thus by Proposition 1.3.2, we obtain

AL
N(N+1)

4L

e k)12

(lwo = @[3 = llo — 2™[13) <

f@EN) = f(a7) <

In addition, noting from the relationship (1.5) in Lemma 1.1.3 that ||V f(z)||? < 2L(f(z) — f(z*)),

we conclude the second result in (1.17). O

According to the results (1.17) in the above theorem, in order to make sure that the iterate

Zn of Algorithm 2 is an e-approximate solution to problem (1.1), i.e., |V f(Zn)|? < ¢, it suffice to

10



set the total number of iterations N to

2 _ pex||2
N> 8w — (1.18)
€

Thus the iteration complexity of the accelerated gradient method for computing an e-approximate
solution with small gradient norm is of order O(L/+/€). Comparing the above complexity to that of
the gradient descent method in (1.10), we can observe that Nesterov’s method significantly improves

the convergence properties comparing to that of the gradient descent method.

1.4 Other methods in the literature

In addition to the gradient descent method in Algorithm 1 and Nesterov’s accelerated gra-
dient method in Algorithm 2, there also exists other first order methods in the literature that are
able to compute an e-approximate solution to problem (1.1) with small gradient norm. Some of the
existing methods have better convergence properties than that of Algorithms 1 and 2.

In [8], a monotone convergence accelerated gradient method is proposed that is able to
compute an e-solution with at most O(L?/3||zg — z*||?/3/€'/?) iterations. However, the convergence
property of such method is different from that of Algorithms 1 and 2, since its convergence result is

with respect to the best possible iterate, i.e.,

(1.19)

L2||lo — =*||?
N3 ’

Lin [VF )P <0
where {z;}}¥ is the sequence of iterates produced by the algorithm. The above convergence is
different from that of Algorithms 1 and 2 which are with respect to last iterate or weighted average
of iterates. A similar convergence result is also discovered in [3].

By perturbing the objective function of problem (1.1) to fs(x) := f(z)+(§/2)||x — x0||* and
minimizing the perturbed function fs instead, in [8] one other first order method is described that

computes an e-solution of problem (1.1) with at most

Ljjzo — a*| .

iterations. Similar to the discussion above, the complexity is also concerning the best possible

11



iterate. So far, there has not yet been any proposed modification of such method that eliminates
the In(1 + 2L||zg — x*||/+/€) term in the complexity.

In [4], a new first order method is proposed which computes an e-solution of problem (1.1)

with at most O(\/L(f(zo) — f(z*))/e) iterations. Note that such convergence result contains a
(f(x0) — f(x*)) term rather than a ||xg — 2*||? term as seen in all the previously discussed com-
plexity results. Recalling the relation f(z) — f(z*) < (L/2)||x — z*||? in (1.4) of Lemma 1.1.1, we
observe that an O(\/L(f(zo) — f(z*))/e) complexity implies an O(y/L2[[zg — z*[|2/¢) complexity,

although the converse is not necessarily true. It should be pointed out that the analysis of [4] is

based on a semidefinite programming analysis framework originated from [2], known as the per-
formance enhancement program (PEP). The PEP-type analysis is significantly different from our
previously discussed analysis of gradient descent and accelerated gradient methods. A simplified

analysis that shares some analogy with that of gradient descent and accelerated gradient methods

is developed in [1]. It should also be noted that although the O(y/L(f(zo) — f(2*))/€) complexity
of [4] seems to be in the same O(1/+/€) order as the accelerated gradient method complexity (1.18)
and worse than the previously mentioned results (1.19) and (1.20), in [9] it is pointed out that by
combining the accelerated gradient method and the method in [4], one is actually able to obtain a
best O(y/L|zo — z*[|/e!/*) complexity.

The understanding of the aforementioned new first order method and its convergence anal-
ysis [4, 1, 9] is the main topic of this thesis, as detailed in the following chapter. Specifically, we
review and summarize the results in [4, 1, 9]. We also propose a new set of parameters that achieves

the same O(y/L|zo — z*][/€'/*) complexity as the results in [4].

12



Chapter 2

Optimal gradient methods for

minimizing gradient norm

In this chapter, we use the performance enhancement program (PEP) framework described
in [4] to design gradient method for solving unconstrained optimization problems of form (1.1),
namely,

Irrelg}b f(z). (2.1)

Recall that we assume that f is convex and smooth, i.e., f € ff"i"l(R"). Our goal is to compute an
e-approximate solution z € R™ such that ||V f(x)|* < e. We first describe in Section 2.1 the general
algorithm and its convergence analysis. Then in Section 2.2 we describe the algorithm proposed in
[4] and its convergence analysis, and we propose a new set of parameters that is different from [4]
with the same gradient evaluation complexity. Finally, in Section 2.3, we show that by combining
our analysis and the comment made in [9], it is possible to compute an approximate solution x such

that ||V f(z)|? < e within O(y/L||zo — =*||/¢'/*) number of iterations starting from initial point (.

13



2.1 First-order method convergence analysis through PEP

Performance estimation problem (PEP) is an efficient convergence analyses method for
optimization problems. Given a certain class of objective function, such as convex smooth functions,
PEP guarantees convergence to even the worst case complexity by adjusting the parameter of an
algorithm. The algorithm in [4] is built on the PEP framework originally developed in [2]. For any
unconstrained optimization problem of form (2.1), the PEP framework starts by assuming that each

iteration x; is built within the linear span of gradients of previous iterations, namely,

x; € xo +span{V f(zg), Vf(x1),...,Vf(zi)}. (2.2)

The above linear span construction covers many existing first-order algorithms, e.g., the gradient
descent and accelerated gradient method, described in the previous chapter in Algorithms 1 and 2
respectively. Based on the above linear span description, the generic form of an algorithm studied

in the PEP framework can be described in Algorithm 3.

Algorithm 3 Generic algorithm description in the PEP framework for solving unconstrained opti-
mization problem (2.1)

Require: Initial point zy € R™, maximum number of iterations N
fori=1,...,N do
Compute

gi—1=Vf(xi1)

i—1
1
Ti =Tij—1 — i3 Z hi,kgk (2'3)
k=0

end for
Output approximate solution x .

A few remarks are in place for the above algorithm. First, by induction on equation (2.3)
we can easily observe that z; is in the linear span of gradients of previous iterations, i.e., (2.2)
holds. Conversely, we can also observe that for any algorithm whose iterates satisfy the linear span
relationship (2.2), it can always be described in the form of Algorithm 3. Second, for different
iteration number ¢, the coefficients h;j for gradients g, are different. Finally, gradient descent
method with A = 1/L described in Algorithm 1 is a special case of the PEP description above with
hitxz = 0for all kK = 0,...,4 — 2, and h; ;1 = 1. Note that the accelerated gradient method in

Algorithm 2 is also a special case of the above PEP description, although the coeflicients h; j are
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more complicated than that of the gradient descent method.
In order to perform convergence analysis of the generic form algorithm in Algorithm 3, we
apply several properties of convex smooth functions at the algorithm’s iterates. Specifically, applying

Lemma 1.1.3 we have the following relationships:

Flas) = Flay) = (V) w0 = 5) > 5V F @) = V()|Ping = 1,00 N (2.4)
() — F&) > [V )2 =0, .. N (2.5)

2L

Note that in (2.5) we use the fact that Vf(z*) = 0. All the analysis performed throughout this
chapter is based on the above three relationships. We demonstrate that by combining the above

inequalities (2.4) and (2.5), we above to derive a bound of form

IVF(@n)? < T llzo — 2™,

where I'y is a constant that depends on the maximum number of iterations N. The convergence
property of Algorithm 3 is described explicitly through the estimate of T'y.
Throughout the convergence analysis, we frequently utilize the following technical lemma

on changing the order of double summands.

Lemma 2.1.1. For any nonnegative integer m,n,« such that m < n, we have

n n+a nt+a j—o
> D b= > D by
i=m j=i+a Jj=m4ai=m

Here b; ;’s are any numbers indexed by i and j.

Proof.
n n+oa n n+a n+a j—o
> D big= > lmcicjoasabiy= Y Y bij
i=m j=i+tao i=m j=m+a« j=m-+ai=m

For Algorithm 3, after combining inequalities (2.4) and (2.5) described and substituting the
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description of iterates, we obtain the following lemma concerning Algorithm 3.

)

Lemma 2.1.2. For any nonnegative constants denoted by A = (ai;) € RiNH)X(NH) c € ]R_IXH,

r € Ry, we have the following property concerning the iterates of Algorithm 3:

N N
QG) +rllanlP <37 [ S(ai —az0) + e | (Fwi) — £, (2.6)

i=0 \j=0

Here Q(G) is a quadratic form of gradients G := (go, g1, ..,gn) € RPN+,

Proof. Combine inequalities (2.4) and (2.5), we have

éi ( f(xj)_<gj7xi_xj>_21L||gi_gj||2>
+Zcz( ) <x*>21L||gi||2).

By combining terms in the above relationship, we obtain

S s (g + ol 0,1?) + 57 D elal®
i=0 j—0 i=0
N N N N N N
S azyf xl Z Zawf x] Zczf(x*) + Zczf(xz) (27)
=0 i=0 i=0 j—0 i=0 i=0

N
Z(au aji) + ¢ (")).
j=0

J

e

~
Il
o

We make some observations concerning iterates x; and x; in the above result. For all j > 14,

summing equation (2.3) from 4,7+ 1,... to j we have
1 Jj ol-1 1 j—1 3
Tj=Ti-1 - 7 Z Z hrgr = Ti—1 — I Z Z hirgrli<i<i<jlo<k<i—1<j—1
I=i k=0 k=0 =1

=z — éz Z hi kgk.

k=0l=maz{i,k+1}
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Therefore,

j=Ti — Z Z hi kg, Vi 21, (2.8)

k 0l=max{i+1,k+1}

i—1 [
1 L
T =Tj; — Z Z Z hl,kgka Vi > Js (29)

k=0l=max{j+1,k+1}

1—1 7
1
T =t0 — 7 S>> hukge,Vi=1,..,N. (2.10)
k=01=k+1

Applying observations (2.8), (2.9), and (2.10) above to (2.7) and combining terms, we conclude
(2.6). O

A few remarks are in place of the above lemma. First, in the result (2.6) we define a
quadratic form Q(G). This is a quadratic form concerning all the gradients g, . .., gy computed by
Algorithm 3. Second, in the statement of the above lemma we did not specify the exact expression
of the quadratic form Q(G). Indeed, by applying (2.8) through (2.10) to (2.7) and isolating all the

quadratic forms concerning gradients go, ..., gn, we can observe that Q(G) has the following form:

G) 1:% Z__; Z;r <9172 Z hl,kgk>

k=0[= maw{'LJrl k+1}

N 1—1 1—1
ZZ @ij <ng Z hz,k9k> (2.11)

i=1j k=0l=maz{j+1,k+1}
N

Sl 1 1 1
+3°> ay <2L||9i|2 - 7lo9) + Iggll2> + o7 3 Ci”giHQ —7llgnll*.
i=0 j=0

Third, observe that if Q(G) is a positive-semidefinite quadratic form with respect to any vectors

gos -« -, N, then by (2.6) we have immediately that

rllan? <D0 | D (e —aji) + e | (Fzs) = F(27). (2.12)

i=0 \ j=0

The above relationship leads directly to our convergence property of interest. For example, we have

the following immediate corollary:

Corollary 2.1.1. In the result of Lemma 2.1.2, if Q(G) is a positive-semidefinite quadratic form
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with respect to any vectors go,...,gn and the constants A and c satisfy
N
Z ai; —a;;)+c¢; =0, Vi=1,..,N,
7=0

then we have the following convergence property for Algorithm 3:

N

rllgnll* < T (f(xo) = f(¥)), where Ty ==Y (ao; — ajo) + co.

3=0
Proof. By (2.12) and Z;VZO(aij —aji)+¢ =0, fori=1,..., N, we obtain

N
rllgnl® < | Y (aoj — ajo) + co | (F(x0) = f(a").
7=0

(2.13)

By the above corollary, if the parameters h; ;’s and the constants A, ¢ and r are chosen

properly, then the convergence of Algorithm 3 is dependent on 'y /r. As long as we can estimate

the rate of I'y/r, we obtain the convergence property of Algorithm 3.

So far in all the statements of results we assume that Q(G) is a positive-semidefinite

quadratic form. Indeed, since any quadratic form can be described by Q(G) = Tr(SGG") where

S € RIWHDX(N+D) j5 a symmetric matrix, to prove positive-semidefiniteness of Q(G) it suffices to

prove that S is a positive-semidefinite matrix. In the following proposition we describe the entries

of S explicitly.

Proposition 2.1.1. In the statement of Lemma 2.1.2, the quadratic form Q(G) can be described by

N j—1

Q(G) = Tr(SGGT) Zsungm +) 0 Skl 9),

j=1k=0
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where the entries of the symmetric matriz S € RIWADXWND gre the following:

1 .
Sii :i ci+Z(a¢j+a]’i)f2 Z aji( Z hlﬂ‘) R Vi = 1,...,N
Jj= Jj=i+1 l=i+1
J#i
1 [ N-1
Snn =57 [en + JZO (anj +ajn)| =7 (2.14)
1 Jj—1 J N i i
Sik =g |~k — @k + Z%‘ Z hik — (_Z (ai;( Z hik) + air( Z hii)) |
L i=0 l=mazx{i+1,k+1} i=j+1 l=j+1 l=j+1

Vi=1,.,N,k=0,..j—1

Proof. Applying Lemma 2.1.1 to (2.11) we have two results. First,

1 N—-1 N j—1 J 1 N-1 N j-—1 J
LD IS SED SRR T 5 9B DD SR NS
=0 j=i+1 k=0l=max{i+1,k+1} i=0 j=i+1k=0Il=max{i+1,k+1}

J

|
—_

j—1 j
) aijhi k(9;, 9k )(2.15)

k=0l=max{i+1,k+1}
1

-

e~ =

1=

J

»—AO

i
aij > k(95 9n)-

j=1k=01i=0 l=maz{i+1,k+1}

j—1j—

MHZ

L

In the above derivation we apply Lemma 2.1.1 three consecutive times. Second, by a similar con-

secutive application of Lemma 2.1.1, we also have

S (eSS )

i=1 j=0 k=0l=maz{j+1,k+1}
1N1131 1Nz2i—1 i
T2 Z aihi(gige) = D0 Do D aihikles k)
1=2 j=1i k=01=75+1 z:l 7=0 k=j+11=k+1
1 N i—1 A
-7 aish.j1lg;I” (2.16)
i=1 j=01=j+1
| N-li-l N i | No1gml N
=-7 SN ai Y huklgsogr) - I SN aiwhuilgr g5)
J=1 k=0i=j+1  I=j+1 j=1 k=0i=j+11=j+1
[ NoL N j
-7 a > huallgil?
=0 j=itl =i+l
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Reading coefficients of ||g;||? and (g;, gx) from (2.11) and noting the above results (2.15) and (2.16),

we conclude the description of S in (2.14) immediately. O

Our results in Lemma 2.1.2, Corollary 2.1.1, and Proposition 2.1.1 allows us to study the
convergence of Algorithm 3 by finding nonnegative constants A, b, ¢, d, and r such that the matrix S
defined in (2.14) is positive-semidefinite. For bookkeeping purpose, we summarize the convergence

analysis concept in the following theorem.

) € RS’_N+1)><(N+1)} e

Theorem 2.1.1. Suppose that nonnegative constants denoted by A = (a;;
Rf“, andr € Ry are chosen such that (2.13) holds. Then we have the following property concerning

the iterates of Algorithm 3:

N
Tr(SGGT) + 7|lgn||* < Tn(f(z0) — f(z*)), where Ty := Z(aoj — ajo) + ¢o.
Jj=0
where S is defined in (2.14) in Proposition 2.1.1.
Proof. Immediate from Lemma 2.1.2, Corollary 2.1.1, and Proposition 2.1.1. O

By Theorem 2.1.1 above, in order to design efficient algorithms in the form described by
Algorithm 3, it suffices to find algorithm parameters h;j and constants A,b,c,d, and r such that
the matrix S described in (2.14) is positive-semidefinite. In the following section, we describe a few
choices of algorithm parameters h; ; and constants A, ¢, and r that yield efficient algorithms for

computing approximate solutions of problem (2.1) with small gradient norms.

2.2 First-order methods based on special cases of PEP

We start with the description of parameter and constant choice in [4] that achieves an

O(v/(f(zo) — f(z*))/e) complexity for computing an e-solution with small gradient norm. Note
that in [4] there is no discussion on the rationale behind the choice of parameters and constants.
However, we show later through the proof of Theorem 2.2.1 that their parameters are chosen so that

the all the entries of S except Syn are all 0. Motivated by their parameter and constant choice,

we propose later in this section a new choice of parameters with the same O(y/(f(zo) — f(2*))/e)

complexity.
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The analysis performed in this section is relatively technical and detail oriented. Therefore,
before delving deeply into the technical details, here we briefly describe the main ingredients behind
the analysis throughout this section. Note that according to Theorem 2.1.1, our goal becomes finding
proper parameters {h; ; } and constants A and ¢ to obtain an upper bound of ||V f(xx)||? of the form
IVf(zn)|I? < Tn(f(xo) — f(z*)). Such goal is equivalent to finding {h; x}, A and c such that S is
positive semi-definite, and that Z;V:O(aij —aj;) +¢ =0forany i =1,..., N. While determining
positive semi-definiteness is not necessarily straightforward, in the special case when S is diagonal
it becomes trivial to determine its positive semi-definiteness. As we show in the sequel, the result in
[4] yields a simple diagonal S with only one nonzero entry. Following such concept of constructing
simple diagonal S, we are able to derive a new set of parameters that enjoys the same order of
complexity as the method in [4].

Inspired by the analysis in [4], we first introduce a specialized setup of parameters {h; }

and constants A and c of Algorithm 3.

Proposition 2.2.1. Let f be a function such that f € Fp''(R™) and {z;}, be the iterations of
Algorithm 3 applied to minimize f. Suppose that al, o; and B; are positive constants such that

a; >a}_q foralli=1,...,N, and that the parameters {h; ;} in Algorithm 8 are set to

1+ (CVZ' — Oéi+1)(ﬂk+1 — ﬁk); 1= ]., ...7N7]€ =¢—1
i = (2.17)

(o; — @it1)(Br+1 — Br), 1=2,...Nk=0,...,i— 2.

Let G = (go, ....gn) € RN be the matriz consisting of all gradients involved in Algorithm 3,
then r = (1/L)aly derives the fastest convergence and we have the following convergence property of

Algorithm 3:

Te(SGTG) + %GMIQNHQ < 2a0(f(x0) — f(27)), (2.18)
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where S = {S; x} € RWNFUXINHY) s ¢ symmetric matriz whose entries are

1 .
Sii = E(QGQ —2(ajyy — 2a;)(Biy1 — Bi) (i1 — ang1)), i=0,..,N—1;

Snn =0;

Sjr = %(a;‘(aj — 1) (Brrr — Br) — (a1 — @) (jp1 — ant1)(Brsr — Br)

(2.19)

— (apy1 — ap) (g1 — any1)(Bisr — Bj) — (apy —ay)), j=1,..,N;k=0,..,j— 1.

Proof. Let us set constants A and ¢ to be the following;:

a’

! j=i-1k=ii=1.,N
ci = ajk =Sa,—d, ,, j=Nk=i—1,i=1,...N (2:20)

0 otherwise

It is easy to verify that the conditions for Theorem 2.1.1 holds. Moreover, applying the choices of
hi in (2.17) and constants A and ¢ in (2.20) to the entries of S described in (2.14), we obtain S;;
fori=0,..,N—1and Sj;forj=1,..,N,k=0,...,5—1in (2.19), and Syn = (1/L)aly —r. Also,
since we want our algorithm to converge as fast as possible, we would like the constant r to be as
large as possible. Thus we define r = (1/L)ay, so that Sy n = 0. And hence (2.18) and (2.19) are

derived.

With the help of the above proposition, we are now ready to describe the convergence

properties of the first-order method described in [4]. We start with the following proposition.

Proposition 2.2.2. Let f be a function such that f € F'(R™) and {z;}, be the iterations of

Algorithm 3 applied to minimize f. Suppose that the parameters {h;} in Algorithm 3 are set to

1+ (0 =0t (/02 [ —1/62), i=1,..Nk=i—1;
hip = +1 k+1 k (2.21)

(0 — 04,)(1/67,, —1/63), i=2,. Nk=0,..,i—2,

where Oy11 = 0 and 6; = (1+ (/1 + 40i2+1)/2 for i =0,...,N, we have the following convergence
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property of Algorithm 3:

Zalyllowll? < 24 (o) — £(a")). (222)

Proof. In Proposition 2.2.1, let us set 7 = (1/L)a’y and

=0} i=1,..,N+1;
1

5751297‘27 ZZO» 7N,

/ 1 .

a4 = gy, 0= 0,..., N, where (2.23)
0, i=N+1;

91' =
%7 i=0,..,N.

Here we observe that the sequence {6;}* 4! defined in (2.23) satisfies the following relationships:

07 =07, +0;,i=0,..,N —1,

N (2.24)
03 =0%+> 0;.
=0

By the parameter and constant settings in (2.23) and applying relationships (2.24), the entries of S

in (2.19) are simplified as follows:

Sii= = 21—2<1 —1>2(94 —0n1) | =0, i=0,.,N—1
? 2L 912 9%+1 912 i+1 N+1 ’ 3ty )

1 (1 1 1 11 1 1
Sik =57 | 5205 =03 )(—)— vt g NG —0)(—) =0,
2L <9§ 7ot ez,, 62 02, 62) 0! 02,, 03
Vi=1,.,Nk=0,..,j—1

In summary, we have S = 0, and hence Tr(SGTG) = 0. Thus by (2.18), we obtain (2.22). O

By the above proposition, it suffices to estimate bounds of an and ag to derive the conver-

gence bound of the method proposed in [4]. We describe the convergence property in the following
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theorem.

Theorem 2.2.1. Let f be a function such that f € f}'i’l(R") and {z;}., be the iterations of Algo-

rithm 3 to minimize f. The algorithm proposed in [4] has a O <\/(f(£c0) - f(x*))/e) convergence

with parameters {h; 1} defined by (2.21) in Proposition 2.2.2. Specifically, we have

4v/5L
(N + 1)(N + 2/5)

(f (wo) = f(z7)) (2.25)

llgnll* <

Proof. Since 0; = (14 /14 462,,)/2, we observe immediately that 6; > ;41 and 6; > 1. Using

such observations and applying (2.24) we have that for all ¢ =0,..., N — 2,

0; —0ip1 = \/1 + 4607, — \/1 +467,,)
20;41 20; 41

Oir1 1
\/1+4921+\/1+491+2 2\/1+493+1 NC A

Thus we have 6; > 6x + (N —i)/+/5. Here by the definition of §; we have 6y = 1, and hence

N N .
$023 (N=i)\ _y NN+D
i_Oezzi_()(eN‘i’ \/g )N+ 2\/5 d

N
N(N +1)
0G=0+> 0;i>1+N+———2=(N+1 (1+>

Recalling the definitions of {a}}X¥, in (2.23) we have an upper bound of aj:

P 1 B 2v5
TR T (N+D)(+5) (NN +2VE)

Also note that a’y = 1/63% = 1. Thus by (2.22), we conclude (2.25). O

It should be noted that in Theorem 2.2.1, the convergence result has constant f(zo) — f(z*)
at the right hand side rather than ||zo — z*||? as seen previously in Sections 1.2 and 1.3. Clearly, we

can simply use the property of convex smooth function (1.4), i.e. x) — f(z*) < (L/2)||x — z*||?
ply property ) ) )
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to obtain that

2¢/5L7?
(N +1)(N + 2V/5)

g I? < o — 2|12
In other words, we obtain an O (L||x0 -z \/r/e> complexity for solving problem (2.1) with small
gradient norm square | gx||?.

Comparing the above complexity result with that discussed previously in Sections 1.2,
1.3, 1.4, we observe that the above complexity result matches that of the accelerated gradient
method in (1.18), but is worse than that of (1.19) and (1.20). However, we show later in the
following section that the above analysis actually leads to the optimal complexity in the order of
O(/Tlfwo =2 T/eV4).

However, before moving to the optimal complexity bound analysis, we would like to conclude
this section by addressing a small issue in the above result. Here, the parameter choice h; ; depends
on a sequence {(‘)i}f\gl, but the exact dependence of h;j with respect to iteration count ¢ and
maximum number of iteration N is not very clear. This is because the sequence {91-}1-]\561 is only
defined recursively backwards from 6y.1 = 0. It would be more preferable if we are able to develop
parameter choice h; j that has explicit dependence in ¢ and N.

In order to develop a different set of parameters h; ) from [4], we make the following ob-
servation on the choice of matrix S in the above analysis. Note that the parameters are chosen
intentionally to make sure that S = 0. However, note that the crucial idea behind the proof is to
make sure that S is positive-semidefinite. Therefore, we do not necessarily need to enforce that
S is a zero matrix. Rather, as long as S is diagonal, it is already easy to determine its positive-

semidefiniteness. In the following proposition, we study possible necessary condition for S to be

diagonal and positive-semidefiniteness.
Proposition 2.2.3. For constants a}, o; and B; in Proposition 2.2.1, if they satisfy the following
conditions:

1. {a} ij\io 1S a non-negative monotone increasing sequence;

2. There exist some £ € R, such that

_ 1
20041

ag(ai — ai+1) — % . (2.26)

Brr = By = &(ahr — ay) and ajyy —
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3. There exists non-negative monotone decreasing sequence {ai}ff[l with an4+1 = 0 such that

1 ) 1
E(Vai + Jair)? ~ s (Vo — Jaig)?

i=0,.,N—1. (2.27)

Then setting r = %a'N as in Proposition 2.2.1, the matriz S in the result (2.18) of Proposition 2.2.1

is positive semi-definite.

Proof. As discussed before, we would like S to a diagonal matrix. Hence, we need to prove that
all off-diagonal entries of S are 0. In order for this to happen, by the description of entries of S in

(2.19), the relationship that Sj; =0 for all j =1,..,N and k =0, ...,j — 1 is equivalent to

Bewr =B L4 (g = onn) (e = ) k=0, — 1Y,

Ay~ di(ey —aj) = (), —aj) (a1 — angr)’

Noting that any1 = 0, the above is equivalent to

1+« ali,, —a’
Brt1 — Br = &(aj,1 — aj,) where € satisfies { = x 18— 95) V5.

! / ?
a\a; — 1) — (%‘4—1 - aj)aj+1
The second relationship concerning ¢ is equivalent to

1 1
ai(a; — aip) — ¢

§

/ /

a; —Qa, =
1+1 )

20041

Therefore, the condition (2.26) guarantees that S is zero off-diagonal entries.
Let us now move our focus to the diagonal entries of S. By (2.19) and (2.26), we have that

Snyn =0 and also that for ¢ =0,....,.N — 1

Sii :ﬁ@a; —2¢(ajy 1 — 207)* (i1 — ang))
. § 2 2 2 1
T % a; (o — aiq1) gai(al + i) + &

In order to have S;; > 0, the quadratic term within the brackets should be non-positive, which is

equivalent to (2.27). O

The above proposition describes possible conditions for S to be a diagonal and positive-

semidefinite matrix. Therefore, it suffices to find proper parameters £, a; and «a; that satisfies the
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conditions of the above proposition. Actually, for ¢ simply set to 1, we can find a specific set of
parameters that meets the requirement of Proposition 2.2.3 and we introduce them in the following

theorem.

Theorem 2.2.2. Let f be a function such that f € Fp (R™) and {x;}N, be the iterations of

Algorithm 3 applied to minimize f. Suppose that the parameters {h; i} in Algorithm 3 are set to

2(N —i+1)(N—i+2)(N—i+3)
(N—k+1)(N—-k+2)(N—-k+3)’
2(N —i+1)(N —i+2)(N—i+3)
(N—k+1)(N—-k+2)(N—-Fk+3)

1+ i=1,..,Nk=i—1;

R = (2.28)

,i=2,.,N,k=0,..,i—2,

then the algorithm has a O (\/L(f(xo) - f(x*))/e) complezity. Specifically, we have

6L

H9N||2§m

(f(zo) — f(27)). (2.29)

Proof. Let us set constants to { =1, r = (1/L)aly, an41 =0, afy =1,

a; = , 0 , , and
(N—i+2)(N—-i+3)

(2.30)

ai:2—14(N—z'+1)(N—i+2)(N—z’+3)(N—i+4).

We can verify that the above constants satisfy the conditions of Proposition 2.2.3. According to
(2.30), we can immediately see that {a;}Y"! and {a}}}Y, are non-negative monotone decreasing
and increasing respectively. Also, for all N > 1 and ¢ =0, ..., N — 1, (2.27) is satisfied too. Thus by
Proposition 2.2.3, S is positive semi-definite. Now by (2.17) in Proposition 2.2.1, we obtain

Zalyllon? < 26 (f(wo) ~ F(a*)). (231)

Applying the values of oy and «f in (2.30) to (2.31), we directly obtain the convergence result

(2.29). Consequently, Algorithm 3 has a O <\/L(f(:c0) - f(:z:*))/e) complexity. O

We have several remarks regarding the convergence result above. First, our method with

parameters h;; defined in (2.28) has the same O <\/L(f(xo) — f(a;*))/e) complexity as that of [4]

described in Theorem 2.2.1. The difference is that our method has h;; explicitly expressed by
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i, k, and N while the method in [4] relies on a recursively defined sequence {fx};,'. Second,
although it seems that our method with parameters h;; defined in (2.28), method presented in [4]
and Nesterov’s accelerated gradient method all have an O (m> complexity, our result above and
the result in [4] depends on (f(zo) — f(2*)). As shown in the following section, a result in [9] states
that combining either of these two methods with Nesterov’s accelerated gradient method, we have

an optimal O(\/L[jzg — z*|[/€'/*) complexity for solving problem (2.1) with small gradient norm.

2.3 Two-phase optimal gradient methods for minimizing gra-
dient norm

In this section, we demonstrate that combining either method described in the previous sec-
tion with Nesterov’s accelerated gradient method, one could derive an optimal O(\/W /eth)
complexity. Such result of combination of method in [4] and Nesterov’s accelerated gradient method
is previously commented in a remark in [9], although such comment is not the focus of [9]. We apply
the same technique to the gradient method with our new parameters in (2.28). Specifically, Consider
the an algorithm with two phases. In phase one we perform N/2 iterations of Nesterov’s accelerated
gradient method with parameters defined in Proposition 1.3.2. In phase two, we continue with N/2
iterations of Algorithm 3. The details of the two-phase algorithm is described in Algorithm 4.

Note that with parameters h;; defined be (2.21), Algorithm 4 is the procedure mentioned
in [9]. In the following theorem, we introduce the convergence analysis of Algorithm 4 with our

parameters h;;, defined in (2.28).

Theorem 2.3.1. Suppose that the mazimum number of iterations N is a pre-specified even num-
ber. Let f be a convexr smooth function such that f € Fp'(R"™) and {@}fvz/(f and {xi}ﬁiN/%l
be iterates of Algorithm 4 with parameters hy, defined in (2.28). Then Algorithm 4 achieves an

O(y/Lljxo — z*||/€/*) complexity. Specifically,

962

NN+ 27V 1 3) 170 —2"l3. (2.32)

lgn 1 <

Proof. In phase one, we iterate N/2 steps of Nesterov’s accelerated gradient method. By complexity
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Algorithm 4 Two-phase optimal gradient methods

Require: Initial point g € R™, v; > 0, «; € [0,1], N a even number,
Set fo = Zg.

forizl,...,% do
Compute
t—1_ n 2
T, =——T;_ — Tz
NI e R
. )
i =anguin {5 (9 (2, 2) + s~ ol
wern | 2L
v —=1_ n 2
T =——X;— — X
i+ 1 ! i+ 1
end for

Set SCN/Q :fN/Q-
fori=N/2+1,...,N do
Compute

gi—1 = Vf(fl?i—l)
1 i—1
Ty =Tij—1 — Z kz_ohi,kgk

end for
Output approximate solution x .

bound (1.17),

F@Enp) — ") < s llao — 23 (233

(N+2)

Then in phase two we start from Zp/, and iterate N/2 steps of Algorithm 3 with h;; defined in
(2.28). By complexity bound (2.29), we have

6L

< —— — ___(f(z — ). 2.34
Combining (2.33) and (2.34), we conclude that
96 L2
2 < X 2.

In other words, an O(y/L|zo — x*||/e'/*) complexity is obtained.
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According to the result (2.32) in the above theorem, in order to make sure that the iterate
xn of the combined algorithm is an e-approximate solution to problem (1.1), i.e., [|[Vf(Zn)|* < e,

it suffice to set the total number of iterations N to

Do~

Indeed, the complexity result above could not be improved to any better order, for the following
reason. By [8], for any first-order method for minimizing convex smooth functions in the class
F'(R") that produces iterates {z;}Y, € R™ (where N < (n — 2)/2), it is known that there is a
lower complexity bound with respect to function value difference f(xy) — f(z*). Specifically, we

have

3L||zo — z*||?

flzn) = f(a") > (N TI? (2.36)
Since f is convex smooth, we have f(xy) — f(z*) < (Vf(zn),zn —2*) and hence
(flzn) = f(@")? S IV fan)]? - oy — 27 (2.37)

Combining (2.36) and (2.37), we can immediately observe that if there exists any first-order method
whose complexity for computing approximate solutions with small gradient norm is better than
(2.35) (with respect to the order of €), then such algorithm produces approximate solutions with
small objective function difference f(zy) — f(x*) better than the lower complexity bound, leading

to a contradiction.

2.4 Conclusion

We discuss convergence performance of first-order methods to compute an e-approximate
solution for minimizing convex smooth function f at the N-th iteration with small gradient norm.
As background introduction and literature review, we first show that the gradient descent
method with constant step size h = 1/L has a O(L?||xg — x*||?/€) convergence with respect to
|V f(zn)||?. The convergence performance of the gradient descent method is not good enough. Next

we introduc Nesterov’s accelerated gradient method, which gives a O(L||xg —2*||y/1/€) convergence
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with respect to ||V f(zn)||?. The convergence performance of Nesterov’s accelerated gradient method
is much better than gradient descent method, but it can still be better. And then we briefly
introduce some other first-order methods in literature such as a monotone convergence accelerated
gradient method with O(L?/3||zg — 2*||?/%/e'/3) complexity and a perturbed gradient method with
a O((v/Lllzo — z*[|/e¥/*) In(1 + 2L||zy — 2*||/v/€)) complexity. Those convergence performance is
better than Nesterov’s accelerated gradient method, but still not the best.

Our focus is on optimal first-order method for computing solutions with small gradient

norm. In [4], a first-order method with a O(y/L(f(x0) — f(2*))/\/€) convergence is proposed. An
extension is suggested in [9]: combining the accelerated gradient method and the method in [4],
we obtain the best O(\E/ et/ 4) complexity. Inspired by the above procedure, we propose an op-

timal gradient method for minimizing gradient norm. We find a set of parameters that allow an

O(V/L(f(zo) — f(z*))/V/€) convergence in terms of ||V f(zx)||>. Hence, combining with Nesterov’s
accelerated gradient method, we are able to obtain the optimal O(\/L|jzo — z*[|/€'/*) complexity.
Note that Algorithm 2.32 requires a pre-specified maximum number of iteration N. An

interesting future direction is to design a method that relaxes such requirement.
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