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ABSTRACT
The invasion of dissolved chlorinated volatile organic compounds (CVOCs) into
low permeability zones can cause contaminant persistence above maximum contaminant
levels (MCLs) in adjacent aquifers due to the phenomenon of matrix diffusion. Numerical
studies have been conducted to simulate matrix diffusion effects between aquifers and
aquitards. However, existing numerical approaches for simulating matrix diffusion of
CVOCs require fine discretization of the aquifer and aquitard into tens of layers of grid
blocks, resulting in large computational effort. Considering the inefficiency of numerical
approaches, a semi-analytical method was developed to only discretize the aquifer and
mathematically approximate the diffusive response in the underlying aquitard.
The semi-analytical method was originally developed in petroleum reservoir
engineering for approximating the conductive heat flux from a permeable reservoir into
an underlying impermeable cap rock [Vinsome and Westerveld, 1980]. With some
modification, a similar semi-analytical method can be applied directly to the problem of
CVOC matrix diffusion. The objective of this study is to implement and test the new
semi-analytical method for simulating matrix diffusion effects between an aquifer and an
aquitard.
This study has three sub-objectives. First of all, grid refinement studies were
performed by constructing two simple numerical models for simulating DNAPL pool
dissolution in an aquifer with advection and vertical dispersion and matrix diffusion in an
aquitard, respectively. The numerical simulations were validated with two simple
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analytical solutions. The results showed that a grid spacing of ∆x = 1.0 m and ∆z = 0.2
m was fine enough to simulate both cases.
Second, a test was performed with the numerical method by comparing a twolayer numerical model with the more complex Dandy-Sale analytical solution (Sale et al.,
2008) for 2-D transport in an aquifer with matrix diffusion in an underlying aquitard. In
the numerical simulation, the two-layer model was constructed with fine grid spacing of
∆x = 1.0 m and ∆z = 0.15 m. The results showed that numerical solutions were in good
quantitative agreement with analytical solutions in Dandy-Sale model.
Third, the new semi-analytical method was employed for the problem of CVOC
matrix diffusion in the two-layer model and was tested against the more complex DandySale analytical solutions. The comparison of semi-analytical and analytical results
indicated that the semi-analytical method is an accurate approximation of CVOC matrix
diffusion effects between an aquifer and an aquitard.
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CHAPTER 1
INTRODUCTION
Groundwater is one of the main sources for drinking water around the world,
especially in rural areas. In the United States, groundwater supplies 42.1% of the
population served by public water utilities and more than half of the population relies
upon a groundwater source for their primary drinking water supply [Pierce and Perlman,
1993]. However, according to the data of the World Health Organization (WHO), the
scarcity of water resources has created challenges for over 40% of the world population,
i.e., more than 2 billion people have no access to enough water or clean water.
The quality of groundwater resources globally has been under serious threat due
to their exposure to a broad spectrum of contaminants [Taste 1992; Schipper et al., 2010].
Non-aqueous phase liquids (NAPLs) persisting in the subsurface are the most toxic and
prevalent contaminants found in the groundwater [Schwille, 1988]. Over the last 25 years,
many contaminated sites in North America, particularly those of industrial origin, have
exhibited non-aqueous phase liquids (NAPLs) residing in porous media below the water
table [Freeze, 2000]. These contaminated liquids often originate from leaking
underground storage tanks, ruptured pipelines, surface spills, hazardous wastes landfills,
and disposal sites [Doherty, 2000; Pankow and Cherry, 1996].
NAPLs are organic liquids immiscible with water. Based on the density relative to
water, NAPLs can be further subcategorized into light non-aqueous phase liquids
(LNAPLs) or dense non-aqueous phase liquids (DNAPLs). When a NAPL spill infiltrates
a subsurface, a portion of it may be trapped and immobilized within the unsaturated
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porous formation by capillary force and the remaining fluid will continue to move
downward through the unsaturated zone under the influence of gravity. Upon reaching
the water table, LNAPLs will tend to spread laterally and float above the water table in
the form of entrapped ganglia (blobs) and pools whereas DNAPLs with density heavier
than water, will continue to migrate vertically through the saturated zone until they
encounter an impermeable layer, where a flat source zone or pool starts to form [Seagren
et al., 1999；Albert et al., 1994; Schwille, 1988].
As groundwater flows through trapped ganglia and DNAPL pools, the soluble
chemicals in DNAPLs, such as tetrachloroethylene (PCE) and trichloroethylene (TCE),
will undergo interphase mass transfer from the non-aqueous phase to the aqueous phase,
slowly creating large dissolved contaminant plumes in groundwater. These plumes are
subject to advection, dispersion, matrix diffusion, sorption and a variety of potential
degradation processes. Although the solubility of DNAPL compounds is generally low, it
is frequently several orders of magnitude higher than the maximum contaminant level
(MCLs) for drinking water standards [Pankow et al., 1996]. Therefore, a small amount of
DNAPL may contaminate a large volume of groundwater.
Over the past two decades, the growing concern of DNAPL-contaminated sites
has led to extensive research in the removal or destruction of contaminant source.
However, clean-up goals have hardly been met if the subsurface formation contains low
permeability units (e.g. clays or rock matrix) [Johnson and Pankow, 1992; Ball et al.,
1997; Liu and Ball, 2002; Chapman and Parker, 2005; Lipson et al., 2005; Parker et al.,
2008; Seyedabbasi et al., 2012; Chapman and Parker, 2012]. Historically, the existence of
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low permeability units in the subsurface was thought to be an effective barrier to further
vertical migration of DNAPLs. However, once these low permeability zones are
contaminated, they can also act as long-term reservoirs for contaminants due to the
phenomenon of matrix diffusion [Mckay et al., 1993; Parker et al., 1994; Ball et al., 1997;
Liu and Ball, 2002; Chapman and Parker, 2005; Seyedabbasi et al., 2012].
Matrix diffusion characterizes transport process whereby dissolved chemicals
diffuse between high permeability zones (e.g. sandy layers or fractures) and low
permeability zones. When dissolved chemicals are initially introduced into high
permeability zones, they will diffuse rapidly into adjacent low permeability zones due to
a sharp concentration contrast and a significant amount of contaminants will be stored in
the low permeability zone. Once the source is removed from the high permeability zone
through natural or manmade process, the dissolved chemicals in low permeability zones
can slowly diffuse back into high permeability zones due to the reversal of the
concentration gradient [Parker et al., 1994; Slough et al., 1999; Reynold and Kueper,
2001; Chapman and Parker, 2005; Falta et al., 2005; Lipson et al., 2005; Parker et al.,
2008; Sale et al., 2008].
Matrix diffusion has the potential to increase the remediation timeframe (i.e. the
time required to reach regulatory concentration goals) at chlorinated solvent sites because
diffusion-controlled release of contaminants back into transmissive zones occurs at
relatively slow rates [Parker et al., 2008; West and Kueper, 2010]. Previously, the
importance of contaminant back diffusion from clayey aquitards on aquifer restoration
has been widely investigated by numerical techniques [Liu and Ball, 2002; Chapman and
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Parker, 2005; Parker et al., 2008; Chapman and Parker, 2012]. However, existing
numerical models can only simulate the process of matrix diffusion under ideal
circumstances, using computationally intensive fine grids.
A much more efficient alternative is application of a semi-analytical method,
which requires no explicit discretization of the low permeability zones. This semianalytical method was originally developed in petroleum reservoir engineering for
calculating the conductive heat flux from permeable reservoir and underlying
impermeable cap rock during thermally enhanced oil recovery [Vinsome and Westerveld,
1980]. This method was shown to give excellent accuracy for heat exchange between
reservoir fluids and confining beds in petroleum and geothermal injection and production
operations [Pruess and Wu, 1993; Pope et al., 1999; Varavei and Sepehrnoori, 2009].
With some modification, a similar semi-analytical method can be applied to the problem
of CVOC matrix diffusion. Instead of discretizing the aquitard, the semi-analytical
method only discretizes the aquifer and mathematically approximates the diffusive
response in the underlying aquitard.
The main motivation of this study is to employ the new semi-analytical method
for the problem of CVOC matrix diffusion and verify its accuracy with existing analytical
solutions.
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CHAPTER 2
LITERATURE REVIEW
This chapter summarizes the scientific literature relevant to the physical processes
of NAPL dissolution, matrix diffusion and transport mechanisms of dissolved NAPLs in
the groundwater.
2.1 NAPL Dissolution
The dissolution of NAPL organic contaminants in the subsurface has been the
subject of intensive investigation and increasing concern over the past two decades. Many
common NAPLs have very low aqueous solubilities, thus they may serve as long-term
sources of groundwater contamination. Based on the results of several experimental
studies [e.g., Schwille, 1988; Pearce et al., 1994; Voudrias and Yeh, 1994], DNAPL
pools in the saturated zone can be expected to persist for years to decades in the case of
small pools (i.e., <1–2 liters of NAPL) and on the order of decades to centuries in the
case of larger pools (i.e., hundreds of liters of NAPL). This persistence is mainly caused
by slow dissolution kinetics of the contaminants from the DNAPL pool, which is affected
by many factors, including the DNAPL source, porous media properties, boundary
conditions, and the DNAPL- aqueous mass transfer relation.
2.1.1 NAPL Pool Dissolution
The study of NAPL pool dissolution has received much attention. A majority of
the studies available in the literature focused on theoretical investigations. Hunt et al.
[1988] used a two-dimensional steady-state equation, accounting for transverse
dispersion into a semi-infinite porous medium to describe the process of NAPL

5

dissolution. The authors suggested that because of mass transfer limitations in liquid
phase dissolution, ground water extraction at contaminated sites is ineffective for
removing the DNAPL within a reasonable amount of time. The authors also suggest that
steam displacement as an enhancement for remediation could rapidly vaporize and
mobilize trapped volatile NAPLs. Anderson et al. [1992] presented a three-dimensional
analytical solution describing characteristics of downgradient contaminant plume
resulting from the dissolution of a NAPL pool.

They concluded that the observed

concentrations in the field are generally above 1mg/L and the main reason is that NAPLs
below water table tend to accumulate as stagnant pools, which have a slow dissolution
rate controlled by vertical dispersion. Johnson and Pankow [1992] presented quantitative
estimates of pool source strengths in the saturated zone. The authors were able to estimate
the time required for complete pool dissolution and also suggested that the removal times
can be reduced by increasing the groundwater velocities. However, they also provided a
strong possibility that DNAPL components will remain within an aquitard or a lowpermeability layer on which the pool originally formed after the pool has been totally
dissolved away. Chrysikopoulos et al. [1994] presented a mathematical model describing
the transport of a decaying contaminant resulting from the dissolution of a single
component NAPL pool. The study showed a good agreement between the simulated
concentration profiles and the experimental data. Seagren et al. [1994] presented a twodimensional analytical solution to develop quantitative tools and criteria for assessing the
effectiveness of NAPL pool remediation techniques such as flushing and biodegradation.
Chrysikopoulos [1995]

presented three-dimensional analytical
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solutions

for

contaminant transport resulting from the dissolution of a well-defined elliptic or
rectangular stagnant NAPL pool. This study demonstrated through synthetic examples
that the more elongated the pool along the direction of the flow, the higher the
dissolved peak concentration. Chrysikopoulos [2003] developed analytical relationships
for the average mass transfer coefficient and the concentration boundary layer thickness
applicable to dissolving NAPL pools in saturated, homogeneous and isotropic porous
formations.
Several experimental studies on NAPL dissolution have been conducted. Schwille
[1998] conducted several visual NAPL displacement experiments and concluded that a
pool of NAPL will form if the spill is sufficiently large. Furthermore, this study
also concluded that NAPL removal rate increases with higher flow rates. Voudrias and
Yeh [1994] performed a dissolution experiment with a toluene pool floating at the water
table under constant and variable hydraulic gradients. They concluded that pulsed
pumping is more efficient than continuous pumping for remediation of contaminated
aquifers. Whelan et al. [1994] designed and constructed a two-dimensional experimental
aquifer to observe the dissolution behavior of DNAPL pools. They also performed a two
component pool dissolution experiment, and found that the dissolved concentrations
measured were much lower than the respective DNAPL solubility. Pearce et al. [1994]
investigated factors affecting the dissolution kinetics of single-component DNAPL pools
covering the bottom of a two-dimensional experimental aquifer and also concluded that
measured concentrations were a small fraction of the respective DNAPL solubility.
Chrysikopoulos [2000] designed a unique three-dimensional bench-scale model aquifer to
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carry out DNAPL pool dissolution experiments, allowing for a constant, well-defined
pool-water interface. The authors suggested that the model is useful for the validation of
numerical and analytical DNAPL pool dissolution models and the estimates of pool size,
location, and projected longevity under homogeneous conditions. Lee [2002] developed
an experimental mass transfer correlation for circular TCE pools dissolving in threedimensional, water-saturated porous media and showed a relatively good agreement
between the newly developed correlation and experimental data.
2.1.2 Multicomponent NAPL Dissolution
As a majority of groundwater contaminations sites involve multicomponent
NAPLs, the study on multicomponent NAPL systems has also recently received attention.
Leinonen and Mackay [1973] concluded that in a multicomponent mixture, complex and
substantial changes in the effective solubility of each component may occur. Banerjee
[1984] conducted numerous experiments to determine the solubility of multicomponent
mixture by using both structurally similar and different chemical mixtures. The
authors concluded that mixtures of structurally related hydrophobic liquids were near
ideal in the organic phase and in the aqueous phase the activity coefficient of a
component was unaffected by the presence of cosolutes. They also concluded that for
mixtures of structurally unrelated liquids, the solubility calculations can be estimated
using the unique function-group activity coefficients (UNIFAC) method. Lee and
Chrysikopoulos [1995] developed a three-dimensional, finite-difference numerical model
to simulate contaminant transport resulting from the dissolution of multicomponent
NAPL pools in homogeneous saturated porous media.
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2.1.3 Numerical Modeling Methods
Many efforts have been devoted to numerically modeling the impacts of source
zone architecture on NAPL dissolution. Powers et al. [1998] used MODFLOW [Zheng
and Wang, 1999] to simulate NAPL dissolution in two-dimensional (2D) flow through
systems containing a sand lens contaminated with NAPL and surrounded by a clean sand
matrix. Saba and Illangasekare [2000] used a modified version of the transport code
MT3D [Zheng and Wang, 1999] to evaluate the effects of flow dimensionality on NAPL
dissolution. Instead of assuming local equilibrium, a mass transfer rate correlation was
determined from experiments and incorporated into the model. Mayer and Miller [1996]
developed a 2D multiphase flow and species transport model to simulate NAPL
emplacement and dissolution in both homogeneous and heterogeneous porous media
using either the local equilibrium assumption (LEA) or empirical mass transfer
correlations. In a more recent work, Christ et al. [2006] developed an upscaled mass
transfer model by incorporating source zone parameters, i.e., the initial concentration and
source zone ganglia-to-pool (GTP) mass ratio. This model was demonstrated to use as a
screening tool to relate DNAPL mass removal and flux-weighted concentrations when
mass removal is less than 80% and the model was shown to be applicable to a range of
source zones with GTP greater than 0.4.
Several numerical codes for three-phase flow in porous media have been
developed [e.g., White and Lenhard, 1995; Falta et al., 1995; Pruess and Battistelli,
2002]. White and Lenhard [1995] presented a three-dimensional, three-phase
compositional model that incorporated fluid entrapment and hysteresis in constitutive
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functions. This model

is for has been

used successfully to

simulate DNAPL

infiltration and entrapment in a heterogeneous porous matrix [Oostrom et al., 1999].
The multiphase compositional model (CompFlow) can be applied to simulate in detail the
nonaqueous and aqueous phase plume migration patterns arising from a synthetic dense
nonaqueous phase liquid (DNAPL) release in the aquifer [Unger, 1995; Unger et al.,
1996]. T2VOC [Falta et al., 1995] and TMVOC [Pruess and Battistelli, 2002] are part of
the TOUGH2 family of codes. T2VOC can be used to model three-phases, threecomponent, non-isothermal flow of water, air, and a volatile organic compound (VOC) in
multi-dimensional heterogeneous porous media. TMVOC is capable of simulating
multiphase flow, heat transfer and transport of multiple volatile organic compounds in
three-dimensional heterogeneous porous media or fractured rock.
A number of simplified modeling approaches have also been developed for multidimensional systems based on analytical or semi-analytical solutions. Nambi and Powers
[2003] both developed mass transfer correlations using a 1D transport model to simulate
NAPL pool dissolution in heterogeneous systems. In comparison with other published
dissolution correlations, the slower mass transfer rate was characterized with a
significantly higher exponent on the NAPL saturation term. Parker and Park [2004]
investigated field-scale DNAPL dissolution kinetics using high-resolution numerical
simulations of DNAPL releases and dissolved phase transport. Sale and McWhorter
[2001] simulated NAPL dissolution from discrete source zones located within a 2D
homogeneous porous medium using a multiple analytical source superposition technique
(MASST). NAPL was distributed in discrete rectangular zones, and these zones were
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arranged in different configurations. Falta [2003] formulated a sub-grid pool dissolution
model that simulates dissolution of multiple heterogeneously distributed NAPL pools in a
2D dual permeability flow field. The calculation of the advective and dispersive mass
flux of chemical leaving each NAPL zone was done using an integral finite difference
method, and the calculated interphase mass transfer rate was shown to match
experimental data and an analytical solution for DNAPL pool dissolution. Fure et al.
[2006] showed that the stream tube model was adequate in capturing NAPL dissolution
profiles from experiments performed in 2D heterogeneous systems.
2.2 Solute Transport Mechanisms
There are three important types of processes in solute transport: advection,
dispersion and diffusion. In general, transport by advection and dispersion dominates in
zones of high permeability of a porous medium, such as aquifer and fractures, while
diffusion dominates in zones of low permeability, such as clay layers.
In high permeability zones, the transient solute transport in a 3-D system with
uniform flow in the x-direction groundwater flow system can be described via the
advection-dispersion equation [Fetter, 2001].

𝑅

𝜕𝐶(𝑥,𝑡)
𝜕𝑡

= −𝑣𝑥

𝜕𝐶(𝑥,𝑡)
𝜕𝑥

+ 𝐷𝐿

𝜕2 𝐶(𝑥,𝑡)
𝜕𝑥 2

+ 𝐷𝑇

𝜕2 𝐶(𝑥,𝑡)
𝜕𝑦 2

+ 𝐷𝑉

𝜕2 𝐶(𝑥,𝑡)
𝜕𝑧 2

(1)

Where R is the retardation factor, 𝐷𝐿 is the longitudinal hydrodynamic dispersion
coefficient, 𝐷𝑇 is the transverse hydrodynamic dispersion coefficient, 𝐷𝑉 is the vertical
hydrodynamic dispersion coefficient, C is the solute concentration, 𝑣𝑥 is ground water
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pore velocity in the x-direction, t is the time after release of solute, and x is the distance
from the source.
The longitudinal hydrodynamic dispersion coefficient, 𝐷𝐿 , accounts for
mechanical mixing via the mechanical dispersion coefficient, Dm, and diffusion via the
effective diffusion coefficient, D* [Shackelford, 1991; Fetter, 2001].
𝐷𝐿 = 𝛼𝐿 𝑣 + D∗
𝐷𝑇 = 𝛼𝑇 𝑣 + D∗
𝐷𝑉 = 𝛼𝑉 𝑣 + D∗
where 𝛼𝐿 is longitudinal hydrodynamic dispersivity, 𝛼 𝑇 is transverse hydrodynamic
dispersivity, 𝛼𝑉 is vertical hydrodynamic dispersivity, 𝑣 is pore water velocity, D∗ is the
product of the tortuosity, τ, and the aqueous molecular diffusion coefficient, Dw.
For 1-D diffusion in a low permeability zones, equation (1) reduces to the
following equation which is for Fick’s second law for diffusion of non-reactive solutes
in porous media:

𝑅

𝜕𝐶(𝑥,𝑡)
𝜕𝑡

= D∗

𝜕2 𝐶(𝑥,𝑡)
𝜕𝑥 2

(2)

2.3 Matrix diffusion
Matrix diffusion refers to the transport process whereby solutes dissolved in
groundwater diffuse either from higher permeability zones (e.g. sandy layer or fractures)
into the lower permeability zones (e.g. clayey layer or porous rock matrix), or from the
lower permeability zones into higher permeability zones [Pankow and Cherry 1996].
Recognition of matrix diffusion as an important process in aquifers with silty or clayey
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strata was provided conceptually by Mackay and Cherry [1989]. They discussed the
problem of dissolved contaminants invading low permeability strata via diffusion, and
subsequent slow rate of release of the contaminants by reverse diffusion during pumpand-treat/aquifer flushing causing long-term tailing. Parker et al. [1994] proposed the
concept of NAPL disappearance based on mass transfer rates and times-to-disappearance
calculated using one-dimensional analytical model for several common chlorinated
solvents. The authors suggested that the model was valid for matrix blocks of a
sufficiently large size, so that diffusion from each fracture was not influenced by
diffusion from other fractures. Parker et al. [1997] extended the analysis by Parker et al.
[1994] to include DNAPL mass flux and disappearance from fractures into matrix blocks
of finite size where diffusion effects from fractures bordering the same matrix block were
included. Ball et al. [1997] applied a newly developed analytical solution of the two-layer
diffusion problem toward the interpretation of measured concentration profiles in a
groundwater aquitard at Dover Air Force Base. In this study, independent estimates of
sorption and diffusion properties in the aquitard layers were used and a mathematical
model based on diffusion in laminate slabs was applied to make inferences regarding the
historical concentration in the overlying aquifer.
Much recent work has focused on numerical modeling for matrix diffusion effects
from low permeability zones to adjacent high permeability zones. Liu and Ball [2002]
used computer modeling to investigate the previous bimodal history of groundwater
contamination at the sites and make predictions of contamination flux under hypothesized
remediation conditions. The authors also suggested that the field results provided direct
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evidence of a case where the underlying confining layer was contaminated from an
overlying groundwater plume and subsequently released its contaminant back to the
aquifer. Parker et al. [2004] presented a field study of aquitard integrity in a small area
(<0.1ha) at a large industrial site in Connecticut, where a persistent zone of TCE DNAPL
occuured on top of a clayey silt aquitard. The study provided evidence that some
aquitards were capable of preventing deep DNAPL migration and even DNAPL entry,
providing long-term protection of underlying aquifer. Lipson et al. [2005] evaluated the
influence of bedrock physical and chemical properties on the matrix diffusion process,
with particular emphasis on plume attenuation at a former industrial site. The study
demonstrated that back diffusion from rock matrix to the open fractures can occur for a
very long periods of time following the removal of DNAPL sources in fractured bedrock.
Chapman and Parker [2005] provided a case study involving full-scale source-zone
isolation at an industrial site. Using detailed aquifer and aquitard sampling along a
transect downgradient of the isolated source, along with numerical modeling of site
conditions, they showed that back diffusion from the clayey aquitard strongly impacts the
overlying aquifer groundwater quality, causing a persistent plume predicted to last many
decades or longer before declining to inconsequential levels. Sale et al. [2008] explored
the effects of reduced contaminant loading on downgradient water quality using an
idealized two-layer scenario by conducting a laboratory sand tank experiment and also
developed exact analytical solution for the two-layer scenario, which was consistent with
the laboratory data. Parker and Chapman [2008] presented a field study of a TCE
DNAPL site where the DNAPL source zone was hydraulically isolated and the rate of
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groundwater quality improvement in the downgradient area was monitored for 5 years.
The study used a model with very fine discretization and time-step constraints to
accurately capture the diffusion process. Wilking et al. [2012] conducted an experimental
study of effects of DNAPL distribution on mass rebound and showed the persistence of
the plume as a result of mass rebound from low permeability zones after DNAPL source
has depleted. This led to in important practical conclusion that complete removal of a
DNAPL mass from a source area did not suggest that the site was fully remediated and
the plume can persist for significantly long periods as controlled by DNAPL morphology
and site-specific geologic conditions. Chapman and Parker [2012] explored the validity
of using numerical models in high resolution mode to simulate scenarios involving
diffusion into and out of low permeability zones. This study showed that two finite
element models, HydroGeoSphere [Therrien and Sudicky, 1996] and FEFLOW [Trefry
and Muffels, 2007]. It also presented finite difference model (MODFLOW/MT3DMS)
[Zheng and Wang, 1999] with adequate spatial and temporal discretization. The results
provided a close match to experimental data from a laboratory sand tank experiment.
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CHAPTER 3
RESEARCH OBJECTIVES
The main motivation of this study is to develop and test the accuracy of a new
semi-analytical method for simulating matrix diffusion effects of dissolved chemicals
between aquifers and aquitards. This research focused on three main objectives:
The first objective was to investigate the effect of grid resolution on the
accuracy of numerical methods by comparing numerical solutions with two simple
analytical solutions. Two simple numerical models were constructed to simulate the
DNAPL pool dissolution in an aquifer and matrix diffusion effects in an aquitard,
respectively. The comparison of numerical simulations and analytical solutions were
performed with different levels of grid refinement.
The second objective was to perform additional tests with a two-layer
numerical model by comparing it with a more complex analytical solution known as
the Dandy-Sale model [Sale et al., 2008]. The numerical model was constructed with
fine grid discretization for simulating 2-D contaminant transport in an aquifer with matrix
diffusion in an underlying aquitard.
The third objective was to employ a new semi-analytical method into the
problem of matrix diffusion and verify its accuracy by comparing it with the
existing analytical solutions. The semi-analytical simulation was conducted by
performing numerical simulation for only the aquifer and mathematically approximating
matrix diffusion effects in the aquitard by using an analytical trial function that was
updated at each time-step.
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CHAPTER 4
NUMERICAL SIMULATION OF MATRIX DIFFUSION AND DNAPL
DISSOLUTION USING TWO SIMPLE MODELS
The objective of this chapter is to simulate matrix diffusion effects in an aquitard
and DNAPL pool dissolution in an aquifer through two simple numerical models. The
numerical models were constructed using TMVOC multiphase flow and transport code
[Pruess and Battistelli, 2002] with PetraSim interface [Thunderhead Engineering, 2011].
The TMVOC multiphase flow and transport code is a numerical simulator developed at
the Lawrence Berkeley National Laboratory to simulate multiphase flow with volatile
organic chemicals in multidimensional heterogeneous porous media. The TMVOC code
has been widely used and validated with experimental results for a variety of isothermal
and non-isothermal problem [Pruess and Battistelli, 2003; Tse et al., 2006].
4.1 Matrix Diffusion Model
4.1.1 Numerical Model Setup
We consider a one-dimensional, homogeneous and isotropic model consisting of a
single aquifer grid block and a large thickness aquitard (Figure 4.1). The top aquifer layer
is a uniform transmissive porous media (e.g., sand), and the other layers are uniform
porous media with low permeability (e.g., clay), where groundwater flow is considered
negligible and the transport of dissolved TCE is assumed to be only driven by molecular
diffusion without advection. The model is initialized as a fully water-saturated media
without an unsaturated zone.
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Z= 0.001m

Aquifer
Z= 0 m

Aquitard

Z= -5m

Figure 4.1 Geometry of matrix diffusion model
The mesh size of the numerical model is 10.0 m × 1.0 m × 5.001 m (L x W x H =
x, y, z) with resolution of 1 cell in x-, 1 cell in y-, and up to 51 cells in z-direction,
creating a 1-D model domain of up to 51 cells (Figure 4.2). The thickness of the single
aquifer layer is 0.001m and the thickness of other layers in the aquitard is 0.1m.

Figure 4.2 Model domain and discretization in PetraSim
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The input values used in the model were presented in Table 4.1.
Table 4.1 Input parameters used in matrix diffusion model
Parameter

Aquifer

Aquitard

1690

1430

Permeability, k (m )
Porosity, φ

1E-13

1E-18

0.35

0.45

Tortuosity, τ

0.737

0.737

Retardation factor, R

1.73

1.48

Diffusion coefficient of TCE, Dw (m /s)

1.0E-9

1.0E-9

Aqueous solubility of TCE, C0 (mg/L)

1000

Saturation of DNAPL source, Sn

0.1

Time-step, ∆𝑡 (s)

2.4E6

3

Bulk density,ρb (kg/m )
2

2

Two stages were used for development of TCE concentration profiles in the
aquitard. In the first stage, a constant TCE source (Sn=0.1) was maintained for 50 years in
the top aquifer grid block (Figure 4.3a). As chemicals dissolved in the aquifer, the
dissolved TCE concentration at the interface was much higher than that in the aquitard,
causing mass transfer into the underlying aquitard by molecular diffusion. In the second
stage, the result of the first stage was loaded as the initial condition. After the TCE source
was removed, clean water was flushed into the aquifer for additional 50 years. In the
absence of a TCE source, flushing the permeable aquifer caused a rapid decline in the
TCE concentration at the interface and an expanding zone of reverse diffusion formed in
the uppermost part of the aquitard (Figure 4.3b).
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(a)

(b)

Figure 4.3 Schematic illustration of the aquitard diffusion problem: (a) Temporary TCE
source for the first 50 years (b) A removal of the TCE source for another 50 years.
Figure 4.4 shows the TCE concentration profile as a function of depth at
different times for each scenario. In the first scenario, the TCE source persisted through
the loading period, creating a constant and maximum aqueous concentration (TCE
solubility=1000 mg/L) at the interface. The TCE concentration profile shows that the
aqueous concentration decreased with depth into the aquitard (Figure 4.4a). In the second
scenario, after the TCE source was removed and clean water flushed in the aquifer, the
TCE concentration at the interface was instantaneously dropped back to zero and
therefore caused contaminant in the aquitard to diffuse back into the aquifer due to the
reversal of the concentration gradient at the interface. As a consequence, the TCE
concentration increased first until reaching its maximum value at some depth below the
interface, and then the concentration began to decrease with depth (Figure 4.4b).
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Figure 4.4a TCE concentration profiles for temporary TCE source at times of 1, 10 and
50 years.
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Figure 4.4b TCE concentration profiles after a removal of TCE source at times of 51, 60
and 100 years.
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4.1.2 Analytical Solution
The analytical solutions for estimating matrix diffusion effects in aquitards were
originally presented by Parker et al. [1984] and modified in Matrix Diffusion Toolkit
[Sale et al., 2008]. The key assumption employed in the solution was to assume that the
contaminant concentration at the interface between high and low permeability zones was
uniformly and instantaneously decreased to zero when DNAPL source was completely
depleted. Estimates of concentration profile at a given time within the low permeability
zone are:
𝑧

𝐶(𝑧,

𝑡)

= 𝐶0 𝑒𝑟𝑓𝑐 {

𝐶(𝑧,

𝑡)

= 𝐶0 [𝑒𝑟𝑓𝑐 {

2√𝛼𝑡

} ;

t < t1

(4-1)

t > t1

(4-2)

and
𝑧
2√𝛼𝑡

} − 𝑒𝑟𝑓𝑐 {

𝑧

2√𝛼(𝑡−𝑡1 )

}] ;

Where 𝐶0 the TCE solubility in water, z is the vertical distance into the aquitard from the
interface and t1 is the time when contaminant source is removed from the highpermeability zone. The parameter 𝛼 is the effective molecular diffusivity divided by the
retardation factor:
𝛼 = τ Dw/R
The diffusive flux for the exact analytical solution was calculated using the
“square root” method, which is a part of the current Matrix Diffusion Toolkit [Farhat et
al., 2012]. By combining Fick’s law,

F   Dw
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C
z

z 0

and equations (4-1) and (4-2), the diffusive mass flux across the interface, F, can be
quantified as:
𝐹 =φ𝜏𝐷𝑤 𝐶0

1
√𝜋𝛼𝑡

𝐹 =φ𝜏𝐷𝑤 𝐶0 (

;

1
√𝜋𝛼𝑡

−

1

) ;

√𝜋𝛼(𝑡−𝑡1 )

t < t1

(4-3)

t > t1

(4-4)

By integrating the mass flux across the aquifer/aquitard interface with respect to
time, the total mass in the aquitard as a function of time can be calculated analytically
[Seyedabbasi et al., 2012]. The accumulated mass per unit area in the aquitard after a
certain time is:

𝑡

M = 2φ𝜏𝐷𝑤 𝐶0 √𝛼𝜋 ;
𝑡

𝑡−𝑡

M = 2φ𝜏𝐷𝑤 𝐶0 (√𝛼𝜋 − √ 𝛼𝜋1) ;

t < t1

(4-5)

t > t1

(4-6)

4.1.3 Testing
4.1.3.1 TCE Concentration
The accuracy of the numerical model for modeling matrix diffusion effects in
aquitard can be verified with exact analytical solutions, equations (4-1) and (4-2). A
comparison of numerical and analytical solutions for TCE concentration distribution in
aquitard is presented in Figure 4.5. The result shows that the numerical solutions at
different times are extremely consistent with the analytical solutions.
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Concentration VS. Depth
Figure 4.5 Comparison of numerical and analytical solution for TCE concentration
profile in an aquitard at times of 1, 10, 50, 51, 60 and 100 years.

4.1.3.2 Diffusive Flux
To further investigate the accuracy of the numerical model, the time-series of
diffusive mass flux into and out of the aquitard is generated (Figure 4.6). The numerical
and analytical solutions compare well except at very early time, and immediately after the
source removal. During the first 50 years, the TCE mass slowly diffused from the aquifer
to the underlying aquitard by forward diffusion. As the TCE mass stored in the aquitard
increased, the concentration gradient at the interface decreased with time, slowing the
process of forward diffusion into the aquitard. Therefore, the magnitude of mass flux into
the aquitard decreased with time. After removing the source at t = 50 years, the dissolved
TCE concentration in the aquifer decreased sharply and then the concentration gradients
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at the interface was reversed, driving the TCE mass stored in the aquitard to diffuse back
into the aquifer. Therefore, the magnitude of diffusive flux out of the aquitard rose to its

Magnitude of flux into /out of he aquitard (g/s)

maximum value suddenly at t= 50 years and then reduced continuously with time.
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Figure 4.6 Magnitude of diffusive mass flux across the aquifer/aquitard interface.

4.1.3.3 TCE Mass
Finally, an additional comparison of numerical and analytical results was to
investigate the total mass of TCE in the aquitard. During the loading period, the mass
stored in the aquitard accumulated gradually by forward diffusion until reaching a
maximum value at t=50 years. When the source was removed, the TCE mass in the
aquitard diffused back into the aquifer, resulting in a sudden drop of the total mass in
aquitard (Figure 4.7).
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Figure 4.7 Total mass of TCE in the aquitard during the simulation.
4.1.4 Grid Refinement Study
It is widely recognized that a key requirement for numerical simulation is use of
adequate spatial discretization to capture the system geometry. However, fine grid
discretization requires higher computational requirements and increases the processing
time. The base numerical model required about 40 seconds to complete the 100 year
simulation. To investigate model sensitivity with respect to grid resolution, we perform
several additional cases with coarser grid spacing of 0.2 m, 0.4 m, 0.6 m, 0.8 m and 1.2 m
to examine how the discretization of elements need to be optimized to accurately simulate
matrix diffusion effects in the aquitard.
4.1.4.1 TCE Concentration
The comparison of numerical and analytical solution with different levels of grid
refinement for TCE concentration profiles is presented in Figure 4.8.
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Figure 4.8 Grid discretization used for numerical simulations at times of (a) 10 years, (b)
50 years, (c) 60 years and (d) 100 years.
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To illustrate the deviation more quantitatively, we use statistics method to
quantify the deviation between numerical solutions and analytical solutions. In statistics,
the coefficient of determination, R2, is a number that indicates how well the data fit a
statistic model. The value of R2 ranges from 0 to 1. In this problem, R2 is used to quantify
the deviation between numerical solutions and analytical solutions, which is computed as
follows:

R2  1 

SSres
SStot

where 𝑆𝑆𝑟𝑒𝑠 and 𝑆𝑆𝑡𝑜𝑡 is defined as:

SSres   ( yi  fi )2
i

SStot   ( yi  yi )2
i

Where {𝑦1 , 𝑦2 … 𝑦𝑛 } are the values of numerical solutions, {𝑓1 , 𝑓2 … 𝑓𝑛 } are the values of
analytical solutions, n stands for the size of the comparison and yi is the mean of the
numerical data.
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Table 4.2 Coefficient of determination between numerical and analytical solutions
for concentration.
Time

10 years

50 years

60 years

100 years

0.996

0.998

0.992

0.993

0.993

0.996

0.991

0.992

0.988

0.991

0.977

0.982

0.981

0.983

0.975

0.976

0.974

0.985

0.947

0.963

0.948

0.954

0.932

0.941

Grid spacing

0.1 m
0.2 m
0.4 m
0.6 m
0.8 m
1.2 m

The values of R2 at various grid spacing and times are arranged in Table 4.2. In
this study, we assume that the R2 with values higher than 0.99 indicates a good
comparison between numerical and analytical results. It is observed that the value of R2
increases with the increasing grid spacing at each year. As the values of R2 with grid
spacing of 0.1 m and 0.2 m are more than 0.99 for all the time, we conclude that the grid
spacing of 0.2 m is fine enough to reproduce the main parts of the concentration profile in
the aquitard for this matrix diffusion model.
4.1.4.2 Diffusive Flux
Figure 4.9 presents the numerical results for estimating the diffusive flux across
the interface with different levels of grid discretization. The result shows that the
numerical solutions with grid spacing of 0.1m and 0.2 m are in good qualitative
agreement with the analytical solution. Moreover, it is observed that the numerical
solution with coarser spatial discretization could greatly underestimate the mass flow into
and out of the aquitard at very early times and immediately after the source removal,
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which may be due to the fact that the numerical solution with coarse spatial discretization

Magnitude of flux in/ out of the aquitard (g/s)

cannot accurately resolve the concentration gradients adjacent to the interface.
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Figure 4.9 Magnitude of diffusive mass flux across the aquifer/aquitard interface with
different spatial discretization.
Table 4.3 Coefficient of determination between numerical and analytical solutions
for flux.
Grid spacing

R2

0.1 m

0.995

0.2 m

0.993

0.4 m

0.984

0.6 m

0.978

0.8 m

0.967

1.2 m

0.942

To quantify the deviation between numerical solutions and analytical solutions for
flux, we use same statistics method as introduced before. The values of R2 for flux at
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various grid spacing are listed in Table 4.3. It is shown that the coefficient of
determination between the numerical and analytical solutions also increases with the
increasing grid spacing.
4.1.4.3 TCE Mass
The numerical solution for total mass in the aqutard with different spatial
discretization is compared to the exact analytical solution (Figure 4.10). The comparisons
illustrate that an insufficient discretization of the elements can underestimate the total
mass in the aquitard during the loading time and overestimate the total mass after
removing the source. The results of coefficient of determination also show that coarser
discretization can cause larger deviation between two solutions (Table 4.4). In Figure
4.10, it can be observed that the numerical solution with grid spacing of 0.1 m and 0.2 m
compares extremely well with the analytical solution.

Mass in the aquitard (g)

6.0
Numerical_0.1m_spacing
Numerical_0.2m_spacing
Numerical_0.4m_spacing
Numerical_0.6m_spacing
Numerical_0.8m_spacing
Numerical_1.2m_spacing
Analytical

5.0
4.0
3.0
2.0
1.0
0.0
0

10

20

30

40

50

60

70

80

90

100

Time (years)

Figure 4.10 Total mass of TCE in the aquitard during numerical simulation with different
spatial discretization.
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Table 4.4 Coefficient of determination between numerical and analytical solutions
for total mass.
Grid spacing

σ

0.1 m

0.995

0.2 m

0.992

0.4 m

0.985

0.6 m

0.978

0.8 m

0.966

1.2 m

0.942

In summary, numerical simulations with very coarse spatial discretization can
cause the results to be less accurate. In this numerical model, based on grid refinement
studies above, the grid spacing of 0.2 m was fine enough to accurately evaluate the
dissolved concentration, diffusive flux and total mass in the aquitard.
4.2 DNAPL Pool Dissolution Model
4.2.1 Numerical Model Setup
We consider a two-dimensional, homogenous and isotropic porous medium
(Figure 4.11). A very thin DNAPL pool that is denser than water forms at the top of a low
permeability layer (e.g., clay) and groundwater flow is ignored in the DNAPL pool layer.
The other layers above are uniform transmissive granular porous media (e.g., sand).
Hydraulically, the sandy layers have active groundwater flow parallel to the layers,
providing a constant groundwater velocity of 0.5 m/d. Groundwater in the low
permeability layer was considered negligible. According to dispersion theory [Fried et al.,
1975], the dissolution behavior of DNAPL pool was controlled by diffusion and vertical
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dispersion of dissolved solvents up and away from the pool. The model was initialized as
a fully water-saturated media without an unsaturated zone.

z= 4 m, x=100 m
z= 4 m, x=0 m

Flow

Aquifer

z= 0 m

DNAPL pool
z= - 0.001 m

Figure 4.11 Geometry of DNAPL pool model
The domain of the numerical model was 100.0 m × 1.0 m × 4.001 m (L x W x H =
x, y, z) with resolution of 10 cell in x-, 1 cell in y-, and 21 cells in z-direction, creating a
2-D model domain of 201 cells (Figure 4.12). The thickness of the DNAPL pool layer
was 0.001 m and the aquifer above was discretized with grid spacing of ∆z =0.2 m and
∆x =10 m. The initial pressure was assumed to be hydrostatic pressure and clean water
was flushed into the left hand side of the aquifer. A constant TCE source (Sn=0.1) was
applied at the bottom DNAPL pool layer for 50 years and the right side of the model was
defined as constant hydrostatic pressure boundary with zero concentration.

Figure 4.12 Model domain and discretization in PetraSim
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In numerical model, the TMVOC code does not include the process of dispersion,
therefore a new effective diffusion coefficient is applied to mimic the transverse
dispersion coefficient. For constant velocity, the transverse dispersion coefficient was
substituted by the product of an apparent tortuosity (τ*) and molecular diffusion
coefficient.
𝐷𝑇 = 𝜏 ∗ 𝐷𝑊

(4-7)

where the transverse dispersion coefficient is a function of the effective molecular
diffusivity (𝜏𝐷𝑊 ) combined with a term representing mechanical dispersion (𝛼𝑡 𝑣):
𝐷𝑇 = 𝛼𝑡 𝑣 + 𝜏𝐷𝑊

(4-8)

where 𝛼𝑡 is transverse hydrodynamic dispersivity, 𝑣 is pore water velocity.
By substituting the equation (4-8), the apparent tortuosity in aquifer can be
determined as :

𝜏∗ = τ +

𝛼𝑡 𝑣

(4-9)

𝐷𝑊

The input values used in the model were presented in Table 4.5.
Table 4.5 Input parameters used in DNAPL pool dissolution model.
Parameter

Aquifer

DNAPL pool

1690

1430

Permeability, k (m )
Porosity, φ

1E-13

1E-18

0.35

0.45

Tortuosity, τ

0.737

0.737

1.73

1.48

Diffusion coefficient of TCE, Dw (m /s)

1.0E-9

1.0E-9

Transverse hydrodynamic dispersivity, αt (m)

0.001

Apparent tortuosity, τ*

6.254

Aqueous solubility of TCE, C0 (mg/L)

1000

Time-step, ∆𝑡 (s)

2.4E6

3

Bulk density, ρb (kg/m )
2

Retardation factor, R
2
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The dissolved TCE plume developed in the groundwater perpendicular to the flow
direction above the pool until it reached a steady state. Figure 4.13 presents a steady-state
TCE mass fraction distribution for the x, z cross-section. The vertical spreading of the
dissolved TCE plume increases with the direction of groundwater flow. A corresponding
vertical concentration profile at different downstream locations (x = 5 and 15 m) is shown
in Figure 4.14 and both of the curves indicated that the TCE concentration decreased
almost one order of magnitude with the short distance of 0.5 m above the pool.
Observation of these curves reveals that dissolved concentrations at a given vertical
height increased with distance from the up-gradient end of the pool.

Figure 4.13 TCE mass fraction distributions in x, z plane at steady state.
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Concentration VS. Z at X =5 and 15 m
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Figure 4.14 TCE concentration profiles for x = 5 and 15 m at steady state.
4.2.2 Analytical Solution
The DNAPL pool dissolution model was first proposed by Hunt et al. [1988]. The
transport of dissolved DNAPL components in the saturated, isotropic porous medium can
be described using the following steady-state form of the two-dimensional advectiondispersion equation.

𝑣

𝜕𝐶
𝜕𝑥

= 𝐷𝑇

𝜕2 𝐶
𝜕𝑧 2

(4-10)

Equation (4-7) assumes that advective transport in the direction of groundwater
flow (x) is much greater than the dispersive transport in the direction of flow; thus,
longitudinal dispersion can be neglected. The boundary conditions are given below:
C(x, z = 0) = C0
C(x = 0, z) = 0
C(x, z = ∞) = 0
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Where C0 is DNAPL solubility in water, z is the vertical distance from DNAPL pool, and
x is the distance in direction of flow.
The transverse dispersion coefficient is a function of the effective molecular
diffusivity combined with a term representing mechanical dispersion:
𝐷𝑇 = 𝐷𝑒 + 𝛼𝑡 𝑣
Where 𝐷𝑒 is the product of the tortuosity and the aqueous molecular diffusion coefficient.
The vertical concentration profile at the downgradient edge of the pool (x = Lp )
is then given by [Hunt et al., 1988]:

𝐶(𝐿𝑝,

𝑧)

= 𝐶0 𝑒𝑟𝑓𝑐 {

𝑧
2√𝐷𝑡 𝐿𝑝 /𝑣

}

(4-8)

4.2.3 Testing
The numerical data from the pool dissolution model were tested with the steadystate mathematical solution. The comparison between the numerical simulations and
analytical solutions is illustrated in Figure 4.15, showing a reasonable agreement between
the two solutions.
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Concentration VS. Z at X =5 and 15 m
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Figure 4.15 TCE concentration profiles at each location of x = 5 m and 15 m with the
grid spacing of ∆z =0.2m, ∆x = 10 m.

4.2.4 Grid Refinement Study
A uniform grid spacing of 0.2 m in z-direction and 10 m in x-direction was used
in this model. To understand model sensitivity with respect to grid resolution, we perform
additional numerical simulations with two different levels of horizontal and vertical grid
discretization of ∆z = 0.1 m, ∆x = 10 m (Figure 4.16-a) and ∆z = 0.2 m, ∆x = 5 m
(Figure 4.16-b).
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Concentration VS. Z at X =5 m and 15m

Z (m)

1.6
1.4

Analytical

1.2

Numerical_x=15m
Numerical_x=5m

1
0.8
0.6
0.4
0.2
0
0

200

400

600

800

1000

TCE Concentration(mg/L)
Figure 4.16a TCE concentration profiles at each location of x = 5 m and 15 m with the
grid spacing of ∆z =0.1m, ∆x = 10 m.
(b)

Concentration VS. Z at X =2.5m, 7.5m, 12.5m and 17.5m
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Figure 4.16b TCE concentration profiles at each location of x = 2.5 m, 7.5 m, 12.5 m and
17.5 m with the grid spacing of ∆z =0.2m, ∆x = 5 m.

40

Table 4.6 Coefficient of determination between numerical and analytical solutions
for concentration.
Grid spacing

R2

∆z=0.2m, ∆x= 10 m

0.974

∆z=0.1m, ∆x= 10 m

0.978

∆z=0.2m, ∆x= 5 m

0.991

The numerical solutions with finer grid spacing (0.1m) in vertical direction still
shows some difference with the analytical solution (Figure 4.16-a). In Table 4.6, it is
shown that the values of R2 with grid spacing of ∆z =0.1m, ∆x = 10m are still less than
0.99. If only refining the grid spacing to 5m in x-direction, the numerical results shows to
be much closer with analytical solution (Figure 4.16-b) and its coefficient of
determination is more than 0.99, which indicates a good comparison between numerical
and analytical solutions. In this grid refinement study, we can see that the grid refinement
in horizontal direction plays an important role in this model, because there exists a grid
dependent numerical error in the x-direction. In summary, based on the results above, the
grid spacing of 0.2m in z-direction and 5m in x-direction is fine enough to accurately
characterize the concentration profile in DNAPL dissolution model.
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CHAPTER 5
NUMERICAL SIMULATION OF A TWO-LAYER MODEL
5.1 Introduction
A number of researchers have recognized that contaminants stored in low
permeability zones can sustain plumes with adverse contaminant concentrations for a
long time after the original DNAPL source is depleted [Liu and Ball, 2002; Lipson et al.,
2005; Chapman and Parker, 2005; Wilking et al., 2012]. Liu and Ball [2002] observed a
slow release of chlorinated solvents from an aquitard after a source removal from an
overlying sand unit. Lipson et al. [2005] evaluated the influence of bedrock physical and
chemical properties on the matrix diffusion process, with particular emphasis on plume
attenuation at an industrial site. The author demonstrated that back diffusion from rock
matrix to the open fractures could occur for a very long periods of time following the
removal of DNAPL sources in fractured bedrock. Chapman and Parker [2005] employed
high resolution numerical modeling methods to demonstrate that releases from low
permeability zones can sustain adverse concentration in a transmissive zone for 100 years
after source isolation. Wilking et al. [2012] conducted an experimental study of effects of
DNAPL distribution on mass rebound and showed the persistence of the plume as a result
of mass rebound from low permeability zones after DNAPL source was depleted.
The objective of this chapter is to develop an idealized two-layer numerical model
to simulate matrix diffusion of dissolved TCE between an aquifer and an aquitard. The
accuracy of numerical model for the two-layer scenario can be validated with the DandySale Model [Sale et al., 2008].
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5.2 Dandy-Sale Model
Sale et al. [2008] developed an exact 2-D analytical solution to estimate the
distribution of aqueous and sorbed phase in transmissive and low permeability zones as a
function of time. The conceptual frame work of the two-layer scenario is shown in Figure
5.1. The transmissive layer is situated above the low permeability layer. The DNAPL
source existed upgradient at the contact of the two layers, which was active first and then
removed after a certain time. Primary assumptions were made as follows: (1) the
transmissive and low permeability layers were uniform, homogeneous, isotropic and
infinite in z→ ∞ (transimissive layer) and z→ −∞ (low permeability layer); (2) the lateral
transport in the transimissive layer was dominated by advection such that longitudinal
dispersion can be neglected; (3) the hydraulic conductivity in the low permeability layer
was sufficiently low that the solute transport within that layer would occur only by
molecular diffusion; (4) no degradation was considered in either layer.
a)

b)

Transmissive zone

Source
Groundwater

Groundwater

s
Aqueous plume

Low permeability zone

Low permeability zone

Figure 5.1 The two-layer scenario conceptual model: (a) Active source (b) Depleted
source
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These simplifications reduced the two-layer system to a two-dimensional domain
with a single velocity component. Equations governing solute transport were described
for each layer due to their differences in hydraulic conductivity and porosity.
In the transmissive layer, the transient solute transport is described by the
advection-dispersion equation:

𝑅

𝜕𝐶
𝜕𝑡

= −𝑣𝑥

𝜕𝐶
𝜕𝑥

+ 𝐷𝑇

𝜕2 𝐶

(5-1)

𝜕𝑧 2

In the low permeability zone, the solute transport was described by an equation
similar to equation (5-1), but without advection.

𝑅

𝜕𝐶(𝑥,𝑡)
𝜕𝑡

= D∗

𝜕2 𝐶(𝑥,𝑡)

(5-4)

𝜕𝑧 2

The initial and boundary conditions are given below:
𝐶(𝑥, 𝑧, 0) = 0
𝐶 ′ (𝑥, 𝑧, 0) = 0

(z ≥ 0)
(−∞ ≤ 𝑧 < 0)

𝐶(𝑥, 𝑧 → ∞, 𝑡) = 0
𝐶 ′ (𝑥, 𝑧 → −∞, 𝑡) = 0
𝐶(𝑥, 0, 𝑡) = 𝐶 ′ (𝑥, 0, 𝑡)
φ𝐷𝑇

𝜕𝐶
𝜕𝑧

(𝑥, 0, 𝑡) = φ𝐷∗

𝜕𝐶 ′
𝜕𝑧

(𝑥, 0, 𝑡)

where 𝐶(𝑥, 𝑧, 𝑡) , φ and 𝐷𝑇 are the solute concentration, porosity and transverse
dispersion coefficient in the transmissive layer and 𝐶 ′ (𝑥, 𝑧, 𝑡), φ’ and 𝐷 ∗ are the solute
concentration, porosity and effective molecular diffusion coefficient in low permeability
layer, respectively.
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The source occurs in the transmissive layer at the upstream model boundary. It
drops exponentially with increasing vertical distance from the interface into the
transmissive layer (Figure 5.2). This source configuration is intended to create a source
that is similar to a thin pool of DNAPL, which is used as a boundary condition in the
Dandy-Sale model. The aqueous concentration associated with the source is
mathematically modeled as:
𝑧

C(0, z, t) = 𝐶0 𝑒

𝑣𝜋

− √
2 𝐿𝐷

𝑇

[1 − 𝐻(𝑡 − 𝑡1 )]

(𝑧 ≥ 0)

(5-5)

Where C0 is the aqueous concentration at x=0, z=0, 𝑣 the water is pore velocity in the
longitudinal direction, 𝐷𝑇 is the transverse dispersion coefficient in the vertical direction,
L is the length of DNAPL source zone located upstream of the model, 𝑡1 is the
persistence time of the source and H is the Heaviside step function, such that:

H(t − 𝑡1 ) = {

0,
1,
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𝑖𝑓 𝑡 ≤ 𝑡1
𝑖𝑓 𝑡 > 𝑡1

Source concentration VS. Vertical distance at x=0
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Figure 5.2 Source concentrations as a function of vertical distance from the interface into
the transmissive layer, used as the upstream boundary condition in the Dandy-Sale model.

The analytical solution of contaminant concentrations in the transmissive and low
permeability layer at a desired location and time are given as [Sale et al., 2008]:
1

𝐶𝑡𝑟𝑎𝑛𝑠. (𝑥, 𝑧, 𝑡) = 𝐶0 [2 𝑒

−∅𝛾
𝜋

𝑒 𝑏𝑧 √𝑡 −

𝑏2 𝜉

𝑏2 𝑥
∅

𝑏

∅𝑧

𝑏

∅𝑧

∅𝑧

)
𝑒𝑟𝑓𝑐( √𝜉+
∅
𝑥 𝑒 ∅
2√𝜉
(
∫
𝑥 ) 𝑑𝜉]
𝑣𝑐 0 √𝑥−𝜉 𝛾2 (𝑥−𝜉)+∅2 (𝑡− )
𝑥

−𝑏

[𝑒 𝑏𝑧 𝑒𝑟𝑓𝑐 (∅ √𝑥 + 2 𝑥) + 𝑒 −𝑏𝑧 + 𝑒 −𝑏𝑧 𝑒𝑟𝑓𝑐 ( ∅ √𝑥 + 2 𝑥)] +
√
√

(5-6)

𝑣𝑐

Where ∅, 𝛾, 𝑣𝑐 and b are defined as:
𝑣

∅ = √𝐷
γ=

𝑇

𝑛′ √𝑅 ′ 𝐷∗
𝑛𝐷𝑇
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(5-7)

(5-8)

1

𝑣𝜋

b = 2√

(5-9)

𝐿𝐷𝑇

and R and 𝑅 ′ are retardation factors of the transmissive and low permeability layer,
respectively.
𝐶𝑙𝑜𝑤 𝑘. (𝑥, 𝑧, 𝑡) =

𝑥 𝐼 (𝑥,𝑧,𝑡,𝜉) 1
𝐶0 [ 𝜋 ∫0 1
[
√𝜋𝜉
√𝑥−𝜉
√
1

𝑏

− ∅𝑒

𝑏2 𝜉
∅

𝑏

𝑒𝑟𝑓𝑐 (∅ √𝜉)] 𝑑𝜉]

(5-10)

where,

𝐼1 (𝑥, 𝑧, 𝑡, 𝜉) = erfc (

𝑧
𝐷∗
√ ′
𝑅
𝑥

2√𝑡−
𝑣

)−𝛾

𝑐

𝛾𝑧
∗
√𝐷′
𝑅
erfc
𝛾2
𝑥
∅2
2(𝑡− )√ 𝑥 +
𝑣𝑐 𝑡−
𝑥−𝜉
𝑣𝑐
(
)
∅2 𝑧2
𝐷∗
𝑥
∅2
𝛾2
𝑅′
√𝑡−𝑣 √ 𝑥 +𝑥−𝜉𝑒𝑥𝑝
𝑥
𝑐 𝑡−
4[𝛾2 (𝑥−𝜉)+∅2 (𝑡− )]
𝑣𝑐
𝑣𝑐

[

(5-11)

]

The Dandy-Sale model has been programmed in the Matrix Diffusion Toolkit
[2012], which can solve the Dandy-Sale analytical solutions in less than 5 minutes. Based
on the Microsoft Excel platform, the Matrix Diffusion Toolkit is an easy-to-use software
tool for estimating concentration both in the tramsmissive zone and low permeability
zone. Furthermore, this software can provide planning-level estimates of mass discharge
in the tramsmissive zone.
5.3 Numerical Model Setup
To compare with the Dandy-Sale model, we consider a two-dimensional,
vertically oriented, two-layer system (Figure 5.3). Hydraulically, the transmissive layer
had active groundwater flow parallel to the layers while groundwater in the low
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permeability layer was considered negligible. The model was initialized as a fully watersaturated media without an unsaturated zone.
The mesh size of the numerical model was 250.0 m × 40.0 m × 9.0 m (L x W x H
= x, y, z) with resolution of 250 cell in x-, 1 cell in y-, and 60 cells in z-direction, creating
a 2-D model domain of 15000 cells. The domain was discretized with grid spacing of
∆x = 1m and ∆z = 0.15m. The thickness of the transmissive and low permeability zones
were 3m and 6 m respectively. It was assumed that the solute plume did not contact the
vertical boundaries of the domain, which were defined as no-flow boundaries. The initial
pressure was assumed to be hydrostatic pressure. The DNAPL source at the upstream
boundary was intended to create a boundary layer coming to the transmissive zone. The
right side column of the transmissive zone was defined as constant hydrostatic pressure
boundary and was fixed at zero concentration.
z
x = 0, z = 3

DNAPL Source

Transimissive Zone

GW Flow

x
xx1. Geometry of DNAPL pool model
x = 0, z = 0

Low-k Zone
x = 0, z = -6

Figure 5.3 Geometry of the two-layer system
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In this study, the source (equation 5-5) occurred in the upstream of the model
domain, which was active for 50 years (𝑡1 ) then shut completely off allowing clean water
to flush through the transimissive layer for additional 50 years. The conceptual numerical
model for the two-layer scenario was consistent with the Dandy-Sale Model (Figure 5.1).
The solute transport of dissolved contaminant in the two-layer system was
assumed to undergo three important types of mechanisms, including advection,
dispersion and molecular diffusion. No degradation was considered in either layer.
Advection and dispersion dominated groundwater flow and contaminant transport in
transmissive layer while molecular diffusion was the only transport mechanism
considered in low permeability layer due to its low hydraulic conductivity.
In numerical simulation, as discussed before (Chapter 4), as TMVOC does not
account for dispersion, the transverse dispersion coefficient was substituted by the
product of tortuosity and molecular diffusion coefficient. The apparent tortuosity of the
aquifer can be determined as:
𝜏∗ = τ +

𝛼𝑡 𝑣
𝐷𝑊

This results in a constant and isotropic dispersion coefficient. It is slightly
different than the Dandy-Sale model which assumes zero longitudinal dispersion. The
input values used in this numerical model are consistent with values used for the DandySale model in Matrix Diffusion Toolkit [2012].
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Table 5.1 Input parameters used in the two-layer model.
Parameter

Transmissive zone

Low permeability zone

Bulk density,ρb (kg/m )

1700

1500

Permeability, k (m2)

1E-13

1E-18

Porosity, φ

0.35

0.45

Tortuosity, τ

0.707

0.715

Retardation factor, R

1.17

1.17

Pore velocity, v (m/d)

0.37

0

Diffusion coefficient of TCE, Dw (m /s)

9.1E-10

9.1E-10

Transverse hydrodynamic dispersivity, αt (m)

0.001

3

2

*

Apparent tortuosity, τ

5.41

Aqueous solubility of TCE, C0 (mg/L)

1100

Time-step, ∆𝑡 (s)

1.0E8

5.4 Results
The contaminant plume developed with the groundwater flow through the
domain. Figure 5.4 presents TCE mass fraction distribution for the x, z cross-section with
the active source at different times and the dashed line indicates the interface between the
two layers. It was clearly observed that the dissolved TCE plume evolved in the downgradient direction until it reached the boundary. Due to the mechanisms of molecular
diffusion and vertical dispersion, the plume continued to expand in the vertical direction
until the source was removed.
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(a)

(b)

51

(c)

Figure 5.4 Distribution of TCE mass fractions in x, z plane for active source scenario at
times of (a) 100 days, (b) 3 years and (c) 50 years.

During the unloading period, the entire source at x < 0 was removed allowing
clean water to flush through the transmissive layer for another 50 years. Figure 5.5 shows
the TCE mass fraction distribution without source at times of 51 years, 60 years and 100
years. Flushing in the transmissive layer caused the contaminant plume to shrink from the
up-gradient edge of plume and it was also observed that the TCE mass fraction decreased
by orders of magnitude with plume recession. However, the low permeability zones still
remained contaminated after 100 years (Figure 5.5-d).
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(a)

(b)
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(c)

Figure 5.5 Distribution of TCE mass fractions in x, z plane for depleted source scenario at
times of (a) 51 years, (b) 60 years and (c) 100 years.
To illustrate the process of back diffusion, several line plots for the TCE
concentration at x = 2.5 m for different times were created (Figure 5.6). In the scenario of
an active source, the maximum concentration of contaminant was observed at the
interface between the two layers (Figure 5.6-b). After the source was depleted, the
concentration gradient at the interface was reversed as the clean water flushed through the
transmissive layer. Therefore, the contaminant mass stored in low permeability layer
began to diffuse slowly back into the transmissive layer. In Figures 5.6-c, d, it was
observed that the maximum TCE concentration decreased sharply after removing the
source and the position where maximum TCE concentration occurred moved downward
from the interface to a depth of 1.5 m below the interface.
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(c) 60 years
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Figure 5.6 Line plots for the TCE concentration at x = 2.5 m at times of: (a) 10 years, (b)
50 years, (c) 60 years and (d) 100 years.
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A corresponding TCE concentration profile in the low permeability layer at x =
2.5 m is shown in Figure 5.7. In the first 50 years, the TCE concentration decreased with
depth into the low permeability layer. After removing the source, the TCE concentration
at the interface was almost instantaneously reduced to zero, and therefore caused matrix
diffusion back from the low permeability layer to the transmissive layer. The curves for t
= 100 years revealed that the dissolved TCE concentration increased with depth into the
low permeability layer until reaching its maximum value at z = -1.5 m, and then started to
decrease with depth.
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Figure 5.7 TCE concentration profiles in the low-k layer at x = 2.5 m for t = 10, 50, 60
and 100 years

5.5 Testing
The numerical solution was verified against the analytical solutions (equations 510 and 5-11) in Dandy-Sale Model [Sale et al., 2008]. In both models, the DNAPL source
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was active on for 50 years and off for another 50 years and all the input parameters were
set to be the same.
5.5.1 TCE Concentration in the Transmissive Layer
The concentration profiles in the transmissive layer as a function of lateral
distance from the source at the times of 10, 50, 60 and 100 years are presented in Figure
5.8. The concentration is calculated by assuming a 10-foot (3 m) screened interval as is
done in the Matrix Diffusion Toolkit [2012]. The 10-foot screened interval was selected
because contamination diffusing from a low permeability zone might not spread
vertically above 10 feet at actual field site [Matrix Diffusion Toolkit, 2012]. In the
models, the concentrations over the bottom 10feet of the aquifer are averaged to get the
well concentration.
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Figure 5.8 TCE concentration profiles in the transmissive layer at the times of: (a) 10
years, (b) 50 years, (c) 60 years and (d) 100 years.

Table 5.2 Coefficient of determination between numerical and analytical solutions
for concentration in the aquifer at different times.

Time

R2

10 years

0.993

50 years

0.995

60 years

0.972

100 years

0.952

The coefficient of determination between two solutions at different years is
presented in Table 5.2. All the numerical results showed a good agreement with DandySale solutions especially for the active source scenario. In Figure 5.8-c, d, it is shown that
there existed a slight deviation between two solutions after removing the source, which
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can be attributed to two possible reasons: (1) the numerical model considered both
longitudinal and vertical dispersion while Dandy-Sale model only had vertical dispersion
in the transmissive layer; (2) there was grid dependent numerical dispersion when
applying an “on-off” source in the numerical model which would not be present in the
analytical model.
To test the effect of grid dependent numerical dispersion, the numerical model
was rebuilt by using a coarser grid spacing of ∆x =5 m. Figure 5.9 illustrates that the
numerical results with finer discretization schemes shows a closer comparison with the
analytical solution.
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Figure 5.9 Comparison of numerical results with a grid spacing of 1 m and 5 m and
analytical solution for the transmissive layer at the times of: (a) 60 years and (b) 100
years.

5.5.2 TCE Concentration in the Low Permeability Layer
Figure 5.10 presents the comparison of the numerical results with the Dandy-Sale
solution for the low permeability layer. The coefficient of determination between two
solutions at different locations at various times is listed in Table 5.3. Based on the results,
the comparisons of these two solutions at locations of x= 2.5 m and 12.5 m were
excellent. However, when comparing the TCE concentration at more than 50 m downgradient the plume, there was a slight deviation between the numerical and Dandy-Sale

62

solutions, which may be due to the inaccuracy of concentration in the transmissive layer
that can affect the boundary condition at the interface.
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(c)
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Figure 5.10 TCE concentration profiles in low-k layer for different times of 10, 50, 60
and 100 years at locations of: (a) x = 2.5 m (b) x = 12.5m, (c) x = 52.5m and (d) x =
152.5 m.
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Table 5.3 Coefficient of determination between numerical and analytical solutions
for concentration in the aquitard at different locations at various times.

Time

10 years

50 years

60 years

100 years

0.994

0.995

0.986

0.993

0.992

0.993

0.978

0.991

0.988

0.989

0.965

0.986

0.985

0.986

0.946

0.982

Location

X=2.5 m
X=12.5 m
X=52.5 m
X=152.5 m
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CHAPTER 6
SEMI-ANALYTICAL SIMULATION
6.1 Introduction
A conventional numerical approach for modeling matrix diffusion of CVOCs
from an aquifer into aquitard requires fine discretization of the aquifer and aquitard into
tens of layers of gridblocks, resulting in large computational effort. Considering the
inefficiency of numerical approaches, a semi-analytical method was developed to only
discretize the aquifer and mathematically approximate the diffusive response in the
underlying aquitard.
The semi-analytical method was originally developed in petroleum reservoir
engineering for calculating the conductive heat flux from a permeable reservoir and
overlying impermeable cap rock by Vinsome and Westerveld [1980]. This method was
shown to be accurate for simulating heat exchange between reservoir fluids and
confining beds in petroleum geothermal injection and production operations [Pruess and
Wu, 1993; Pope et al., 1999; Varavei and Sepehrnoori, 2009]. The TMVOC code
provides an option to use the heat transfer method of Vinsome and Westerveld [1980].
Instead of discretizing the confining bed, the semi-analytical method characterizes the
vertical temperature profile in the confining bed by using an analytical trial function in
each gridblock that is adjacent to the confining bed [Vinsome and Westerveld, 1980].
This trial function is updated at each time-step:
𝑇(𝑡, 𝑧) = (𝜃 + 𝑝𝑧 + 𝑞𝑧 2 )𝑒 −𝑧/𝑑
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(6-1)

Where T (t, z) is the temperature profile in the cap rock, θ is the temperature at interface
between the reservoir and aquitard, p and q are the fitting parameters and z is the height
(the zero level has been defined at interphace). The parameter d is the thermal penetration
depth, determined by:

𝑑=√

𝛼𝑇 𝑡
2

where 𝛼 𝑇 is thermal diffusivity defined as:
𝛼𝑇 =


𝜌𝑐𝑟

where  is thermal conductivity and 𝜌𝑐𝑟 is volumetric heat capacity.
The semi-analytical method can be theoretically applied to characterize the
contaminant concentration distribution beneath the aquifer due to the mathematical
analogy between the partial differential equations for chemical diffusion, and for heat
conduction in low permeable zones.
R

C
 2C
  Dw 2
t
z

Cr

T
 2T
 2
t
z

(6-2)

where the chemical retardation factor, R, is analogous to the volumetric heat capacity
(ρCr); the contaminant concentration, C, is analogous to the temperature, T; and the
effective diffusion coefficient (τDw) is analogous to the thermal conductivity  .
6.2 Semi-analytical Solution
The semi-analytical method for modeling CVOC matrix diffusion is conducted by
performing numerical simulation for only the aquifer and mathematically approximating
matrix diffusion effects in the aquitard by using an analytical trial function consisting of
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two adjustable parameters. Following Vinsome and Westerveld (1980), the analytical
trial function for the matrix diffusion problem can be represented as:
𝐶(𝑡, 𝑧) = (𝜃 + 𝑝𝑧 + 𝑞𝑧 2 )𝑒 −𝑧/𝑑

(6-3)

where C(t, z) is the concentration profile in the aquitard beneath the aquifer grid block, z
is the depth into the aquitard, θ is the concentration at interface between the aquifer and
aquitard, p and q are the fitting parameters. The parameter d is the diffusion penetration
depth, determined by
d=

√𝛼𝑡
2

(6-4)

where α is the effective molecular diffusivity divided by the retardation factor (R):
𝛼=

𝜏𝐷𝑊

(6-5)

𝑅

Based on mass conservation law, two conditions must be satisfied at aquitard/aquifer
interface:

C
 2C
 2
t
z

(6-6)
z 0




C
Cdz  

t 0
z

(6-7)
z 0

Equation (6-6) illustrates the partial differential equation for chemical diffusion is
satisfied at aquitard/aquifer interface; equation (6-7) illustrates that the rate of change of
total chemical mass in the aquitard must be equal to the diffusive mass flux across the
interface.
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Taking the derivatives with respect to z:
𝑧

𝑧
𝜕𝐶 𝜕[(𝜃 + 𝑝𝑧 + 𝑞𝑧 2 )𝑒 −𝑑 ]
𝜃 𝑧 𝑝𝑧 𝑧
𝑞𝑧 2 − 𝑧
=
= − 𝑒 −𝑑 − 𝑒 −𝑑 + 𝑝𝑒 −𝑑 −
𝑒 𝑑 + 2𝑞𝑧𝑒 −𝑧/𝑑
𝜕𝑧
𝜕𝑧
𝑑
𝑑
𝑑

𝑧
𝜕 2𝐶
𝜃 −𝑧/𝑑 𝑝𝑧 −𝑧/𝑑 2𝑝 − 𝑧 𝑞𝑧 2 − 𝑧 4𝑞𝑧 − 𝑧
−
𝑑 +
𝑑−
𝑑 + 2𝑞𝑒 𝑑
=
𝑒
+
𝑒
−
𝑒
𝑒
𝑒
𝜕𝑧 2 𝑑2
𝑑2
𝑑
𝑑2
𝑑

At the interface z = 0,

𝜕𝐶

𝜃

𝜕𝑧 𝑧=0
𝜕2 𝐶
𝜕𝑧 2 𝑧=0

=

= −𝑝
𝑑

𝜃
𝑑2

−

2𝑝
𝑑

+ 2𝑞

Using finite difference approximation for the time derivative, equation (6-6) can be
written as:
𝜃𝑡+∆𝑡−𝜃𝑡

= 𝛼(

𝜃

𝑑2

∆𝑡

−

2𝑝
𝑑

+ 2𝑞)

(6-8)

The integral of C (t, z) with respect to z is:
𝑧

𝑧

𝑧

∫ 𝐶𝑑𝑧 = ∫(𝜃 + 𝑝𝑧 + 𝑞𝑧 2 )𝑒 −𝑑 𝑑𝑧 = −𝜃𝑑𝑒 −𝑧/𝑑 − 𝑝𝑑(𝑧 + 𝑑)𝑒 −𝑑 − 𝑞𝑑𝑧 2 𝑒 −𝑑
𝑧

− 2𝑞𝑧𝑑 2 𝑒 −𝑑 − 2𝑞𝑑3 𝑒 −𝑧/𝑑
At z = ∞, ∫ 𝐶𝑑𝑧 = 0
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At z = 0, ∫ 𝐶𝑑𝑧 = −𝜃𝑑 − 𝑝𝑑 2 − 2𝑞𝑑3
∞

∫0 𝐶𝑑𝑧 = 𝜃𝑑 + p𝑑 2 + 2𝑞𝑑 3

So,
Equation (6-7) becomes:

∞

α∫
0

𝜕𝐶
𝜃
= 𝛼( − 𝑝)
𝜕𝑧
𝑑

Using a finite difference approximation for the time derivative, equation (6-7) becomes:
(𝜃𝑑+p𝑑 2 +2𝑞𝑑 3 )𝑡+∆𝑡 −(𝜃𝑑+p𝑑 2 +2𝑞𝑑 3 )𝑡
∆𝑡

𝜃

= 𝛼 ( − 𝑝)
𝑑

(6-9)

The algebra expression of parameters p and q can be derived from equations (6-8) and (69):
𝛼∆𝑡𝜃 𝑡+∆𝑡
𝜃 𝑡+∆𝑡 − 𝜃 𝑡 3
+ 𝐼𝑡 −
𝑑
𝛼∆𝑡
𝑑
p=
3𝑑 2 + 𝛼∆𝑡

𝜃 𝑡+∆𝑡 − 𝜃 𝑡 2
𝑑 − 𝜃 𝑡+∆𝑡 + 2𝑝𝑑
𝛼∆𝑡
q=
2𝑑 2

where 𝐼 𝑡 = (𝜃𝑑 + p𝑑 2 + 2𝑞𝑑 3 )𝑡 .
At each time-step, the value of 𝐼 𝑡 is stored for use in the next time-step and the
previous and current values of concentration 𝜃 𝑡 and 𝜃 𝑡+∆𝑡 are used to compute p and q.
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Then the diffusive mass flux across the interface, F, can be quantified by
combining Fick’s law and Equation (6-3).

F   Dw

C
z



  Dw   p 
d


z 0

In the semi-analytical simulation, the semi-analytical diffusion term is only
applied to the grid blocks adjacent to the aquitard to mathematically evaluate the
concentration and mass flux in the aquitard.
6.3 Testing
The semi-analytical method was tested with the exact error function analytical
solution [Parker et al., 1984] and the Dandy-Sale solution [Sale et al., 2008].
6.3.1 Error Function Analytical Solution
The test model was set up by a single aquifer grid block with diffusion into a large
thickness aquitard (Figure 6.1). The initial condition of TCE concentration was set to zero
everywhere. At time zero, TCE concentration in the aquifer was raised to 100mg/L
instantaneously and maintained this value for 50 years, and then it was dropped to zero
immediately. The concentration profile of two solutions is generated in Figure 6.2.
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Aquifer

𝑪(𝒕, 𝒛) = (𝜽 + 𝒑𝒛 + 𝒒𝒛𝟐 )𝒆−𝒛/𝒅

Aquitard
Figure 6.1 The domain of test model.
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Figure 6.2 Comparison of semi-analytical method with the exact error function analytical
solution for matrix diffusion at times of 10, 50, 60, and 100 years. The contaminant
source is removed after 50 years.
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Table 6.1 Coefficient of determination between numerical and analytical solutions
for concentration at different times.

Time

R2

10 years

0.994

50 years

0.991

60 years

0.976

100 years

0.981

In the first 50 years, the semi-analytical results were almost overlapped by the
exact analytical solution. In Table 6.1, it is observed that the values of R2 are more than
0.99 during the first 50 years, indicating that the semi-analytical method was highly
accurate for estimating the concentration when the source is active. However, after
removing TCE source at t= 50 years, it can be seen in that there was a deviation between
semi-analytical and exact analytical solution, which may be due to the fact that the trial
function cannot accurately resolve the approximation of concentrations after a sudden
removal of source. The application of a different form of the trial function may provide
better results for the concentration distribution during the unloading period.
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Figure 6.3 Magnitude of diffusive mass flux across the aquifer/aquitard interface.

The diffusive flux time-series can illustrate the mass flux between the aquifer and
aquitard more clearly (Figure 6.3). During the first 50 years, the mass flow diffused
gradually into the aquitard and the semi-analytical results are consistent with analytical
solution. After the source was removed at t = 50 years, the mass diffused out of the
aquitard due to the reversal of concentration gradient at the interface. Moreover, it is
observed that there is a flux error after the sudden removal of the source. This flux error
occurs because the trial function cannot accurately calculate the concentration gradient at
z=0 m immediately after removing the source.
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The total mass of TCE in the aquitard was derived by integrating the mass flux
across the aquifer/aquitard interface with time [Seyedabbasi et al., 2012]. The
contaminants gradually diffused from the aquifer into the aquitard over the first 50 years,
resulting in a continuous increase of total mass in the aquitard until reaching its
maximum value at t=50 years. After taking out the source, the chemicals diffused back
into the aquifer, resulting in a sudden drop of the total mass in aquitard. The comparison
of two solutions is presented in Figure 6.4. Although there is some difference between
two solutions, the match of the total mass balance is still reasonably good.
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Figure 6.4 Comparison of the semi-analytical method with the exact solution for the TCE
mass in the aquitard.
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6.3.2 Dandy-Sale Analytical Solution
The semi-analytical method can be further validated by comparing it with the
complex Dandy-Sale analytical solution when applied to a two-layer system model
(Chapter 5). In this test, the semi-analytical simulation was conducted by repeating the
numerical simulation for only the aquifer and mathematically estimating diffusive
response in the aquitard using the trial function.
6.3.2.1 TCE Concentration in the Aquitard
The comparisons of semi-analytical and analytical solutions are shown in Figure
6.5 and the coefficient of determination between two solutions is presented in Table 6.2.
As the values of σ at x=2.5m are less than 15 for all the time, we can conclude that the
semi-analytical solution compare well with the Dandy-Sale solution at x= 2.5 m.
However, as the location gets far away from the source, there is a deviation between the
two solutions especially after removing the source (Figures 6.5-b, c, d), which can be
attributed to the same reason that the trial function is not highly accurate to estimate
concentrations in the aquitard especially after switching the source. However, the semianalytical solution still provided a reasonably good representation of the concentration
profiles in the aquitard.

76

(a)
Concentration (mg/L)
0

200

400

600

800

1000

0.0
-0.5

Z (m)

-1.0
semi-analytical 10yr

-1.5

semi-analytical 50yr
-2.0

semi-analytical 60yr
semi-analytical 100yr

-2.5

Dandy sale
-3.0

TCE Concentration at x=2.5m
(b)
Concentration (mg/L)
0

100

200

300

400

500

600

700

0.0

Z (m)

-0.5
-1.0
semi-analytical 10yr

-1.5

semi-analytical 50yr
semi-analytical 60yr

-2.0

semi-analytical 100yr
Dandy sale

-2.5
-3.0

TCE Concentration at x=12.5m

77

(c)
Concentration (mg/L)
0

100

200

300

400

500

0.0
-0.5

Z (m)

-1.0
-1.5
semi-analytical 10yr
semi-analytical 50yr

-2.0

semi-analytical 60yr
semi-analytical 100yr

-2.5

Dandy Sale

-3.0

TCE Concentration at x=52.5m
(d)

0

50

100

Concentration (mg/L)
150

200

250

300

350

0.0
-0.5

Z(m)

-1.0
-1.5
semi-analytical 10yr
semi-analytical 50yr

-2.0

semi-analytical 60yr

-2.5

semi-analytical 100yr
Dandy sale

-3.0

TCE Concentration at x=152.5m
Figure 6.5 Comparison of semi-analytical method with the Dandy-Sale solution for TCE
concentration profiles in low-k layer for at times of 10, 50, 60 and 100 years at locations
of: (a) x = 2.5 m (b) x = 12.5m, (c) x = 52.5m and (d) x = 152.5 m.
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Table 6.2 Coefficient of determination between semi-analytical and analytical
solutions for concentration in the aquitard at different locations at various times.

Time

10 years

50 years

60 years

100 years

0.994

0.995

0.992

0.991

0.988

0.990

0.989

0.987

0.985

0.986

0.943

0.946

0.983

0.984

0.972

0.978

Location

X=2.5 m
X=12.5 m
X=52.5 m
X=152.5 m

6.3.2.2 TCE Concentration in the Aquifer
TCE concentrations as a function of lateral distance from the source in the aquifer
are illustrated in Figure 6.6. As discussed before (Chapter 5), the concentration was
calculated by assuming a 10-foot (3 m) screened interval. Based on the results of
coefficient of determination (Table 6.3), the overall semi-analytical results show a good
agreement with the Dandy-Sale solution, although there is a small deviation between two
solutions at later times (Figures 6.6-d), which may be mainly attributed the reason that
the trial function cannot accurately approximate the concentration profile during the
unloading period. Another possible reason is that the Dandy-Sale analytical solution that
we use to validate the semi-analytical results has neglected the process of longitudinal
dispersion in the aquifer.
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Figure 6.6 Comparison of semi-analytical method with the Dandy-Sale solution for TCE
concentration profiles in aquifer layer at the times of: (a) 10 years, (b) 50 years, (c) 60
years and (d) 100 years.
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Table 6.3 Coefficient of determination between semi-analytical and analytical
solutions for concentration in the aquifer at various times.

Time

R2

10 years

0.990

50 years

0.992

60 years

0.956

100 years

0.923

6.3.2.3 Mass Discharge in the Aquifer
Figure 6.7 presents the mass discharge in the aquifer as a function of lateral
distance from the source at the times of 60 and 100 years. It is observed that the mass
discharge increases with lateral distance during the unloading period. At t = 60 year, the
comparison of the semi-analytical and Dandy-Sale solutions is excellent. At t = 100
years, there exists some difference between the two solutions (Figures 6.7-b), which can
be attributed to the inaccurate approximation for aquifer concentrations as shown in
Figure 6.6-d.
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Figure 6.7 Comparison of semi-analytical method with the Dandy-Sale solution for TCE
mass discharge in aquifer layer at the times of: (a) 60 years, (b) 100 years.
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CHAPTER 7
CONCLUSIONS AND RECOMMENDATIONS
In this study, the accuracy of numerical and semi-analytical solutions for
simulating the CVOC matrix diffusion between an aquifer and an aquitard was examined
by comparing with published analytical solutions.
In the first part of this work, two simple numerical models were constructed to
simulate the DNAPL pool dissolution in aquifers and matrix diffusion in aquitards,
respectively. The numerical simulations with different levels of grid refinement were
tested against two simple analytical solutions. The results indicated that in practical
application, the numerical models are not necessary to be finely discretized into tens of
layers of grid blocks. In these two cases, the grid spacing of ∆z = 0.2 m and ∆x = 1m is
fine enough to provide accurate results for investigating the evolution of matrix diffusion
in aquitards and DNAPL pool dissolution in aquifers.
In the second part of this work, to further validate the numerical method, an
additional test was performed by comparing a two-layer numerical model with a more
complex Dandy-Sale model (Sale et al., 2008). The numerical solutions were in good
quantitative agreement with analytical solutions in Dandy-Sale model.
Finally, a new semi-analytical method was employed for the problem of CVOC
matrix diffusion. The accuracy of the semi-analytical method was also verified by
comparing with the complex analytical solutions in Dandy-Sale model. The comparison
of two solutions indicated that the semi-analytical solution was an accurate
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approximation of CVOC matrix diffusion effects between an aquifer and an aquitard
especially during the loading period.

Recommendations
Some recommendations for application and future research from this study are
listed below:


Future studies need to consider more realistic situation, where the contaminant
source in aquifer changes more smoothly with time instead of the simple “onoff” source scenario.



Try different forms of the trial function to improve the inaccurate
approximation for concentration profiles during the unloading period after a
sudden removal of source.



Consider the effect of decay in semi-analytical method. This semi-analytical
method assumes no decay in the groundwater. To be more realistic, we can
add a first order decay to the partial differential equation of chemical transport
and develop new functions for the parameters p and q.
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