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Abstract

In this thesis, we will study the interaction between problems in control theory for
partial differential equations and inequalities of the uncertainty principle type. The
main results will concern the boundary observability of the viscoelastic wave equation
and energy decay rates of damped wave equations. In the boundary case, we will prove
what may be viewed as a higher dimensional version of Ingham’s inequality, replacing
the complex exponentials with Laplacian eigenfunctions.

For energy decay rates on the real line, we will use a version of the Paneah-
Logvinenko-Sereda theorem for functions with Fourier support contained in multiple
intervals. We prove the exact variation which we need and apply it to internal ob-
servability as well as decay rates for damped wave equations as well. We also give
partial results in higher dimensions and some open problems.

We will also investigate the connection between compactness of localization oper-
ators and uncertainty principles from an abstract harmonic analysis perspective. We

give some general results which are applied to the wavelet transform.
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Introduction

The uncertainty principle is the general statement that a function cannot be well-
localized in both time and frequency. Various interpretations of “well-localized” may
give rise to different mathematical theorems which are often called uncertainty prin-
ciples themselves, though they are only instances (phenomena) of the uncertainty
principle (noumena).

The classical Heisenberg-Pauli-Weyl uncertainty principle measures localization

by the variance of a function

Var(f) = [ 156e) = [ f0) dyP o

and states that

Var(f) Var(f) > c|| f]|%.

f is the Fourier transform of f, and it is the most common understading of the

frequency profile of a function. If f : R — C, then its Fourier transform, denoted by



either f or F(f), is defined as follows.

1

€)= Gy [, J@e " da

for each ¢ € R%. In this way, by the classical theorem of Plancherel, F can be extended
to a unitary operator on L?*(R?) with F*f(£) = Ff(—¢£), while the integral above is
well defined for all f € L*(R?).

On the other hand, if @ C R? is smooth and bounded, and f : Q@ — C is an
element of L?(Q), then its frequency profile can be represented as a discrete function
n — {f, ¢n) where ¢, are an orthonormal basis for L*(2) of Laplacian eigenfunctions.

In this thesis, we will not only apply these ideas to control problems for time
evolution partial differential equations, but also formulate new uncertainty principles
suggested by problems in control theory.

Roughly speaking, the controllability problem is to try to make a system behave
according to our wishes. There are certain parameters (called “control” functions)
of the system which may be manipulated in order to achieve a desired state. In this
thesis we mainly consider evolution systems—also referred to as distributed systems,
namely, the phenomenon is “distributed” in a geometrical domain—which are governed
by partial differential equations (PDEs), and we are allowed to act on the trajectories
of the systems by means of a boundary or internal force.

The most common technique is to prove an observability inequality for the dual

problem. Generally, this states that one can bound the initial or final data by a



suitable “observation” which is dual to the mechanism by which the system is “con-
trolled.”

The relationship between these two fields historically began with the connection
between the so-called “moment method” and the classical problem of independence
of nonharmonic Fourier series [53] 2]. In section (1.2)) we will give a brief example of
how to reformulate the control problem as a moment problem: Given a sequence of
functions {e,}22, and a sequence of scalars {¢,}°,, does there exists a function f
satisfying

(f,en) =cpforn=1,2,...7 (0.0.1)

To solve this infinite-dimensional system of equations, the constraints must be inde-
pendent is some way. The notion of independence which makes this problem well-
posed is given by that of a Riesz sequence (see Section .

This is the perspective of Chapter [2| in which we study the controllability prop-

erties of a viscoelastic wave. For T'> 0, M € H*(0,T), let w satisfy
t
wy(z,t) + Aw(z, t) = / M(t — s)Aw(x,s)ds (0.0.2)
0

for each (z,t) € Q x (0,7). We establish the exact boundary controllability of (0.0.2)
by showing that an appropriate harmonic system forms a Riesz sequence. This part
of the thesis is joint work with S. Liu and M. Mitkovski [20]. We will also apply this

controllability result to the study of a viscoelastic inverse source problem.



The other connection we rely on in our analysis is between the homogeneous
evolution problem u/(t) = Au and the nonhomogeneous stationary problem (A —
iN)u = f (A is a suitable differential operator, A € R) in works such as [51} 111 52,
8, 42, @]. In other words, one may study the resolvent of A on the imaginary axis.
In Chapter (3|, we will show the explicit connection between observability and certain
properties of the resolvent.

Using these ideas, in Chapter [3] we study the fractional Klein-Gordon Equation

on R? This work is carried out in [17]. Let w satisfy

wy(z,t) + (A + 1)*?w(x,t) = 0 (0.0.3)

for (z,t) € R? x (0,00). We will prove the observability inequality for w from any
relatively dense set F when d = 1. Moreover, due the close connection between
observability and energy decay, we can apply the same techniques to compute the

energy decay rates of the damped Klein-Gordon equation

wy (1) + (@) w (2, 1) + (A 4+ 1)*%w(x,t) = 0

under the condition that the measue v(x) dx is relatively dense.
The main tool in our study of the Klein-Gordon equation ((0.0.3)) is an uncertainty

principle of the form

Nl c2®ay < Cl fllz2(m)



for functions f with f supported in certain annuli A,(6) = {& € R%: A < |¢] < A+4}.
The strategy is to compute the dependence of C' on A and 9§ for certain classes of sets
E. In one dimension, the annuli A)(d) are just two intervals, so the approach is
different and thus better results can be obtained than in higher dimensions.

In the final section, we give a framework for uncertainty principles in abstract
harmonic analysis. We use this perspective to understand the role of compactness
in the study of uncertainty principles. The objects we focus on are the so-called

localization operators Lg : H — H, for E C X a locally compact group, defined by

Luf = /E (f. koo dp(z)

where {k,}.cx is a Parseval frame satisfying appropriate assumptions. The term
localization operator comes from the fact that Ly is the identity, so Lg localizes f to
E. The goal to to find an uncertainty principle of the form (f, k,) = 0 for = outside
of E implies f = 0. In other words, no f in H can be localized on E.

We give two different conditions on the set F which yield the following uncertainty

principle: There exists a > 0 such that

/X R ) 2 ol

for all f € H. In particular, if (f, k) = 0 for  in X\ E, then f = 0.

The simplest condition, with minimal restrictions on (X, u, k,) is that pu(E) < oo.



Adding some assumptions, we obtain the result for E which have the property that
the Berezin transform (Lgk,, k,) — 0 as d(z,1) — oco. These are also the so-called

“thin” sets from [15].

Observability on The Real Line

We begin with a simple example to illustrate our ideas. Let 1 < p < oco. Given

f € LP(R) smooth, we can solve the transport equation:
(0 £ 0p)u(z,t) =0 u(x,0)= f(x) ze€R,t>0 (0.0.4)

by u(x,t) = f(x Ft). The observability inequality for the transport equation is
immediate: Let p be a relatively dense measure on R, which means there exists

¢,T'" > 0 such that

e<ullyy+1) = [ " (0.0.5)

for almost every y € R. Then, setting y = = F ¢,

/OT/RW(a:,tﬂpdu(x) dt:/OT/RIf(y)'de(yit) gt

= (4) / o " duts) dy (0.0.6)

= c|[ fI1Ls-

We use this simple result to connect to the wave equation. If w satisfies the wave

6



equation (0,, — 0y )w = 0, then w can be broken up two ways. Setting u* = (9,40;)w,

u® satisfies the transport equation (0.0.4). Then, applying to u* and setting

w’(z) = w(z,0) and w'(z) = wy(z,0), we have

T
/ /|wt(x,t)+ww(x,t)|2du(x)dtZc||w1+w2||2
0 R

T
and //|wt(a:,t)—wx(:c,t)|2du(x)dt2c|]wl—w2|\2.
0 R

So, by the parallelogram identity, we get

/0 / jwn (e, )2 + w (e, £) P dp(e) dt > et |2 + [w2)]?). (0.0.7)

Taking du(x) = 1g(x)dz, one obtains the usual observability inequalities for sets £
satisfying

m(EN[y,y+T]) >c forallyeR.

However, this also yields observability for point sampling. Indeed, let A C R be a

discrete set and

M:Z5,\

AEA
where ¢y is the point-mass measure defined by 0,(A) = 1 if A € A and 0 otherwise.

In this case, u([y,y + 1) = #(AN[y,y +T7]). So, if A satisfies #(AN[y,y+T]) > ¢



for all y, then u is relatively dense and we obtain

T
3 / w82 4 [ )Pt > e(ffun? + [l ).

aeA 70

We also comment on the sharp observability time 7" and constant c¢. Concerning
¢, all the computations above were equality except in , which could be made
equality by taking g < p such that holds with equality.

Let To = inf{T" : inf er p([y,y+T1]) > 0}. The above argument shows that
cannot hold for T" < Ty. Concerning the critical time Tj, if the support of i has a gap
of length Tp, then only for T' > Tj can can u([y,y+T]) be positive. This corresponds
to the speed of propogation for this wave being 1. One must wait time Ty for the
data to travel distance Tj.

This is not the end of the discussion though since we will actually prove a stronger

observability inequality of the form

T
| [ et dode = e (lotl? + i + )
0 E

for the Klein-Gordon equation wy — w,, + w = 0 and E relatively dense. However,

we do not obtain the sharpness in the time T or constant c.



Chapter 1

Preliminaries

1.1 Control and Observability

Let H,G be Hilbert spaces. Let A: D(A) CH — H, B: D(B) C G — H be linear
(unbounded) operators. We consider the controlled evolution equation:

d

—u(t) + Au(t) = Bf(t) t€[0,T]

dt (1.1.1)

u(O) =Ug € H

where f € L%*([0,T];G) is the control function and B represents the mechanism by
which the system is controlled. Throughout, we assume that there exists a unique
weak solution to for each ug, f. The control problem is the following: Given
ug, ur € H, does there exist f € L*([0,T);G) and T > 0 such that u satisfies

with ©(0) = ug and w(T") = ur? We say (1.1.1) is exactly controllable in time 7" if



the answer to this question yes. If we only consider the final state uy = 0, then the
system is null controllable.

Alongside the existence of a control, one may wonder about the related stability
question, namely if there is a C' > 0 such that for all uy, one can find such an f
with || f]] < C||lug||? This is usually automatic (from the closed graph theorem) once
existence is established, so we do not emphasize this point in the results that follow.

Dual to controllability is the notion of observability. It is a property of the dual

equation to (1.1.1
d

av(t) —A(t) =0 tel0,T]
(1.1.2)
v(0) =vy € H
Definition 1.1.1. The system ({1.1.2)) is said to be observable in time T if there exists
¢ > 0 such that

T
/ IB=(@)I2 > clluol, for all v € . (1.1.3)
0

In most applications, controllablity is equivalent to observability of the dual sys-
tem. For most of the results in this thesis, only the observability inequality is con-
sidered, but there is an associated controllability result. The relationship between
control and observability was introduced by D. L. Russell and S. Dolecki in [13]. It
was applied to wave equations by J. L. Lions in [36] using the Hilbert Uniqueness

Method, showing that observability implies controllability.

Proposition 1.1.2. Suppose and both have weak solutions for all

10



ug,vo € H and the B* satifies the upper reqularity inequality ||B*v|| r2o.11.9) < Cllvol|

for all vg € H. Then, is null controllable if and only if is observable.

Proof. Let u,v be solutions of (1.1.1)) and (1.1.2)) respectively. For each t,

We can see that the null control problem is solved if and only if there is f such that

<f, B*'U>L2([0,T};g) = <U0, ’U()> (114)

for all vo € H. To show necessity, null controllability implies for each vy, there is
f(vo) such that || f(vo)|l2jo,r1:9) < Cllvol| and holds with ug = vy . Applying
Cauchy-Schwarz to establishes observability.

On the other hand, if is observable, then the observation operator W*v, :=
B*v € L*([0,7T];G) is bounded below (and bounded by the regularity assumption).

Therefore W is surjective and we can find f such that Wf = wuy. In this way, f

11



satisfies since
<f7 B*U> = <f7 W*U0> = <Wfa UO> = <’LL0, UO>

for all vg € H. O

1.2 Moment Method

The reasoning in the above proof can serve as an introduction to the moment method.
If A* has an orthonormal basis of eigenfunctions {¢,} with eigenvalues {\,}, then
null control is equivalent to holding with vy = ¢, for all n. In this case,
v(t) = e*!¢p, and null control is equivalent to the following moment problem: Find

f € L*([0,T);G) such that

/T (1), B*dn)g dt = (ug, ¢p) for all n.
0

In this section, we will see that this is equivalent to the sequence {e*!B*¢,} forming
a Riesz sequence in L?([0,T];G), as well as prove some useful facts about moment
problems and Riesz sequences.

The idea of viewing the control problem as a “moment problem” was an early
development in the field of control theory by D. L. Russell [54]. This method has

been extended in different directions [22, 29, 39, 46], but the common feature of most

12



results has been the requirement for the space dimension to be equal to one. This
is due to the fact that B* is often some kind of restriction or trace operator so in
one-dimension, B*¢, may be just a number. Then the analysis is reduced to an

exponential system.
Example 1.2.1 (Wave Equation). Consider the boundary controllability of the wave

equation with potential on (0,1) x (0,7).

U (T, 1) — U (2, ) + V(2)u(z,t) =0

u(z,0) = ug(x) w(z,0) = up(x) (1.2.1)

w(0,8) = f(t) w(l,t) =0

\

Multiply by e*ntg, (x) where

Integrating by parts,

T

(e ) = idul L) | = =,0) [ e

t=0

So, finding such an f is equivalent to solving the moment problem: For ¢ € (2,

13



find f € L?(0,T) such that

T
/ f(t)e?tdt = ¢, for all n.
0

This is equivalent to the classical interpolation problem for analytic functions: Find
g € L*(R) such that supp g C [0, 7] with g()\,) = ¢,. Then f = §. Such problems are
very well-studied and we refer to the book [58] and the references therein. One can
also see [14] for a similar approach regarding the heat equation. In this case, replace

uy with u; and the exponential system has real frequencies instead of imaginary.

Probably, the most comprehensive treatment, to date, on the use of complex
exponentials in control problems is the monograph [2] where, in addition, approximate
controllability results (even in higher space dimension) are obtained using complex
exponentials in concert with standard uniqueness results. In Section we will
establish exact boundary controllability of the wave equation in arbitrary dimensions

from this perspecitve.

1.2.1 Riesz Sequences

Definition 1.2.2. A sequence {e,} in a Hilbert space H is said to be a Riesz sequence

if there exists ¢, C' > 0 such that

ey lanl® < Hzanen "< O lanf

14



for all finite sequences {a,} C C. If the lower (upper) inequality holds, then {e,} is
said to be a Riesz-Fischer (Bessel) sequence. By finite sequence we mean that {a,}

has only finitely many non-zero entries.

Definition 1.2.3. Given {e,} C H and ¢ € (? we say f € H is a solution of the

moment problem if

(f,en) =cn, for all n. (1.2.2)

Proposition 1.2.4. Let {e,} C H. The following are equivalent:
(i) {en} is a Riesz-Fischer sequence.
(11) The moment problem has a solution for any c € 2.

(11i) There exists a Bessel sequence {f,} C H such that (e,, fr) = Onm (In this case

we say {e,} and {f,} are biorthogonal).

Proof. First, we show (ii) implies (iii). Set Y = span{e,}. First notice that if the
moment problem has a solution, it has a unique solution in Y. Indeed, let f be a
solution, then f = f; + f» where f; € Y and f, € Y*. Then clearly f; is a solution.

Moreover it is unique since

(g,e,) =0 Vn = geY™t

Define the solution operator T : £> — Y which maps ¢ € ¢? to the unique element
g € Y such that {g,e,) = ¢, for all n. We claim T is closed. Let c¢(™ — ¢ € 2 and

15



Tc™ = g, —y €Y. Then, for f € span{e,}, f = ane, for some finite sequence
{a,} so
(gm, f) = Zancgm) — Zancn = (g, f)

This implies g,, — g = Tc since g,, is bounded and span{e,} is dense in Y. But
Ggm — y soy =g and T is closed. By the closed graph theorem, T is bounded. This
means that not only is there a unique solution in Y, but it is uniformly bounded:

there exists C' > 0 such that

9l < CY_ leal?

Define f,, = T(0,...,0,1,0,...) where the 1 is the n-th entry. In this way, {f,} and
{e,} are biorthogonal. To show { f,,} is a Bessel sequence, take a finite sequence {c,}
and one can check that > ¢, f, is in Y and solves the moment problem. Since this

solution is unique, »_ ¢, f, = T'(c) so

I cful? <03 el

To show (iii) implies (i), fix a finite sequence {a,}. Then, by the Bessel inequality

16



fOI' {fn}7

Dl = (3 s 3 nen)
< [Sante] [ S
< (@I " [

Finally, to show (i) implies (ii), fix ¢, € ¢2. Define the linear functional p on YV =

span{e, } by

o (Z anen> = Z Ay Cp,

for all finite sequences {a,}. p is well-defined since {e, } are linearly independent so
the representation f = ) a,e, is unique. Since {e,} is a Riesz-Fischer sequence, y is
a bounded linear functional on Y and can be continuously extended to Y (and then
to H by taking g = 0 on Y+). By the Riesz representation theorem, there exists

f € H such that

1(g) = (9, f)

for all g € H. In particular, for g=e,,

(f,en) :mzcn'

Corollary 1.2.5. Every Riesz sequence has a biorthogonal Riesz sequence.

17



Proof. Let {e,} be a Riesz sequence. Then it is a Riesz-Fischer sequence, so it has a
biorthogonal Bessel sequence { f,,}. However, { f,} has a biorthognal Bessel sequence,

namely {e,}. Therefore {f,} is also a Riesz-Fischer sequence. O

We also have the following stability result for Riesz-Fischer sequences.

Lemma 1.2.6. Let {e,} C H be a Riesz-Fischer sequence. If there ezists ¢ € (0,1)

such that
HZ an(en — fu)ll < q Zanen (1.2.3)
for all finite sequences {a,}, then {f,} is also a Riesz-Fischer sequence.
Proof. By the triangle inequality,
HZ anfn 2 HZ Ap€n|| — HZ &n(en - fn) 2 (1 - (J) HZ An€p
]

We will also use a weaker notion of independence than that of a Riesz-Fischer

sequemnce.

Definition 1.2.7. A sequence {e,} C H is said to be ¢*-independent if the only

element ¢ € (2 for which

chen =0

isc=0.

18



Lemma 1.2.8. Let {f,}52, be a sequence in a Hilbert space H. If {fu}u>n is a

[eS)
n=1

Riesz sequence for some N € N and {f, is (?-independent, then {f,}°°, is a

Riesz sequence.

Proof. Set Y =span{f,}. Decompose Y = span,,-y{fn} ® spam,sy{fn}". Let {e,}
be an orthonormal basis for Y. Define ' : Y — Y by T'(e,) = f, for n > N. Let
{gn}2=" be an orthonormal basis for span,, y{f,}* (This has the same dimension as
span,,_ y{f.} by £?-independence). Define T'(e,) = g, for n < N. T can be extended
to all of Y and T is bounded above and below since {f,}n>n U {gn}n<n is a Riesz

sequence. Indeed, for f =" a,e,,

2 2 2
TP =D anfa+ D angal| =D antal| +||D_ na (1.2.4)
n>N n<N n>N n<N
> ey fanl* + ) laol* > min{e, 1} £
n>N n<N

So T is invertible. Define K : Y — Y by K(e,) = 0forn > N and K(e,) = f,—g, for
n < N. To show {f,} is a Riesz sequence, it suffices to show that 7'+ K is invertible.
Since K is of finite rank (and thus compact), by the Fredholm alternative for compact
perturbations, we only need to check that 7'+ K is injective. Let f = > a,e, such

that (T'+ K)f = 0. This implies

Zanfn:()

19



However, since { f,,} is *-independent, all a,, must be zero so f = 0. [

1.2.2 Sequences of Vector Exponentials

We now specify to the case where ¢, has the special form e*'n,, and H = L*([0,T7]; G)
where G is another Hilbert space. We will prove two results, the first showing the

stability of the Bessel sequence property.

Lemma 1.2.9. Let G be a Hilbert space and {e*'n,} C L*([0,T];G) a Bessel se-

quence. Then, {e*'n,} is a Bessel sequence whenever
SUp |y, — Ap| < 00.
n

Proof. Set 6, = pin — Ap, T = sup |0,].

HZ ane“"tnn‘

<cy (Y;Q)k IS Janf2 = 0TS a2
k=0 ) n

The next lemma shows that these vector exponential Riesz sequences (though not

— annne)\nt€5nt
L2((0,T15H) Zn

anﬁnek"t = Mtk
2 ™ DL

k=0

<> ol
k=0

> an(6n) e

]

orthogonal) still preserve the following property of Fourier series: improved regularity
implies improved decay of the coefficients. This is a slight generalization of Lemma
3.3 in [47] which is used in the proof of Proposition [2.1.4]

20



Lemma 1.2.10. Let G be a Hilbert space. Let {e*'n,} be a Riesz-Fischer sequence

in L*([0,To]; G) for some {n,} C G and {\,} C C. If there exists {a,} € (* such that

(X anen) € L2(0.7:0)

for some T > Ty, then {a,\,} € (*.
Proof. For simplicity, set F(t) = a,e*'n,. We can find h; > 0 such that both

2
>1/2

Rt - FO)| "

Id

<1 and

HF’(t)
L2([0,T0];9)

in for all |h| < hy (h € C). Fix N € N. There exists hg € C, with |hg| < hy, such
that |[A\,ho| < hy for |n| < N. Then, letting ¢ be the lower Riesz sequence constant

for {ein,},

2
Anlhol _ 112 Anlhol _ 1
3 2 P s 3 fan] < 3 e,
n|<N In|<N 0 n€Zo 0 L2([0,T0):6)
F(t+|ho]) = F(t) |
N H h < 1P 220 my0) + 1
ol L2([0,To];G)
but N is arbitrary. O

Finally, we include a result which allows us to conclude some orthoganality in the

vectors {n,} from the properties of {e*'n,}.

Lemma 1.2.11. Let {)\,} C C and {e*'n,} be a Bessel sequence in L*([0,T];G).
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There exists C' > 0 such that for any ¢ € (0,T] and any finite sequence {a,} C C,

HZannn Z <C (5—1 D P+ |)\nan|2> (1.2.5)

Proof. Let {a,} C C be a finite collection of scalars, ¢ € (0, 7.

2

dt
g

Z an(eAnt - 1)7]71

5o

2 €
= / HZ e, — an (et — 1),
g 0
T 2 €
< 2/ HZane’\”tnn dt + 2/
0 0

The first term is bounded by 2C 3 |a,|? by the Bessel inequality. To estimate the

2
dt

. t
second term, since [j e*5(\,)ds = et — 1,

/OE th:/og /OtZeA"S(An)dsannn
[ ([ ) ([ 1

82 r An s 2
2

2

dt

Z an(eknt - 1)7771

2
ds) dt

ds
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Chapter 2

Observability on Bounded Domains

2.1 Viscoelastic Wave Equation

Let 2 C RY for d > 1. We consider the viscoelastic wave equation

e

ug(z,t) — Au(z,t) = /{:M(t — s)Au(z,s)ds in Q x [0,T]

u(z,0) = uo(x) w(x,0) = u(x) i Q (2.1.1)

\ u(z,t) =0 on 02 x [0, T

for ug € H'(Q), u; € L*(R2), and M € H?*(0,T).

This model is also called the wave-memory equation, since the the system at
present time ¢ is influenced by the system at times s < ¢. For this reason, M is
called the memory kernel. The usual wave equation (M = 0) comes from the elastic

stress-strain relation o = c?c where ¢ is the stress, and ¢ is the strain. The form in
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this model comes from modifying this to o(t) )+ fo (t — s)e(s) ds.
The problem we are interested in is establishing the partial boundary observability
inequality of the system ([2.1.1]), that is: There exists ¢ > 0 such that for all (wp, w,) €

Hy () x L*(),

/|Vw0 )+ |wi (@ |2dx< (x,t)] dS(x)dt (2.1.2)

where I' C 092. In this paper, we only consider I' satisfying the following geometric

condition: There exists x, € R? such that

I'={xe€0Q:(x—ux9)- v(zr)>0} (2.1.3)

The success in studying the equation has been mostly limited to the case
where the spatial dimension is one. This is largely due the fact that solutions can be
approximated by sums of complex exponentials {e***} which are very well-studied
[2, 27, 29, 58]. The treatment in [I, B9] follows this approach using the moment
method of D. L. Russell [54]. Recently, L. Pandolfi extended this result to d < 3 [47].
Herein, we complete these results by extending this method to an arbitrary space
dimension.

Our main result concerning is that the following harmonic system forms
a Riesz sequence. We will prove below in Proposition that this is equivalent

to the observability inequality. Let {¢,}°°, be an orthonormal basis in L*(2) of
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eigenfunctions of the Dirichlet Laplacian. In other words,

—Ap, = /\?qun in {;

(2.1.4)
on = 0 on 0f2.
It is well known that 0 < Ay < Ay < --- and A\, — oo. For simplicity, we set
A = sgn(n)Aj, and
= —— Q 2.1.
¥ A, Ov nd (2.15)

for n € Z\{0} (henceforth Z), denoting by v(z) the outward normal vector to OS2
at . To account for the time component of solutions to (2.1.1), we consider the

following ordinary differential equation:

() + Nz, (t) = = A2 /Ot]\/[(t — 8)zn(s) ds t e [0,77;
(2.1.6)

We may now state the main result.

Theorem 2.1.1. Let Q be a smooth domain in R and T', x, be defined by .

Let R > 0 such that Q C B(xg, R). Then, for T > 2R, there ezists C,c > 0 such that

Y lan)’ < /0 /m ‘Zanzn(t)wn(:c) i dS(z)dt < CY lan)” (2.1.7)

for all finite sequences of scalars {a,}.

25



Since this model does not fit exactly into the moment method framework from
Section (1.2]), we first establish the equivalence between the Riesz sequence property

and observability.

Proposition 2.1.2. The observability inequality holds for all wy € H}(S),

wy € LA(Q) if and only if {z,¥n}tnez,, defined by and (2.1.6), is a Riesz-

Fischer sequence in L*(T x [0,T1]), i.e. there exists ¢ > 0 such that

¢y lanl” S/OT/F

for all finite sequences of scalars {a,}.

CdS(x) dt (2.1.8)

S @zt (@)

Proof. Let (wg,wy) € H}(2) x L*(2). We will represent the solution w to (2.1.1)
by separation of variables. In the space variable, we expand onto {¢,}. There exist

{&.},{nn} € £? such that

Wy = Zgnqbn and w; = Znn¢n
n=1 n=1

Since wy € Hy(€2), by the orthonormality of {¢,},

[ 19w ds = = [wnswods = [ (S 66.) (3 60,) do= 3 ntol
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therefore {\,&,} € (2. Set &0 = M&n. Then,

b

Wy = —
An

Dn-

Additionally, we consider the ODE (2.1.6)) to account for the time variable. It can

then be verified that

w(z,t) = %Z [(i—z . zZ—Z) nlt) — (f"n + i;:) zn(t)] dn(z)  (2.1.9)

Then, setting a,, = sgn(n) (éw — in)y)) for n € Zy, the observability inequality l)

takes the following form:

dS(z)dt  (2.1.10)

- s 12 2 2 T
2 |§n| +| n| = | n| < n n(t)1/)n( )

]

Our approach is similar to [1, B9, 47] in the sense that we will argue that {z,1,}
is in a certain sense “close” to {e*»'1),,} which is also a Riesz sequence (see Section

2.2). In [39], it is shown that there exists C; > 0 such that

T " Cl
/ |20 () — 0T gt < =z (2.1.11)
0 n

for v = M(0)/2 in the special case where A\, = n. However, there is no crucial role
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played by n in the computations so (2.1.11)) can be easily verified with general \,,—see

the proof of Proposition [2.1.4] namely equation (2.1.14)). The key in [39] is that when

An =1, {z,} and {0t} are quadratically close, which means

T
S [t = e < o
n 0

In [47], the decay ([2.1.11)) is improved to A4 so quadratically closeness follows from
Weyl’s lemma when d < 3. We do not expect to be able to extend the quadratically

close property to arbitrary dimensions. Rather, we incorporate the estimates on

{1} given below in Lemma to show that {z,¥ sy and {e0TAy Y oy
are equivalent bases for large enough N. We will then invoke the Riesz sequence
perturbation results from Section [1.2] In this way, Theorem [2.1.1 will be established

once we show three conditions hold:
(i) {e0+a)ty, Vs a Riesz sequence.

(ii) There exists ¢ € (0,1) and N € N such that

2

2
Z antn (Zn _ e(wmn)t) <gq Z&nwne(wixn)t
In>N n

for all finite sequences {a,} (Here and henceforth || - || denotes the

L*(T x [0,7T]) norm).

(iii) {zn¥n} is £*-independent.
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Together (i) and (ii) will establish that {z,%,}n>n is a Riesz sequence which is
then extended to the entire sequence if it is £*-independent (see Lemmas and
1.2.9).

(1) is a consequence of the observability of the wave equation ((2.1.1)) with M = 0)
as well as the corresponding upper regularity inequality, which are both well-known
[36], 241, 32]. However, in the next section, we will prove this by showing the Riesz
sequence property directly (see Theorem. This is then extended to {e(Fn)ty), 1

by noticing that

2

2 2 )’Zan¢ne(7+i)\n)t

> min{1, ¥} |3 e

max{1, X7} HZ antne™t

(2.1.12)

2

We now give the key lemma in establishing (ii).

Lemma 2.1.3. Let {¢,,} be defined as in . Then there exists C,, dependent

only the domain ) such that for any finite sequence of scalars {a,},

/m ’Z%W@)‘Q dS(z) < Co (Z Ian\2)1/2 (Z IAnan|2> v (2.1.13)

The estimate (2.1.13) may be viewed as stating some degree of orthogonality for

{tn}. In proving this, we follow the techniques in [4, [57].

Proof. Since €1 is smooth and bounded, there exists a smooth vector field «, defined
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on a neighborhood of Q such that
alz)-v(r)>1

for every = € 9. Define V : H}(Q) — L*(Q) by (Vu)(z) = a(z) - Vu(z). First, since

u =0 on 0f), Vu is a multiple of v. This implies

0
Vu(zr) = (a- u)—u(a:), Vo € 09.
ov
Next we claim that there exists C, > 0 such that

< Col[Vul?

/Qu[V, Aludz

for any u € H3*(Q) N H3(Q2). Indeed, using Einstein notation summing over i,j =

1,2,....d

AVU = 8“ (ozj(aju))
= (0iicj)(05u) + 2(0;r;) (Oy5u) + v (Djiiu)

= VAu+ (950;)(05u) + 2(0ic; ) (9y5u)
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Integrating by parts once and applying the Poincaré inequality yields

/ uV Au — uAViudr
Q

éU(aiiaj)(ajU) = 2[(0:u)(9ij) + u(icr;)] (O5u) dax

< Ca/ |Vul? dx
Q

Take u = > a,d,\,;" for a finite set of scalars {a,}. Notice that [|[Vu|* <23 |a,|*
and ||Aul]? <23 [Man|? (the factor of 2 is due to the negative indices). Then, using

Cauchy-Schwartz and the above estimates on V', we have

/ dSS/ (- v)
89 o9

= / AuVu — uAVudx
Q

ou?

ov

ou?

Em s = —Vu as

89

= / AuVu —uVAu+ ulV, Aludx
Q

= / AuVu+ (V- a)ulu + Vula + u[V, Aludz
Q

<c, (Z Ian|2>1/2 (Z ‘)\nan|2>1/2

]

Proof of (ii). Let ¢, = (T — 2R) min{1,e®*M7}/Cr be the constant from the lower

Riesz sequence inequality (2.1.12)) for {e(F*=)y), Y. Since A\, — oo, there exists
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N € N such that
c;lCaC’l

<1
AN

Applying Lemma and then the estimate (2.1.11)), we have

2 2
T T
/ / > anthn (@) (za(t) — 0TI < / / () (2 (1) — VTP
0 T >N 0 SO >N
1/2 1/2
T T
< Ca D Jan(zn — 0T / D Pt (z, — T2
O jnj2N O jn|>N

< CaCIAV D Janl?

S anelrtivoty, ?

< CuCrey ' Ay

]

Establishing the ¢*-independence of {2,1,} is the most computationally intensive
part of the proof. The general strategy follows [I], [39] with adjustments to account

for the additional vectors {1, }.

Proposition 2.1.4. ForT > 2R, the sequence {z,1,} defined by and

is (?-independent in L*(T x [0,T)), i.e. for any {a,} € * s.t. > anznthy

)

rx[0,7]
a, =0 for all n.
Proof. Set e,(t) = z,(t) — 0Tt Then,
en(t) = Py [e(v+z>\n)t — emiM] +/0 K, (t — s)en(s) ds + by(t) (2.1.14)
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where

K, ( / M'(t — s) cos(Aps) ds — M(t) + 27y cos(Ant),

bu(t) :/ cos(An(t — s)) / M'(s (Y Fidn)r drds—/ M(t — 5)ertPns ds.

These computations are carried out rigorously in [39] so we do not reproduce them

here. Integrating b, by parts and applying the Gronwall Inequality, |e,(t)] < CA 1,

thus establishing (2.1.11)).

Now, take {a,} € ¢? such that 3 a,z,%, = 0. Convergence is understood in the

L3(T x [0,7]) norm. This implies

> an e, = =N " aneh,  in LT x [0, 7))

We claim that

dit (Z an€(7+i>\n)t¢n> [ Z aneil@/)n.

This will be immediate once it is shown that the RHS converges since the derivative
is a closed operator. It suffices to show that {€/1,} is a Bessel sequence (def. [1.2.2)).

We compute e}, explicitly from (2.1.14]) by

t
e (t) = ’H_—PVQZ/\” [(7 + iAn) 0T A emni] 4 /0 K/ (t — s)e,(s)ds + b, (¢)
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since K,,(0) = 0. Noting that
K/ (t / M"(t — s) cos(Ap8) ds — M'(t) — 2y, sin(\,t),
we see that

/0 K. (t — s)e,(s)ds = O\ ) — 27/\,1/0 sin A\, (t — s)e,(s)ds
= O0(\1) — 2ve,(t) + 27/0 cos A\, (t — s)el,(s) ds

t
=0\ + 27/ cos A, (t — s)el,(s) ds
0

since the first three terms of K/, are bounded, e, = O()\,;!), and ¢,(0) = 0. We also

compute
/ M/ 'Y+Z)\n)7’ d’l" An / Sln )\ t — S / M/ 'Y+Z>\n)T dr ds
_ M(O)e(’Y-H)\)t . / M/(t o S)€(7+1)\n)s ds
0
t ‘ . .
— / M/(t — S)e(’H—z)\n)S ds + / CoS )\n<t — 8) M”(S o ) (AT g dg
0 0 0
t
+ M’(O) / COS /\n(t — S)e(7+i/\n)s ds — 2#}/6(7+i)\n)t
0
e(YFiAn)t pitnt

= (M'(t) — 2v°) —

2 (ars [ aioe ) o0,

34



If ¥ = 0 then the terms containing v~! will not appear (e("*"A#)! —¢?nt — (). Therefore

e (t) = 27/0 cos A\, (t — s)el,(s)ds (2.1.15)

+ Dy (H)e? 4 Dy et - O(N1)

where

Dmay:<%7+M“—%M“ﬂ—y)af—l-Cme+AZw%@aﬂu>(ZLm)

v+ 2i\, 2y 2y
iAnY
d Dy, =—2—. 2.1.17
e P =T, (2.1.17)

Notice if v = 0, {€/, 1, } is a Bessel sequence by Theorem and Lemma

so we may skip to (2.1.21]). Otherwise, we note that the Volterra Equation
t
u(t) = 27/ cos A\, (t — s)u(s)ds + v(t)
0
has the unique solution

u(t) =v(t) + /0 R,(t — s)v(s)ds
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where

R,(t) = 2ve" (COSh fnt + 2 sinh ,unt>

n

= (1 + l) e(rthn)t + (1 + l) e(r—pn)t (2.1.18)
HUn HUn

and p, = /7?— A2 for \, # £v. We do not consider the case \, = %7 since
this only constitutes finitely many elements in the sequence and plays no role in the

convergence. This allows us to rewrite (2.1.15)) as

e, (t) = Dy n(t)e™ + Dy e + O\ ) (2.1.19)

¢
+ / R,(t — s)[DLn(s)ei’\”s + nge_i’\’“‘S + O\ )] ds.
0

{el ¥} will be a Bessel sequence if each term on the RHS is when multiplied by
b, The first two terms are since {e*%), } is a Riesz sequence and the O(\;!) terms
are by Lemma and the fact that R(u,) is bounded. So it only remains to show
the integral terms with D, ,,, Dy, are. We will only estimate the integral term with

D, ;. Dy, is handled similarly. Notice that Dy, (2.1.16) can be written as

D1, (t) = e’ + D(1).

36



Then, for {a,} C C,

t
Z an¢n/ R (t — 8) Dy n(s)e™* ds
0
t .
= Z Cnlnpn / R, (t — s)e(wr“")s ds
0

+ Z ann /Ot R, (t — 5)D(s)e™* ds.

We now consider the final sum in four pieces (the other sum is simpler and can be

treated analogously noting that {c,} is bounded):

t
Z anz/)n/ R, (t — 5)D(s)e™* ds
0
¢
= Z + Z anny (1 + %) e(w”‘")t/ D(s)elPn=77Hn)s s
n 0

n>0 n<0
t
S Y (1 _ l) em—" / D(s)elidnrtmms g
n>0 n<0 Fn 0
(2.1.20)

= Sl+52+53+84.

It can be checked that sup,.q |7+ pin — iAn| = sup, ¢ |7 — pn — iAn| < co. Therefore,

{ertratep, bz and {eY7#t,}, o are Bessel sequences by Lemma [1.2.9] Then, for
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On = (i)‘n i Nn>» T = SUDPy 50 |§n|a

v

Zanﬁ) (y+un)t / D ePn=r=hn)s 1

/2
dt>

n>0
1/2
/ S et / D(s
n>0 k:
1/2
=1
gzk— / > andfap, et /D sPds|| dt
k=0 n>0
9 1/2
— " g k ( )t
+pn
<Cp) 47 /0 > andfipnertt dt
k=0 n>0

<003 G (S mat?)”

k=0
1/2

< COpe'™ (Z |an|2) :

Therefore S; (2.1.20) converges and by similar reasoning Sy. To deal with S, and
Ss, we simply integrate by parts to pick up a factor of (i\, —~ =+ p,,)~*. Then, since
iAp — v+ pn = O(\,) for n > 0 and i\, — v — p, = O(\,) for n < 0, Lemma
guarantees the convergence of Sy and Ss.

We now have that {e/,1,,} is a Bessel sequence so Y a,e 1, converges and

D aneh, = % (Z aneﬁ*“n)twn) in L2(T" x [0, 7). (2.1.21)

Using Lemma|1.2.10, we obtain that {a,),} € ¢2. This follows since {0+ )ty }

forms a Riesz sequence and Y a,,e/0* %), has one derivative in time. Thus, d, :=
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an(y +1A,) € (2.

This process can be repeated since €/ (t) can be computed from picking
up a factor of A\, at most. Then, {\ 'e”¢,} is a Bessel sequence and we argue as
above to obtain

On 1= ap(y +iX,)* € (2

This now shows that > a2/, converges since

S Gt = 3 onet g, 15 Oy,

7+Mne

Now, for simplicity, set W, = >\ _\ @iy, for each n € A := {-n,n :n €
N, A < A1} (ice. the set of distinct eigenvalues of —A). We now claim that the tail

{@y }nj>n must be zero. Using ([2.1.6)),

A

0= anel(Bn = S W) = — S A2, 5, (1) — /0 M=) Y Xz (1).

By standard theory of Volterra integral equations, this implies Y AW, z,(t) = 0.
Now, for each n € A, set U = (A2 = A2)¥,,. Then, notice that ¥V has the following

properties:
(a) D Wz, = AT Wz, (t) = > ANW,z,(t) = 0.
(b) U =0 =0 but for [n| > 1, ¥ =0 <= ¥, =0.

This can be repeated for m € A, 2 < m < N by setting Ui = (A2 —A2)0" " (Here

m n
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m — 1 means the index in A immediately preceding m). Thus, we have constructed

S buzatbn =Y UMz =0 with by=a, [[ (A-A).
Inl>N {In|>N}nA ISh<N,
€

But the subsequence {an/)n}\mz ~ is a Riesz sequence by (ii) so b, = 0 which implies

a, = 0 for |n| > N. Now we only need to deal with the finite sum

> Wz, =0 (2.1.22)

{In|<N}NA

In other words we need to show {zy}s<nna is linearly independent. If it is not,
then there is a smallest linearly dependent subset, indexed by {n;}2L,, M > 2, and

suitable {c,, } (non-zero) such that

M
Z CnyZny, (1) = 0.

k=1

Then,

M M ¢ M
0= Z Cy 2, () = Z — N2 Cny 2 (1) — /0 M(t —s) Z Al Cry2n, (8) ds
k=1 k=1 k=1

SO

M
Z A2 Cryn, (1) = 0.
k=1
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Therefore we have found a smaller linearly dependent collection, namely

M
Z i )\2 )CnyZn,, (1) =0

k=1

where one or at most two of the new coefficients are zero (two only if A,,,, and A_,,,, are
in the collection). So, we only need to check that c;z, + coz_,, = 0 implies ¢, co = 0.
This follows simply from 2,(0) = z_,(0) but z/,(0) = =2’ ,(0) (see (2.1.6)). Thus
{zn} is linearly independent for distinct \,. Therefore, implies that ¥,, = 0.

Using Lemma [2.2.2 (below), for each n € A,

O—/\\IJ 1>(x — x0) - v(x) dS(z) > U, (2))*(z — 20) - v(x) dS ()

[2}9]

- Z Z/ am U (@) are(x)(z — 20) - v dS(z) =2 Z lam|? >0,

Am=An Ag=An ” Am=Mn

SO a,, = 0 for all m. O

2.1.1 Abstract Viscoelastic System

This strategy is applied in a more general situation in [I9]. Let G, H be Hilbert
spaces and let A : D(A) C H — H be a self-adjoint elliptic operator satisfying

appropriate assumptions (A) below. We consider the following viscoelastic system

41



for w: [0, T] — H:

w”(t) + Aw(t) = /t M(t — s)Aw(s)ds te[0,T]
0 (2.1.23)

w(0) =wy w'(0) =w

with the memory kernel M € H?*(0,T), and wy, w; being the initial conditions. In
this abstract setup, the boundary conditions will be contained in D(A). We also
introduce the observation operator B : D(B) C H — G. We impose the following

assumption on A and B:

(A) Let A : D(A) € H — H be self-adjoint, closed with dense range, having

compact resolvent and semibounded, i.e.,
(Au,u) > —cl|ul?,

for some ¢ > 0 and all u € D(A). Denote by H' the completion of D(A) with

respect to the norm ||z||? := ||z||? + |||A|"/2x||%.

(B) Let B : D(B) — G be closed with dense range that satisfies the observability-
reqularity inequality: There exists Ty > 0 such that for any T > T, there exists

C > 0 such that for w satistying ([2.1.23]) with M = 0,

C™ M (wo, wi) 2 x2 < |Bw| 20,71:0) < C|l(wo, wi) |21 02 (2.1.24)
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for all (wg,w;) € H' x H.
Under these assumptions, we have observability of the viscoelastic system.

Theorem 2.1.5. Assume conditions (A) and (B) are satisfied. Let M € H*(0,T).
Then, for any T > Ty, there exists C' > 0 such that (2.1.24}) holds for any (wg,w;) €

HY x H.

There are a few modifications to make to the arguments above. First, we must
account for the presence of a non-positive eigenvalues, but the condition (A) only
allows for finitely many of them, so they can be neglected in the proofs of (ii) and
(iii), with the exception of checking that {z,} remains linearly independent.

By condition (A), A has an orthonormal basis of eigenfunctions {¢,}52, for H
with eigenvalues {p,}22, C R, each of finite multiplicity with p, — co. Set A, =

sgn(n),/fij| for each n € Zy. We divide {\, }nez, into two classes, indexed by

Jo = {n € ZO : )\n = O}, Jl = Zo\JQ.

Then, define
sgn(n)Bey, for n € Jy,
Vn = 5 (2.1.25)
% forn € Ji.

Define z, as above, except when X\, = 0, z,(t) = 1 + isgn(n)t.

By the same proof as Proposition [2.1.2 the inequality (2.1.24)) is equivalent to

{etnty),,} forming a Riesz sequence. From this we can recover the relevant properties
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of {¢,,}. First, we replace Lemma with Lemma [2.1.13] This is enough to

establish (ii). Second, at the end of the proof of the ¢*-independence, we used the

fact that for each m € Z,,

Z 6Ln@Dn =0

An=Am
implies a, = 0. This follows from the lower Riesz sequence inequality for {ei*t,}.

In fact, we obtain

2

T
>/
0

We briefly summarize two cases in which the conditions (A) and (B) are both

Tmax{1,e )}

Z antn

2
dt > ¢ Z | ?.
An=Am An=X

§ A ez)\mtwm
Am=An

satisfied (therefore our Theorems [2.1.5 [2.1.7, and [2.1.8| apply). First, the Dirich-

let viscoelastic wave equation defined on an open bounded domain {2 with smooth
boundary where A is a self-adjoint elliptic operator with a bounded potential. Taking
B as the Neumann trace on a suitable portion of boundary 02 (see [3] for sharp con-
ditions), the condition (B) is well known to be satisfied, see for example [32] [36, K9],
with H = L*(Q).

Another case to which our result applies is the viscoelastic plate equation where
A = A? with Dirichlet boundary condition. It has been considered in [31] under
a smallness assumption on the memory kernel and in [48] in dimension two. The
observability-regularity inequality can be found in [33] Remark 1.3] when B

is the third-order boundary trace and H = Hj(€2). As shown in [36] [60], (2.1.24]) still
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holds for the second-order boundary trace with H = L?*(2). Moreover, in both cases,
Ty = 0 so the viscoelastic plate equation we consider is still observable in arbitrary
time 7" > 0.

A point of interest is the Neumann wviscoelastic control and observation problem
(e.g., take A to be the Neumann Laplacian). To the best of our knowledge, this has
not been studied in the literature, and it would be a consequence of our Theorem [2.1.5]
below, except that it is not known if there are suitable spaces H, G and operator B
satisfying the condition (B). For the natural choice of B as the Dirichlet trace in the
case of wave equations, the closest to to our best knowledge is Theorem 2.1.1

in [35] for the lower inequality and Theorem 1.1 in [34] for the upper inequality.

2.1.2 Application to Inverse Source Problem

As a consequence of the controllability result, we study the reconstruction and sta-
bility of an unknown source f € H from the observed data Bu € G in the following

system: Let u : [0,T] — H satisfy

u"(t) + Au(t) = /t M(t — s)Au(s)ds + o (t)f, for t in [0,T7;
0 (2.1.26)

Solving an inverse problem through the observability /controllability of the under-
lying system is a well established technique and has produced various methods in

inverse problems. In particular, the celebrated Boundary Control method pioneered
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by Belishev [5] which deals with the so called many measurements formulation [20].
For our inverse problem with a single measurement formulation, we refer to [37] and
references therein.

Inverse source problems for partial differential equations have also been studied
extensively in the literature [0, 26]. For the viscoelastic inverse problem considered
here, [12] and [40] studied more general viscoelastic equations and showed similar
stability estimates by means of Carleman estimates. However, their method does not

produce the reconstruction formula as we have in Theorem [2.1.8|

First we give the relationship between the systems ([2.1.23) and (2.1.26)).

Lemma 2.1.6. Let w satisfy with wy = 0, w1 = f € H. Then
t
u(t) = / o(t —s)w(s)ds (2.1.27)
0

satisfies .
Proof. First notice that for any v € C*(0,T), integrating by parts, we have

t

% Oa(t—s)v(s)ds:/o o/ (t — s)o(s) ds + o (0)o(t) (2.1.28)

s=t

+ /0 ot —s)v'(s)ds + a(0)v(t)

= o (t)v(0) + /0 o(t — s)v'(s) ds. (2.1.29)

Applying this to (2.1.27)), u satisfies the homogeneous initial conditions for (2.1.26)
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since w(0) = 0. Differentiating (2.1.27)) with respect to ¢ and applying (2.1.29)) twice,

u"(t) = o' (t)w(0) + o(t)w'(0) + /0 o(t — s)w"(s)ds
=o(t)f + /0 o(t — s)w"(s)ds

where we have used the fact that w(0) = 0 and w'(0) = f. Next, we claim that

/Mt—smu()ds_f (t — ) Aw(s) ds
//Mt—s (s — 1) Aw(r) dr ds

[oamers s

If this holds, then the lemma is proved. We only need to confirm the last step,

establishing that the convolutions commute. Indeed,

/ot /OS M(t — s)o(s —r)v(r)drds = /Ot /Tt M(t = s)a(s —r)dsu(r)dr

:/Ot/rtM(T—T)U(t—T) drv(r) dr:/ot/OT M(r =)ot — 7)o(r) dr dr
/ (t—7) / M(r = r)v(r) dr dr

for any v € C(0,7). O

The stability estimate is a simple consequence of this lemma.
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Theorem 2.1.7. Assume conditions (A) and (B) are satisfied, M € H*(0,T), o €

CY0,T) with 0(0) # 0, and T > Ty. Then there exists C > 0 such that for any

[ €H, u satisfying (2.1.26),
CH Al < IBull g o) < Cll flln
Proof. As a consequence of Theorem [3.2.1] with wg = 0, and w; = f,
112 = | Bwl|z20,71:6)-

Then, in light of Lemma 4.2.5

u'(z,t) = o(0)w(t) —f-/o o (t — s)w(s)ds.

(2.1.30)

(2.1.31)

(2.1.32)

We first prove the lower inequality in ([2.1.30). By standard theory of Volterra equa-

tions [55], there exists K € C[0,T] (which we will henceforth call the resolvent kernel

of ’/c(0)) such that

a(0)w(t) =u'(t) + /0 K(t — s)u'(s) ds.
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Note that for any p € C[0,1],v € L*(0,T),

T 2 T rt t
/ dt < / / lp(t — 7“)|2dr/ lu(s)|? ds dt
0 o Jo 0

T2 2 T
< Ll [ o) as.
2 0

/O t p(t — s)o(s) ds

Applying this to (2.1.32)) and (2.1.33)), we obtain

||Bw||L2([O,T];g) = ||Bu||H1([O,T};g) (2134)
Applying (3.2.5)) proves the theorem. [

The other component of the inverse problem is to give a reconstruction formula

for f, from the observation Bu.

Theorem 2.1.8. Under the assumptions of Theorem there exists {6,} C

L*([0,T);G) such that

f=2_ 6u (B 00) 2 0m10)

n=1

for u satisfying )

Proof. First, since {z,¥n }nez, is Riesz sequence in L*([0,T]; G), setting w, = ===

for n € N, {w, 1, }nen is still a Riesz sequence. Indeed, for a finite sequence {a, }nen C
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oo
2> lanl* = ) lajf?
n=1

n€Zo

2
= Z a\n\znwn

neZo

0 00 2
= E anznwn + E &nZLnan

2

o0 (e 9]

= Z anzn¢n - Z anz—n¢n

n=1 n=1

00 2
= E Qianwnwn
n=1

(2.1.35)

By the formula for z, (2.1.6), for n € J;, w, satisfies

w” (t) + N2w, (t) —)\2/Mt—swn s)ds t €0, 7]
(2.1.36)

and wy(t) =t forn € Jy. Since {wy,} is a Riesz sequence, there exists a biorthogonal
Riesz sequence (Lemma [1.2.5)), say {px}. Next we compute the adjoint of the Volterra

operator on L([0,T];G), p(t — s)v(s) ds for any p € L*(0,T).
0 P

// (t — s)u(s) ds=(t) dt = // (t — s)o(s)2(t) di ds

_ /OTv(t) /tTp(s ~t)a(s) dsdt
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So Vyz( ft (s —t) z(s) ds. We want to find 6 such that

pr = (0(0) + V)0

Recalling K from ([2.1.32)) and ([2.1.33)), we see that (I + Vik)(c(0) + V) =

if we set 0y = o(0)7 (I + V3)pg, then (2.1.37) is satisfied. Indeed,
(00 + V)0 = a(0) (I + Vi) (0(0) + Vo) pr = pis,

thus establishing ([2.1.37)). This gives the reconstruction formula. Indeed,

u(t) = /0 o(t—s) Z AWy (8)bp ds

where

(f,dn) forne JyNN,

Ap =
(f, dn)
A

n

forn € J; NN,

which implies

o0

Bu =B Z an(0(0) + Vo )wndn = Y _{f, 6u)(0(0) + Vo Jwnthy.

n=1
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Finally, by (2.1.37)), for each k € N

(B, 0) 12 0m10) = D Fs D) 22(011:0) {(0(0) + Vo )wnthn, k) 12 0.77:0)
n=1

WK

<fa ¢n>L2([0,T];g)<wn¢m (U(O> + V;)6k>L2([O,T];Q)

i
I

M]3

<fa ¢n>L2([0,T];g) (wn¢n> pk>L2([0,T];g)

i
I

= <f, ¢k>7—t-

]

Remark 2.1.9. Moreover, {6} is also a Riesz sequence. This follows from the fact

that (o(0) + V) is bounded with a bounded inverse so

HZCLkaH = H(U(O) "‘Vfg)zakpkH = HZ akpkH

and {py} is a Riesz sequence since it is biorthogonal to a Riesz sequence.

Remark 2.1.10. The H'([0,7];G)-norm in the lower inequality in Theorem [2.1.7]

cannot be replaced by L*([0,T]; G).

Proof. Assume the inequality can be improved. Then by (2.1.38)), {y,¢,} forms a

Riesz sequence in L?([0,T];G) where

Yn(t) = /0 o(t — s)wy(s)ds.
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However, in the case of no memory (M = 0 in (2.1.6)), for n € Jy, w,(t) = sin(A,t)

in which case

/0 ta(t — 5)sin(Aps) ds = —Ai <0(0) cos(Ant) + /0 t o' (t — ) cos(Ans) ds)

n

SO ||[Ynllr2p,) < ClAn| ™. Since {z,1,} is also a Riesz sequence, applying the upper

inequality, we get (2,(t) = e*n!)

T
T2 = / et |2 dt < C.

Therefore, [[1,]] < C which implies

C
Yntn || L20,11:0) < pWE (2.1.39)

However, if {y,1,} was a Riesz sequence, then taking a, to be 1 in the m-th entry

and 0 everywhere else,

||ymwm||L2([0,T};g) = Hzanynwn 12(0.71:0) >c
which contradicts ([2.1.39)) since |\,| = oo. O
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2.2 Wave Equation

Here we give a new proof of the observability of the wave equation which extends the

older harmonic analysis method to higher dimensions.

Theorem 2.2.1. Let T > 2R, R such that Q C B(xzg, R) for o € R? defined by

. Then there exists C,c > 0 such that

¢S Janl? < /OT/F > e ) S dt <0 Jaal?

for all {a,} € (?. Moreover, ¢ = (T — 2R)/Cr where Cr = maxp(z — x¢) - v(x). In

other words, {1, } is a Riesz sequence in L*(T x [0,T]).

We first state two preliminary lemmas concerning the functions {4, } from (2.1.25).
Define the following operator A : H}(2) — L?(Q2) which connects the boundary terms

1, with the interior eigenfunctions ¢,.
(Au)(z) = m(z) - Vu(z) where m(x) =z — (2.2.1)

for u € H}(Q) and z € Q.
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Lemma 2.2.2. Let A and m be defined by . Then, for all j, k € Zy,

if 7] # |Kl;
/aﬂ(m V)b dS = 5 ifj =k (2.2.2)
) if j = —

Proof. We use the fact that

Api(x) = (m - V)%(x), Vee o, jeN

as in Lemma since ¢; = 0 on 0. Notice also that [A, A] = 2A. Indeed, for

each 1,

Z ij(:ci — .213071')81' = Z(xl — wo)ajjai + 81[(:171 — .27071')8“' -+ 81]

J J#i

—Z i — 20)8,0;; + 20y

Applying these facts along with Green’s Theorem,

_ L O
/@Q(my>¢j($) k(l‘) dsS = N /39 A(ﬁm By dS

1

DWW | Ad Ay — A(Ady)dyy de

%)



A2\
M

/Q Ay doif [j] # K]

1
XAk

/Q2A§|¢j|2 dr = £2 if |j] = |k|.
O

Lemma 2.2.3. The sequence {/\]-_lAgb|j|}jezo is a Bessel sequence in L*(Q). More

precisely, for all u € (*(Zy),

2
/ ZU]% § R2 Z (‘U]"Z — Ujﬂ,j) . (223)
Q| )‘j j
Secondly,
/ Ay Pl = —/ P APk (2.2.4)
Q Q
for |j] # |k|.

Proof. Notice that the system {/\]-_Ing| j| }jez, has some sense of orthogonality. Indeed,

for each j,k € Zy,

) 0 it |j] # Ikl
Vo - Vo P AG o
T e e ) L=k

Q j\k Q J Nk

1 ifj = —k.

\

Then, using the definition of A in (2.2.1)) and the Cauchy-Schwarz Inequality, we
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obtain for {u;} € (*(Z,),

>

i

= R? <Z]: |u;|? — Xj:uju_j> :

Now we proceed to the second statement in the lemma. Recalling m from ([2.2.1]),
m;0;0;0 = 0(mi;dy,) — (i) djdx — mich;Oipy.

Summing over i = 1,...,d (recall d is the dimension of the space) and integrating

over (2 yields

/ A6 = / V - (mdye) - / 055 — / 6,40 (2.25)

which gives the desired identity since ¢; = 0 on J2 and {¢;} are orthonormal. O

Now we give the proof of the lower inequality in Theorem [2.2.1L The upper
inequality follows by a similar argument but with A replaced by V' from the proof
of Lemma [2.1.3] To be concise, all sums are assumed to be taken over Z; unless

otherwise stated.

Proof of Theorem [2.2.1 For Cr := maxger[m(z) - v(xz)] < R, we have the following

estimate using Lemma [2.2.2]

)12

2

dtds > ajei’\ftqu ()| m(z)-v(z) dtdS

iXjt
a]z Yz
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) 12>\ T -1
= QTZ |a;] Za]a_]
~- _
+ Z Z a;ay, < ! ) (ei(’\j_)"“)T — 1) / Agioy, dx .
] k#+tj j Mk @

First, notice we can rewrite expression II as:

II = Z Z a]ak— M=) _ /Aqu@ dx
Q

J kAL

+Z Za]ak— ’(A )T —1)/A¢j% dx
)

7 k#Lj

— = (N A)T A T
Z Z a]ak )/Q o dx

J k#tj
(e?M—2)T — 1) (— / b;Ady, dx)
Q

+ZZa]ak
_m<zzaak T >/fo]% )

k j#tk
J k#F=j

where in the second equality we have exchanged the sums and applied the second

statement in Lemma [2.2.3] To obtain the final equality, simply notice that when

k = 7, the summands are zero so we may include them at no cost.

Now, we will include the terms when k£ = —j. By 1' 2R [, A¢‘j‘q§|,ﬂ = —d.
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Thus we can rewrite the second two terms in the original inequality (2.2.6)) as

- 612)\ T 1 ¢
I+11 = (d—1) R (Zaja_] ‘ )+2§R (Zz%ak AT _ i MJ¢ d:p).

J

(2.2.7)

Additionally, we have the following identity for the first sum in ([2.2.7)):

eiQAjT -1

2yl

L) ) (2t) )

Then we split the double sum from into two terms (one with e?—*)7T and

one with —1) and estimate each with the corresponding portion in the above identity.

, o A
‘/ﬂ(d—l) >4 MT?;') (Zk: akGM’CT@kl) +22j:2k:ajakez“f A’“)T/Q (Z)m?b\k

J

= /Q ((d -1) Z ajei’\jT% + 2 Z ajei’\fT@> (Z akei’\’“Tﬁb|k|>
J j J k

J
2
(d _ 1) Z ajez)\jTQi\_]' +92 Z ajez/\jT ;\b.] Z akezAkTgblk'
j ! j ! k
(2.2.8)

2
1

< R
<1z, +
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Note that by (2.2.5)), for any v € HJ (),

1(d — 1)u + 2Au|]* = (d — 1)*||ul]® + 4(d — 1) R(u, Au) + 4]| Aul|?
= (=1 —d)(d — D]jul]® + 4/ Au||?

< 4| A,

where || - || and (-, -) denote the L?*(2) norm and inner product. Apply this to (2.2.8)

with u =" a;e™ Tqu/\ . Then, applying 1-} from Lemma [2.2.3] we have

+R/
Q

< RZ (Ja;|* — aja_;e®M7T) + RZ (Jax|* + apa_pe™M7") = 2RZ [
k

J J

2
N T 9%\

k

(2.2.9)

j

The other term (with ¢/ =T replaced by —1) is estimated in a manner similar

to (2.2.8) and (2.2.9)). Substituting (2.2.9) and the corresponding estimate for —1

into the original inequality gives the desired result:
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2
dsdt

T
oo |
o Joa

>2TZ|aJ12+ZaJ aj———
1
s aa(l mw =) [ A

J k#FEj

Z aje™ ', (x)

12)\ T -1

>2TZ:|0L]]2 4RZ|@;|2—2 —2R) Z:|%|2
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Chapter 3

Resolvent Estimates

Consider the abstract evolution system

i—u(t) = Au(t) t>0
(3.0.1)

where H is a Hilbert space, u : Rt — H and A : D(A) C H — H is a possibly
unbounded linear operator.

We will relate to certain problems in control theory for this system by studying
the resolvent of A. First, we give the relationship between the resolvent and the
observability inequality. The following proposition is inspired by [42, [I1], but we

provide a simplified proof which suffices for our applications.

Proposition 3.0.1. Let A, B : H — H be linear operators on a Hilbert space. Asu-
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ume that A is self-adjoint and B bounded. There exists ¢ > 0 such that
cllfI? < ICA =X 17 + 1BFIP? (3.0.2)

for all f € D(A), A € R if and only if there exists C,T > 0 such that
T
fuoll < [ 1Buto) Pt (303

for all ug € D(A) and u satisfying ({{.2.5).

Proof. We first prove the forward direction. Let T > 0 and ug € D(A) and u = v,
be the corresponding strong solution to (4.2.3). Then, for ¢ € C§°[0,1], set v(t) =
»(t/T)u(t). Then,

i

i’ (t) T

/(8 TYut) + 061/ T (1) = ! (/T)ult) — Av(r).

By construction, v € C5°([0, 1]; H) so integrating by parts, iv/(1) = i(2m)~% [, v/(t)e~*" dt =

—i [po(t)(—iT)e” " dt = —70(T). Therefore,

T
Applying (3.0.2)) for A = 7, we have
A 1, —— )
cllamI” < 19/ C/T)u() + 18I (3.0.4)
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Integrating in 7 and using Plancherel’s theorem, we obtain
1
e [ lwtmuol i< 5 [ el a [ uemsa P (605
Now, for any ¢ € L?(R), since |Ju(t)|| = ||e™*uo]|| = |Juo]| for all ¢,
/Rch(t/T)U(t)Ilet = /R ot/ T)Plle™uo|® dt = T|¢|| 7wy lluoll*.
Applying this to the first two terms in (3.0.5)), we obtain
TN B ol < 1 By ol + [ [Bu(o)ae
r2nlitoll = 7 L2(0,1) uo” + ; [Bu(t)|| dt.
So, for T" large enough, there exists Cr such that
T
Jull? < Co [ 1Buce) P
0

for any uo € D(A).

For the other direction, we use the fact that

%emu(t) = M (idu(t) + /(1) = eM(iN —iA)u(t) = —ie™ e (A — Nuo.
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Therefore,

leu(t) — up = \

¢
/ —ie™ e (A — Nug ds
0

< HI(A = Muol-

Now, assuming (3.0.3)), we have
T T )
O luol? < / |Bu(t)|P dt < 2 / 1B(e™u(t) — uo) |2 dt + 27| Buo |
0 0

Since B is bounded, ||B(eu(t) —ug)||* < Ct2||(A — N)ug||* which proves (3.0.2) with

f replaced by uqg. O]

3.1 Uncertainty Principle

We will derive our resolvent estimates from inequalities of the uncertainty principle
type. The particular form of the uncertainty principle we will use is the Paneah-

Logvinenko-Sereda Theorem. One definition is needed before stating the result.

Definition 3.1.1. A set £ C R? is said to be relatively dense if there exists R,y > 0
such that

m(E N Bz, R)) > ym(B(z, R))
for all z in R%.

Theorem 3.1.2 (PLS Theorem). Let E be relatively dense and o > 0. There exists
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C > 0 such that

I fl2mey < Ol fllz2m)
for all f € L2(R?) with supp f C B(0,0).

This result has been proved many times and inspired many variations [49, 38, 23|
30, [45], 143], 28]. The precise statements we will need come from the work of Kovrijkine
n [30]. However, we will not need the full strength of these results so we prove
the version we will use in Theorem [3.1.6] Relative density is also necessary for the
inequality above to hold. This will more or less be proved in Section [3.2.2]

We begin with a simple version of the Turan Lemma (see [44] for the general

version).

Lemma 3.1.3. Let p(z) = ce'™ + de™™ for a,b € R, ¢,d € C. Then for any E C
0, 27],

2

sup |p(z) Suplp( -

| <
z€[0,27] |E|2
Proof. Tt is enough to show pu{z € [0,27] : |1 + re"| < e} < my/e for &,|r| < 1 and

s € R. If so, then (assume |c| > |d|)
sup |ce™™ + de™| < |c| + |d| < 2|c|

xz€(0,27]

However, |p(z)| = |c||1 + d/ce®=9?|. Taking /¢ = |E|/(2r) < 1, there must be a
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point zg € E such that |1 4 re'*| > |E|?/(27)?. Therefore,

su x)| > T > > su x)|.
erp |p( )| N |p( 0)| N 472 ~ 82 xG[O,IZ)w] |p( )|

We now turn to estimating the measure of the level set. We claim that f(z) :=
1 — (%)% — cos(z) > 0. Indeed, f'(z) = sin(z) — Sz has at most two zeros in

™

the interval [0, 7] since the sine function is concave on [0, 7] and a concave function

2

intersects a straight line at most twice. f’(0) = 0. There must be another zero in the
interval, let us say at v, since f(0) = f(5) = 0. Therefore, f' > 0 on [0,7] and f* <0
on [, 2]. This proves that f > 0. So, if cos(z) > 1 — 3, then 1 — (22)* > 1 — 8 which

is equivalent to « < Z1/B. Therefore

p{x € [0,7/2] : cos(z) > 1—p} < g\/B

Now we can prove the first claim, if |[r| < 1 —¢, then |1 +7re | > 1—|r| > ¢
so there is nothing to prove. On the other hand, |1 + 7e*%|2 = 1 + |r|* 4+ 2p cos(sz)

where p = Rr. Then
{114+ < e} = {eos(sz) < (2 — (1 +1r[?))/29)

C {cos(sz) < —(1 —¢)/p} C {cos(sz) < —(1—¢)}
using the fact that |r| > 1 — ¢ implies €2 — (1 + |r]?) < 2e — 2 and p < 1. Letting k
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be the smallest integer such that |s| < k, we have

|s|u{x € [0,27] : cos(sx) < —(1 —¢e)} = u{y € [0,27|s]] : cos(y) < —(1 —¢)}

<D {y e n(i—1),2m)]: cosly) < (1 =€)}

Scaling and shifting, this easily extends this to any interval I € R.

Corollary 3.1.4. Let I be an interval in R and E C I.

sup [p(z)] < 2 (ﬂ)Zsup p()]

zel |E|) zcE

We can also extend to the L9 case.

Corollary 3.1.5.

1|

2+1/q
ol zacry < o1/ag8 (E> 1Pl La()-

Proof. Let E C I. Setting F = {z € E : [p(z)| > t}, p(F) < t79 [, |p|?. So, taking

t1 = 2|E|7" [, |p|?, we have u(E\F) = u(E) — u(F) > p(E)/2. Applying Corollary
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to the set E\F, we get

2 1
|I|‘1/q|| || < <8 ﬂ i .
p La(I) > ilél? |p(l')| = |E| |E| ||p||Lq(E)

]

We will now prove the following “annulus” version of the Paneah-Logvinenko-
Sereda Theorem. As we will see below, to apply such inequalities to wave equations,
we need supp f to be contained in an annulus. However, in one dimension, an annulus

is just the union of two intervals, and we will exploit this fact to obtain a better result

for d =1 than for d > 2. See the discussion around Theorem ({3.2.1)) below.

Theorem 3.1.6. Let f € L*(R) with supp f C B(a,0) U B(b,o) and E C R be

relatively dense. If o < 22 then

211/2 R
210
Jue <% e
7 JE

Proof. First, we need the Bernstein Inequality. We will only use the L? version. So,

for supp g C B(0,0),

19172y = /B( ) £9(6)17 dE < 0?9172 w)-
0,0

Let f € L2(R) with supp f C B(a,0) U B(b,0). Then, f = ¢ fi(x) + ¢ fy(z) for

suppfl- C B(0,0). First we prove the special case for sets E satisfying |[E'NI| > v
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for all intervals I of length 1. Let I be such an interval. For any z,y € I, f;(x) =

JY ) dt + fiy). Set p(x,y) = € fily) + €™ fo(y) and R(z,y) = [Y[e fi(1)
e f1(t)] dt so that f(x) = p(z,y)+ R(z,y). Applying Corollary with ¢ = 2, we

obtain with Cp = 27/+°

[l ds <2 [ ipePde+2 [ 1RGP ds

<90, / p(a, y)|P dz + 2 / R(z, )P da
ENnI I

§4(JE/ |f(x)]”dx+2(2CE+1)/|R(m,y)|”dm.
ENI I

Now, since [, | [Yg(t)dtf*dz < [, |z —y| [, 1g(t)?dtdx < |1 [, |g(t)]*dt for any

x,y € I and g € L*(I),

/I R(xy)|? dr < / FOF + £ dt.

Summing over all the intervals and applying Bernstein’s inequality,

2 2 /12 112
/R|f| s4cE/E\f1 +2<20E+1>/R\f1| +/R!f2|

<1Cx [ I +202Ce + 0o [ |1P
E R

So, if 62 < 1610E < 4(201E+1), the final term can absorbed and we obtain || f||r2®) <

V8CE fllrzm) = 2°/7%2|| fllz2(m)- We scale to get the more general case. Suppose

there exists R > 0 such that m(E N I) > ~R for all intervals of length R. Setting
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= = F/R, for any interval J of length 1,
m(ENJ)=R'm(ENRJ)>~.

Je|f@)2dz = R [-|g(y)|*dy where g(y) = f(yR). Tn this case §(¢) = R~ f(¢/R)
so if supp f C B(a,o)U B(b,0), then supp ¢ C B(Ra, Ro)U B(Rb, Ro). So, applying

the above result to g and =, we get, for 02 < 1/(16C R?)

2°R 25
I171= B9l < “5gllgllize) = gl e

]

Proposition 3.1.7. Let Q0 C R be relatively dense, s > 0. There exists ¢ > 0

(depending on Q. s) such that for all f € L*(R), A > 0.
2 2 9 5/2 2 2
cllfllzz@ < @A+ X)s (A + 1) = N) fllz2@ + 1720 (3.1.1)

The constant ¢ depends polynomially on ~, R from Definition |3.1.1, The operator

(—A 4 1)*/2 is understood as a strictly positive Fourier multiplier:

(A 1P f) = = [+ 12 e de

Throughout, we denote by || - || the norm || - |[z2@®). We begin with the following

algebraic lemma.
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Lemma 3.1.8. Let s > 0. There exists cs > 0 such that

|75 = A > cs(1+ )\)1_1/8

for all 7,\ > 0 in the region |7 — A\Y/*| > 1,

Proof. First, for any s > 0, there exists d,, Dy > 0 such that

ds max(z,y)* "o —y| < [2° — y*| < Dymax(z,y)* "z —y| (3.1.2)

for all z,y € R,. Indeed, consider the function g(z) = (1 — 2*)/(1 — 2), z € [0,1).
g(0) = 1 and lim, ,;- g(2) = s. Defining ¢(1) = s, ¢ is continuous and always positive
on [0,1] so it has a minimum and a maximum, say ds and Ds. It can also be shown
that ds = min(s, 1) and Dy = max(s,1). Take z = z/y for x > y to obtain (3.1.2)).

Next, consider two cases.

(i) If 7 > AY* 4+ 1, then

|7° — A| > ds max(r, )\1/5)5_1\7 — )\1/5] =d,m T — )\1/5].

The function z + z*~!(z — p) is positive and increasing for z > p + 1, so we

can bound the final term from below by its value at 7 = A'/* + 1 which yields

78 = Al = d(AY* 1)1
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(ii) If 7 < AY* — 1, then

|7° — A| > ds max(T, )\1/5)5_1 1= ds()\l/s)s_l.

If s <1, then s —1 < 0so (A/%)s=t > (A5 + 1)*71 Since 0 < 7 < AV/* — 1,

A>1. So, for s > 1,

()\l/s+>\1/s>5—1 - (/\1/s+1)s—1

1/s\s—1 __
()\ / ) - 2s—1 - 2s—1

Therefore, there exists ¢, such that
1
175 = XN > (AW + 1) P> e (A + 1)

where in the final step, we have used the fact that for p < ¢, (29 4+ y?)/7 < (2P +

yP)P, O

Proof of Proposition[3.1.7 Let A >0, s > 0 and g € L*(R) such that supp g C A, :=
{€ e R:|(|¢]*+1)Y2 = A5 < 6}. We will take § small so we assume § < 1. Notice
that if \/* <146, then A, C [—\/5_5, \/5] If \/* > 14§, then A, is the union of

the two intervals

+ {\/(Al/s —6)2 — 1, /(A 4 6)2 1} .

The width of these intervals is also no more than v/56. Indeed, the width is a de-
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creasing function of \, so we may get an upper bound evaluating it at \'/* = 1 + 6.

Therefore,

\\/(Al/s—5)2—1—\/(A1/8+5>2—1| < V(1+20)? = 1= Va5 + 202 < V56,

Therefore, for €2 C R which is relatively dense, if ¢ is small enough, by Theorem |3.1.6],

there exists C' > 0 (independent of A and g) such that

lll < Cliglir2@-

Denote by Py the projection Pyf = F (14, F(f)). Then, for f € L*(R),

1A = P + 1 — B £IP
< ClIPAf e + I = PSP
= Cllf — (I = P)f Iy + 11 = PSP
< 20| F 1By + 20N — P f1aiey + (I = P)FIP

< 2C|| 1720y + 2C + DI = P fII.

It remains to estimate the final term. Lemma can be scaled so that if |7 — A% >
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§, then |75 — A| > ¢,(6° + A\)'~V/5. Taking 7 = (|¢|*> 4+ 1)'/2, we obtain

H«—A+1W”—MHF:/KKF+D””—M%ﬂ®F%
z/'m¢w4f”—ﬂﬂﬂoﬁﬁ
A5

>+ 07 [ IF©R de

— ¢,(5" + NP5 (= PYSIP.

3.2 Klein-Gordon Equation

We will apply the results of the previous section to the damped fractional Klein-
Gordon equation recently introduced by Malhi and Stanislavova in [41]. For (z,t) €

R? x Rxg, let w satisfy
Wi (0, 1) + (@) w (2, 1) + (A 4+ 1) 2w (x,t) = 0. (3.2.1)

The damping force is represented by yw,. Herein, we study the decay rate of the

energy of w, defined by

E(t) = [(w(t), wi(1))]

1/2
H/2x L2 = (/ (A + 1) 4w (x, t)]? + |we(z, t)? dx) :
R4
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The rate of change of the energy can be related explicitly to « through the following

identity.

d -
%E(t)2 =2 éR/ (—A -+ 1)8/4U)(—A + 1)5/4’U}t + W Wy
R

:2%/ ((—A+1)3/2w+wtt)wt
R
= —2/7|wt|2

R

In particular, if v = 0, then the energy is conserved, i.e. there is no decay.

Theorem 3.2.1. Let 0 <y € L>®(R). There exists R > 0 such that

a+R
inf/ v(z)dx >0 (3.2.2)

acR [ _p

if and only if there exists C,w > 0 such that

C(1 + )75 |[w(0), w,(0)

Hsx HS/2 Zf 0<s<?2
E(t) <

Ce ' E(0) if §>2

for all t > 0 whenever the right-hand side is finite.

Note that for v bounded, the condition ([3.2.2) is equivalent to {x € R : y(z) > ¢}
being a relatively dense set (Definition [3.1.1)) for € small enough. However, if 7 is
unbounded, then (3.2.2)) is the weaker condition.

The above result does not say anything about the optimality of the rates. However,
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we can answer the question posed in [41] concerning the value of the threshold between
exponential and polynomial decay. We will show that exponential decay neccesitates
that s be greater than 2 (as long as +y is not bounded away from zero), thus establishing

s = 2 as the threshold.

Theorem 3.2.2. Let 0 < v € L>®(R) and s > 0. Suppose

(i) m({y=0})>0.
(ii) There exists C,w > 0 such that E(t) < Ce “'E(0) for all t > 0.

Then s > 2.

The main ingredient in our proof is the resolvent estimate just proved in Propo-
sition for the fractional Laplacian. In order to conclude the polynomial or
exponential decay in Theorem , we will use (as a black box) the following two
results on semigroups which connect resolvent bounds for the generator to the decay
of the semigroup. For exponential decay, there is the following characterization from

[25, Theorem 3] (See also [16], 51]).

Theorem 3.2.3 (Gearhart-Pruss Test). Let e be a Co-semigroup in a Hilbert space
H and assume there exists M > 0 such that ||| < M for all t > 0. Then, there
exists C,w > 0 such that

HetA” S Oefwt

if and only if iR C p(A) and sup,eg [|(A — iN) 7| < oc.

7



For the polynomial decay, we use the following result from [§, Theorem 2.4]:

Theorem 3.2.4 (Borichev-Tomilov). Let et be a Cy-semigroup on a Hilbert space
H. Assume there exists M > 0 such that ||| < M for allt > 0 and iR C p(A).

Then for a fized o > 0,
|eYA7Y| = Ot Y*) as t — oo
if and only if [|[(A —i\) 7| = O(A\?) as A — oo.

3.2.1 Proof of Energy Decay Rates

To apply (3.1.1]) to the wave equation (4.2.3)), we first represent the wave equation as

a semigroup: Setting W (t) = (w(t), w:(t)), we see that (4.2.3)) is equivalent to

d
ZW(E) = AW ()

where A, : H® x H*/? — H*/? x L? is densely defined by A, (uy,us) = (ug, —(—A +
1)*/?u; — yuy). The Sobolev space H” for r > 0 is defined by the decay of the Fourier

transform:

i fue s ulfe = [P+ 17 10OR de <00 [, o = (4100}
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The definition above is more convenient for our setting so that ||ul|gs2 = |[(—A +
1)¥%u|| = ((—=A +1)%2u, u) 12, but the multiplier is equivalent to the usual multiplier
(J¢] + 1)*. Tt can be easily checked that Ag is a closed skew-adjoint operator on
H*/? x L? therefore et is a semigroup of unitary operators. Then, since v > 0, for

U= (ul,u2) e H° x H8/2,
§R<A:U, U>Hs/2><L2 == §R<A7U, U>Hs/2><L2

= §R<~AOU7 U>Hs/2xL2 - <’YU2,U2>L2 = —<’VU2,U2>L2 <0.

Moreover, since v € L>(R), the domain of A, is the same as Ag. So, by classical
semigroup theory [50] et is a Cy-semigroup of contractions. We now apply Proposi-
tion to Ap and A,. The first step is an observability inequality for the undamped

wave equation (4.2.3)).

Proposition 3.2.5. Let 2 C R be relatively dense, s > 0. Then, there exists ¢ > 0

such that

4_ .
U erzr 2 < (A +1)5 72 (Ao = iNU N Ggera e + lluzllfo)

for all U = (u1,uy) € H® x H*? and X € R.

Before proving this, we mention that by Proposition [3.0.1] this implies that for

Q) relatively dense, there exists C, T > 0 (again with polynomial dependence on the

79



parameters 7y, R) such that

T
| (wo, wr)|| gsraxre < C’/ /|ut(x,t)|2dxdt (3.2.3)
0o Ja

for all solutions u to the undamped fractional Klein-Gordon equation with s > 2 for

(x,t) € R x (0, 00):
(2, 1) + (=A + 1)*u(z,t) =0, u(x,0) =uy, u(z,0)=1u.

Proof. For U = (u1,uy) € H3(R) x H¥?(R), set w; = (—A + 1)¥%u; — iuy and

wy = (—A + 1)¥*uy + iuy. First, by the parallelogram identity,

il 7@y + llwalZo@y = 20 (=4 + 1) u]|* + 2[jus|* = 2/|U]

2
Hs/2x[2"

Second,
(Ao = ADU 32 2 = (=2 + 1) (=X 4 ) |2+ || = (A + 1) 2wy — M|
= |- AT i
s/aW1 T Wy . W] — W
+ || = (A +1)*4 5 —i\ 5 &

= || — iy — (—A + 1) w2 4 || — idwg + (—A + 1) ||
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So, applying Proposition to w; with s replaced by s/2, we have, for A > 0,

20| Ul3ger2 2 = clllwnl|* + Jwz|*)

< (M D32+ )7 = X + lwr[IZ2 ) + cllwa ||

é* S
< (A + 15 (A + 1) = Nwi |+ 2f|wr — wsl[Faq) + (¢ + 2)wel?

c+ 2

. s/4 W 2
T84 D74 A

é* S
< (I 1572 ((=A + 1) = N |[* + 8]|uz 72 +

4 .
< (c+2)(IA+ 1) 72[[(Ao — iINDU 13y 2 + Blluall72 0

We get the case A < 0 by exchanging the roles of w; and ws. O]

Finally we extend this to A, — i\l and prove Theorem [3.2.1] First notice that for

any R,e >0, a € R,

a+R
| @ e < Il 2 2} fa = Roa+ B) +2Re
a—R

So, (3.2.2) implies that {v > ¢} is relatively dense for £ small enough. Therefore,

taking Q = {7 > ¢} and applying Proposition [3.2.5

4_ .
U2y gz < (A +1)s N (A = iU g2 + 2l
72 . 2 é72 -2 2
< 20+ 1) Ay = IADU o o + |20+ 1) 77 477 [yulli2(q)

(3.2.4)
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We estimate the final term. Since Aj is skew-adjoint,

R{(A, —iIMU,U) = R((Ao — iU, U) — (yus, uz) = —|lv/Fua|”

which implies

DIy |E NI (Ay = iU

5 2
. + ol

Dllyus|* < DllyllocllvAusl® <

4
for any D,6 > 0. Choosing D = 2(|]\| + 1)s > + &2 and § = ¢/2, from (3.2.4) we

obtain

4_ 8_ . c
U2z < C|(IA +1)577 4 (1A +1)s 7 +1 1A =AU g 245 10 o201+

Thus, we have proved the following estimate for (A, —i\)~*:

4_
o C(IN+1)s2 0<s<?2
[(Ay =AD" | or2 w2 < (3.2.5)

C s> 2.

Applying the Theorems [3.2.3] and [3.2.4] allows one to conclude the decay rates in

Theorem from ((3.2.5)).
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3.2.2 Neccessity of (3.2.2))

We now prove the converse in Theorem [3.2.1, By the Gearhart-Pruss Test (Theo-

rem [3.2.3)) and Borichev-Tomilov (Theorem [3.2.4]), the decay rates of the energy in

Theorem [3.2.1| imply

U]

Horzre < NA = ADU 3, g2 (3.2.6)

for some ¢ = ¢(s,\) > 0 and for all U € H¥? x L? and all A\ € R. Taking U =

((—A + 1)=%/*u, iu) for u € L*(R), we have
2¢fful* < (=2 + (=A + 1)* ] + [(=(=A + 17" — iy + Aul|?

<3||((=A + 1) = Nul|? + 2||yu|® (3.2.7)

Now, we only consider the special case A = 1. Let u € L*(R) such that suppa C

[—D, D] for some D > 0 to be fixed later. For such wu,

I((=A +1)7* = 1)ul* = / (1€ + )% = 1P|a(©)? ¢ < [(D* + 1)** — 12 Ju]>

-D

So, taking D small enough, we obtain that there exists C' > 0 such that

lull* < Cllyul? (3.2.8)
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for all u € L*(R) satisfying supp@ C [—D, D]. Set f(z) = Sinl()l;x). Then, supp f C

[—D, D]. For each a € R, set f,(z) = f(z — a). Of course, supp fa C [—D, D] and

I fall = 1| f]]. Thus, for any R > 0,

AP = 1fall® < Clvfal® = C +/ V() fo(2)|* dz
[a—R,a+R] [a—R,a+R]°

The second integral goes to 0 (uniformly in a) as R — oo since 7y is bounded and

f € L?. The first integral becomes

a+R at+R
/ (@) ful@)]? d < [l / () de

—R a—R

since f is bounded by 1. Thus there exists R large such that holds.

We remark that to prove the neccessity of the condition , the decay rates
from Theorem [3.2.1| can be replaced by an a priori weaker condition, namely that
there exists A > 1 such that 7\ is in the resolvent of A, and A, — i\ has closed range.

Then, setting = V/A¥* — 1, we obtain (3.2.8)) for supp @ C [ — D, pn + D] (D small

it sin(Dx) .

enough). The proof is completed analogously by taking f(z) = i

3.2.3 Proof of Theorem [3.2.2|

To prove the threshold value (Theorem [3.2.2]), we use the fact that exponential decay
yields (3.2.6) with ¢ independent of A, from which (3.2.7)) follows. Suppose that

s < 2. We will derive a contradiction. In this case, we take suppa C {{ € R :
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[([€7 + 1)*/* — A] < K} =: A\(K) for K to be chosen later. Then, we have
(=2 +1)** = Nul® = / (€7 + 1) = NP |a()? dg < K3 {ul?.
Ax(K)
So taking K small enough, we have, as above,

cllull < fyul (3.2.9)

whenever suppu C Ay(K), A € R. A)(K) is the union of the two intervals

+ {\/(/\ — K)Ys— 1O+ ) - 1}

and we notice that the length of these intervals is increasing if s < 2. Indeed,

)\4/3—1

lim /(A + K)Ys —1— /(A — K)¥ — 1 = lim

A—00 Aoo N2/

which is co if s < 2. Thus, holds for supp @ contained in any ball since ((3.2.9))
does not see modulation of u (translation of @).

We demonstrate that this is a violation of the uncertainty principle. Let f(z) =
1{y—0}(z)¢(x), where ¢ is some positive L* function so that f € L* and f = 0. Then,

f € L? so setting gr = F'(1p(o.r) f), gr converges to f in the L? norm. Therefore,
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since supp gr. C B(0, R), by (B29),

cllgrll < lvgrll < VI + v gr = HI < [Wllsollgr — fII-

The LHS goes to ¢||f|| > 0 (f is nonzero since m({y = 0}) > 0) while the RHS

appoaches zero as R — oo which is a contradiction.

3.3 Energy Decay in Higher Dimensions

3.3.1 Geometric Control Condition

A natural question is whether the results of the previous section hold in higher di-
mensions. The first step is to find the appropriate generalization of relative density

to higher dimensions.

Definition 3.3.1. A set £ C R is said to satisfy the Geometric Control Condition

(GCC) if there exists L, c > 0 such that

for all line segments ¢ C R? of length L.

m; is the one-dimensional Hausdorff measure, i.e. the Lebesgue measure on the

line containing ¢. In this way, we recover relative density when d = 1.
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The only part where we used the dimension was in proving the uncertainty princi-
ple Theorem 3.1.6] So, we pose the question of whether a higher dimensional analogue

holds:

Question 3.3.2. Suppose that £ C R? satisfies the GCC. Does there exist C, 8§ > 0

such that for every A\ > 0,

| fll L2y < Cll fllz2e) (3.3.1)

for every f € L?(R%) with supp f C A, = {EeRIN<|E < N+6)7

We emphasize that the inequality holds independent of A\. This is analagous
to Theorem holding for arbitrary a and b.

We have made partial progress towards this problem in the paper [I§] in the form
of two theorems. The first is an analogue of the Paneah-Logvinenko-Sereda Theorem
for functions whose Fourier transform is supported in a strip (by a strip of width g,

we mean any translation and rotation of [0, 3] x R4~1).

Theorem 3.3.3. Let £ C R?. E satisfies the GCC if and only if for any B > 0,

there exists C' > 0 such that

[ fllz2@ey < Cll fllr2m) (3.3.2)

whenever supp f s contained in a strip of width 5.

Applying this, one can give an affirmative answer to the question above if one
replaces F in (3.3.1)) with a d-neighborhood of E, Ejs.
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Theorem 3.3.4. Let E C R? satisfy the GCC. For any 3,0 > 0, there exists C > 0

such that

1l c2@ay < Cllfll2(85) (3.3.3)
whenever f € L2(RY) satisfies supp f C {& € R : XA < |€] < A+ B} for some A > 0.

Consequently, Theorem holds in higher dimensions with the additional as-
sumption that v is uniformly continuous. The observability inequality (3.2.3)) also

holds under the assumption that E is a d-neighborhood of a GCC set.

3.3.2 Relative Density

Relaxing the Geometric Control Condition to relative density, some decay does per-
sist, though it is not exponential. For example, if the damping is positive on a
Z%-periodic open set, then Wunsch has shown in [56] that the energy decays poly-
nomially. Burq and Joly in [10] have shown logarithmic decay when the damping
is positive on a relatively dense union of balls. This result can be extended to any
relatively dense damping using the sharp constant in the PLS theorem in [30].

One could improve this to polynomial decay by proving the following uncertainty

principle.

Question 3.3.5. Let £ C R? be relatively dense. Does there exists §, m, C' > 0 such

that for all A > 0,

I fll2ay < Ol fllz2m)
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for all f € L?(R?) with supp f € {€ € R?: [|€]™ — A™| < 6}7

m controls the rate at which the widths of the annuli degenerate to 0. For m = 1,
they have bounded width 6. For m = d, they have bounded area ~ 9. With an
affirmative answer to this question, one could apply the same strategy as the previous
section to get exponential decay for s > 2m and polynomial for s < 2m. In particular,

when s = 2, the wave equation would decay polynomially.
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Chapter 4

Uncertainty Principle and

Localization Operators

4.1 Motivation: Pseudodifferential Operators
Recall Benedicks Theorem [7] which states that if m(supp f)m(supp f) < oo then

f = 0. This can be reformulated as saying the pseudo-differential operator

Upxrf(z) = 1p(z) / 10(6) (€)™ de

Rd
does not have an eigenvalue at 1 when m(E)m(F') < oo. This can be generalized to

any Q) C R* with m(Q) < oo:

Unf(@) = [ Lol E1F(O g
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with a slight modification.

Theorem 4.1.1. Let Q C R?? with m(Q) < oo. If Uy f = f for all ¥ D Q, then

f=o0.

Proof. Of course if € has finite measure, so does any subset. Therefore, replace €2
with the smallest €2 with the above property. Ug is compact since its kernel 1 is

square integrable. Indeed,

O1) (@) = [ Lale) f0)e*" dy
is compact thus, Ugf = Uf is also. Suppose there exists f # 0 such that Uy f = f
for every ' D Q.

Since the Lebesgue measure is continuous w.r.t. translation, we can pick ¢, € ]R‘i
such that

O\(Q = (e, 0))] < 27%.

Then, set 0, = Z?Zl(aj,O) and fr(z) == f(x + d). Set Qn = UN,(Q — §;) for each
N € N. In this way Uqg, fr = fix for £ < N but not for k£ > N. Now we claim {f;}

are linearly independent. Indeed, for any Zgzl crfr =0,

N
0= (Uay = Uay )Y crfr = ex(fx — Uny_, fx).
h=1

However, fy # Uq,_, fn therefore cy = 0. This process can be repeated to show
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all ¢;’s are zero. Now, consider the operator Uy, q,. This operator is also compact
since €, were chosen so that Uy{2y has finite measure. Therefore the eigenspace
corresponding to the eigenvlue 1 must be finite dimiensional. However, U, o, fr = f&
for all k, so {fr}32; C K. Since {fi} are linearly independent, dim K" = oo, which is

a contradiction. ]

4.2 Generalized Parseval Frames

We can implement this program in the setting of abstract harmonic analysis. Let
X be a locally compact group with left Haar measure p and left invariant metric d.

Such groups will be indexing sets for the following representation of a Hilbert space

H.

Definition 4.2.1. A collection of vectors {k;}.cx C H is said to be a generalized

Parseval frame for H if

f= fok )k, du(z
for each f,g € H.

We will require that the frames respect the topology and algebra of the group X

in the following sense.
(@) |(kzz, kay)| = |(kz, ky)| for all z,y, 2z € X.

(b) The function x + k, is continuous.
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For E C X measurable with u(E) > 0, define the localization operator Lg : H —
H by

For each f in H, define the spectrum of f, denoted by spec(f), to be {z € X :
(f,ky) # 0}. In this way, spec f C E is equivalent to Lgf = f.

We will say a set £ C X is an annihilating set if spec f C F implies f = 0. We
consider two classes of sets. In the first, we consider the most general case, for which

we impose the following conditions on the group X:

(i) There exists x € X such that, setting zo = x, for each m = 1,2, ..., there exists

T, such that 22, =z, 1.
(ii) For each m, d(1,z%) — oo as k — oo (k is an integer).
(iii) 2, — 1 as m — oc.
Under these assumptions, we prove that if yu(F) < oo, then
1. Lg is compact.
2. If spec f C E, then f = 0.
3. There exists ¢ > 0 such that [\, , [(f, ko) du(z) = c|| f]I*.

We can obtain the same results (1.-3.) for a more general class of sets £ under

additional assumptions on X and {k,}.
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Definition 4.2.2. A set &/ C X 1is said to be thin if

lim /|k‘x,k VP du(x) =0 (4.2.1)

d(1,y)—o0

The quantity above is (Lgk,, k,), the so-called Berezin transform of Lg. A useful
relationship is (Ly-1gky, k1) = (Lgky, k). We will also use the finite measure v(A) =
(Laky, k1) so thinness is characterized by v(yE) — 0 as d(1,y) — co. We impose the

following additional assumptions on X and {k,}.cx.

(iv) (X,d) is a Heine-Borel metric space (i.e. every ball is totally bounded).

V) fy 0k, k)] dia() < oo.
(vi) [(ky, ky)| — 0 as d(z,y) — oo.
The assumption (iv) is useful is giving an equivalent definition of thinness.

Proposition 4.2.3. Let (X,d) be a Heine-Borel metric space. The following are

equivalent
(i) E is thin.

(11) lim  p(ENB(y,R)) =0 for some R > 0.

d(y,1)—o0

(i)  lim  p(ENB(y,R)) =0 for all R > 0.

d(y,1)—o0
Proof. (ii) implies (iii) by the Heine-Borel property since a ball can be covered by
finitely many balls of any radius.
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Also notice that by the invariance of p and d, u(ENB(y, R)) = n(y " 'ENB(1, R)).
Consider the function h(z) = (ky, k;). h(1) = ||k1]| > 0 and h is continuous so there

exists 6 > 0 such that |h(x)| > h(1)/2 for = € B(1,0). Thus,

h(1)?

u(y ™ E N B(1,6)) < / W) du()

y~'ENB(1,5)
< (Ly gk, k) = (Liky k).

Therefore (i) implies (ii). To show (iii) implies (i), let € > 0. We can find R > 0 such

that [ p. [P(2)]* du(z) < e/2. For this R, by (iii), there exists N' > 0 such that for

d(l,y) > N, u(y 'E N B(1,R)) < /(2| k1]|*). Therefore

(Lisky k,) = / () du(z) = / T / Ih(2)? du(z)
y 1E y~1ENB(0,R) y~'ENB(0,R)c

< ku | uly E 1 B(O, R)) + / Ih(2) du(z) < e.
B(0,R)e

We used the fact that |h(x)| < ||ki|| - ||kz|| but ||kz] = ||k1]|. Indeed, by (a),

eall* = (o, k)| = (o, k)| = [lhal.
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4.2.1 Translations of Thin Sets

We begin with two technical lemmas concerning the sequence {x,,} constructed above
in (i). The first states that repeated translations of E by elements of this sequence

are in some sense independent.

Lemma 4.2.4. Let E be thin, Lgp # 0, and {x,,} satisfy (i) and (ii) above. Then for

any subsequence {Tpm,} of {Tm},

n n—1
<H a:mj> E¢ U T Ty * " Ty Ty T B (4.2.2)
§=0 §=0

for eachn=1,2,3,....

Proof. For ease of notation, set y; = w,,,. Let n be a positive integer and suppose

the containment (4.2.2]) does hold. We claim that

Yyt yiwE (H m) E = E, (4.2.3)

I€Py, \icl

for any & > 0. P, denotes the power set of {0,1,2,...,n}. We prove (4.2.3) by

induction. It is immediate for kK = 1. Suppose it is true for all j < k. Then, for y in

Y*yn_1 -1y E, by the assumption that (4.2.2)) fails,
y €y ynyn—1- - 1y E (4.2.4)

for some N <n —1. If N =n — 1, we are done by the induction hypothesis. If N <
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n — 1, we can write the missing elements g, _; - - yn41 =y for 0 < £ < Zg’;n_; 2n—t,

If k > ¢, then the set from (4.2.4)) equals y*~“y, _1yn_2 - - - y190 E so by the induction

hypothesis, we are done. If k£ < /¢, then there exists I C {my,...,m, — 1} such that

k= Zzn—i.

iel

Therefore, yﬁyNyN_l Yo = (Hig xz) Ty Tmy_y " Ty Tmy 2 C E,,. This com-
pletes the proof of .

We use this to derive a contradiction in order to establish . First notice
that if F is thin then so is FE,, since it is a finite union of translates of E. Defining
the measure v(A) = (L4ky, k1), note that thinness is equivalent to v(y'E) — 0. By
([4.2.3), setting w, = yn_1-- 11y, we have E = (yfw,) 'yfw,E C w;ly,*E,. By
(ii), d(1,9%) — oo as k — oo so d(1, (y*w,y)™) — oo for any y € X. Since E,, is
thin,

V(y_lE) < V((yﬁwny)_lEn) — 0 as k — oo,

which implies 0 = v(y'E) = (Lgky, k,) for every y € X. This implies that for any
feH,

2

(Lt f)] = / () P dp() = / /X o) By ka) dpa()| dula)

< [ 1 RIP ) [ 1 kP duty) dute)
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11 [ [ 1 k) due) dits) =0

so Ly = 0 which is the contradiction. O

Next, we want to show that the infinite union of small enough translations still

satisfies (4.2.1).

Lemma 4.2.5. Let I be thin and y, — 1. There exists a subsequence y,, such that

Proof. A key property we will use is the continuity of any outer regular measure
v(E) under the group operation in the sense that lim, ,; v(E\zE) = 0 whenever
v(E) < oco. We first prove this for F open. For each y € F, there is a neighborhood
of y, say U, which is still contained in E. Since y + 2~y is continuous, there exists
a neighborhood of 1, say V, such that x~'y € U whenever x € V. This shows that
xe\@e)(Y) = xe(y)(1 — xp(z'y)) = 0 for such . This shows that xp.z — 0

pointwise as x — 1. Therefore, by dominated convergence,

lim v(E\zE) = lim /X Xm\er(y) dv(y) = 0.

Then, one can extend to any measurable set by approximation, since v is outer regular.

I =

The measure we will use is v(E) = [ |(ks, k1)|* du(x). v is finite since ||k

v(X) and v is outer regular since it is a Radon measure. Therefore v enjoys the
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continuity property above. v is not invariant under the group operation, but we will

prove that for any € > 0 there exists a neighborhood around 1, V' such that
lv(A) —v(zA)| < ¢ (4.2.5)
forall z € V, and A C X. Indeed,
v(A) — v(zA)| = [{Lakilk1) — (Lak:|k.)|

= [(Lalky = k)[kr) + (Lak:|(ky = k)| < Cllky = k||

So the uniform continuity follows from the continuity (and boundedness) of the
frames.
We are now ready to construct the subsequence in two steps. First, since d(y,,, 1) —

0, there is a subsequence such that »"° d(ym,, 1) < co. Set

Y = {Hymi:ICN,m <oo} (4.2.6)

i€l

In this case, Y is bounded. Indeed, setting I, = IN{{+1,0+2,...}

d (Hymiﬂ) SZd H ymi,Hymi < Zd(yw,l).
=0 £=0

el i61g+1 i€ly

We will now take a subsequence of {y,,,}:2; which we denote by {yn, }3>,. It is
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constructed inductively along with a sequence of sets Fj. Set Fy = E. Then, having
Yn, for 1 <€ <k, set [}, = Ule H;zl yn; B Pick yy, ., as follows: There exists Ry, > 0
such that if d(z,1) > Ry, then v(zE) < 2=**1D. So, since Y is bounded, let us say
contained in the ball B(1,r), if d(z,1) > Ry +r, then d(zz7,1) > d(z,1) —d(zz1,2) =

d(z,1) —d(z1,1) > Ry, +r —r = Ry so

v(zz1E) < 3

for any z; € Y. Now, the ball B(1, Ry + 1) can be covered with L(k) balls of radius

271 with centers {z;}%; (This can be done since X has the Heine-Borel property)

so by (4.2.5)),

v(zA) < sup v(zA) + 5
j=1,...L

for all z € B(1, Ry + ). Therefore, since the measures v(z;-) are finite measures, we

can pick y,, , such that

V(Z(y”kﬂFk\Fk)) < 2k-1+1-

for all z € B(1, Ry + 7). Since Fip1 = Fy U (Y, Fi), we have v(z(Fi1\Fy)) < 5
for any z € X.

Now we are ready to prove that F' = UyF} is thin. Let ¢ > 0 and pick j such
that Z;OZJ 27F < £ Let R > 0 such that v(yE) < 5o for d(1,y) > R. Then,

2

for d(1,y) > R+, v(yzE) < 55 since d(yzr,1) > d(y,1) — d(yzr,y) > R for all
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z1 €Y C B(1,r). Then, by the fact that |P;| = 27, we have

v(yFy) <Y vlysE) <20(35) = &.

IEP]'

By construction of y,,, v(y(Fy\Fis1)) < 27%. Therefore, since F = U, F}, and F, C

Fk+1>
(yF <VyF +ZV Fk+1\Fk S% 22k<€
k=j k=j

O

Corollary 4.2.6. Let yu(E) < oo and y, — 1. There exists a subsequence {y,, } such

that u(F') < co.

Proof. Since p(FE) < oo, u(Fy) < oo so one can pick {y,, } such that pu(Fri1\Fr) <

27%_ Therefore,

u(F) < p(Fo) + Y p(Fran\Fy) < p(E) +2.

4.2.2 Compactness
The most general sufficient condition for compactness of Lg is finite measure of E.
Proposition 4.2.7. If u(F) < oo, then Lg is compact.

Proof. Let f, converge to 0 weakly in H. {f,} is bounded. Then, (Lgf,, f,) =
S [{fr, kz)|? dp(z) — 0 by dominated convergence (dominated by a constant func-

101



tion). Since Lg is self-adjoint and (weakly) continuous, this implies ||Lgf,| — 0

using the identity

(T(g+Tg),(g+Tg)) = (Tg,9) + (T(Tg), Tg) + 2||Tg|?

for T self adjoint, g € H. m

With the extra assumptions (iv)-(vi), we can show thinness is equivalent to com-
pactness in the form of two propositions. We separate them so the importance of

each condition (iv)-(vi) is clear.

Proposition 4.2.8. Let [(k,, k,)| = 0 as d(z,y) = oco. If Lg is compact, then E is

thin.

Proof. This is immediate if k, — 0 as d(1,y) — oo. Then Lgk, — 0 and [(Lgk,,, k,, )| <
|Lgk,,|| — 0 which is equivalent to . Now, we show that (vi) implies k, — 0.
(vi) implies that (k,, k;) — 0 for each x € X as d(1,y) — oco. Moreover, span{k,} =
H since f = [ ¢k, and the integral is a limit of simple functions, which correspond
to linear combinations. Therefore, for any f € H, there exists f,, € span{k,} such
that f, — f. Therefore, since ||k,|| = ||k1]| for all y, for any € > 0 there exists N
such that || f — fn|| < e/(2]|k1]|). Morevoer, there exists M such that if d(1,y) > M

then [(k,, fn)| < ¢e/2. Thus,

Ry, FY] < AEall - f = Sl =+ [Ry, S0 < &
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whenever d(1,y) > M. O

Proposition 4.2.9. Suppose (X, d) is Heine-Borel and [ |(ky, k1)| dp(z) < co. If E

18 thin, then Lg is compact.

Proof. Let € > 0. Since |(ki1, k.)| is integrable, there exists R > 0 such that

B(1,R)c

Then, for any = € X, using the group structure

/ (ko k) dia(y) = / e
B(z,R)°

B(z,R)°

- / (ko k) dpz) < €
B(0,R)e

where in the last step we used the identity 7' B(z, R) = {z 7'y : d(y,z) < R} = {2 :

d(zz,x) < R} ={z:d(z,1) < R} = B(0, R). In the same way, since z7'X = X

/X | (ka, Ky )| dpa(y) = /X |(k1, k)| du(z) =2 M < oo.

First we estimate the “tails” using the Schur property of {k,} and thinness of E. For

A

< /X /B (%R)C|<f, k)2 (keys )| dpa(y) / \(ky, ko) | dp(y) dp(z)

B(z,R)°

any f € H,
2

dp(z)

/ o) (B ) dpa(y)
EnB(z,R)°
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< Me||f|]%.

Now, since E is thin, by Proposition there exists S > 0 such that for

d(1,y) = S, n(E N B(y, R)) < e. Thus,

/B(O,S)c

: /B(O,s)c w(EN Bz, 7)) /EﬁB(x,R) ([, ky>|2’<kz, ky>‘2 du(y) du(x)

2

/E oL R ) )| )

Ss/X/XKf, k) (s Ky [* dpa(y) dpa() = e[kl FII*.

Now, let f, = 0. || f.|| < C for all n.

|Lofll? = /X (L fn ko) ? dpi(x)

:/ /EmB ,R) +/EﬁB(x R)e (s o) Ry, ) dely)
/ B(0,5) / B(0,5)¢ /EmB“)<f”’ky><ky’kx> du(y)

2
<9 / / k) s b dp(y)
B(0,S) |/ ENB(z,r)

dpu(w) + 2C%(M + [y |)e.
Since the remaining integrals are both over finite areas and the integrand goes to

dp(z)

2
du(z) +2C*Me

zero pointwise,

limsup ||Lgf,||* < C'e.

n—oo

But € is arbitrary so lim Lgf, = 0. Therefore Lg is compact.
n—oo
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4.2.3 Annihilating Sets

We are now ready to prove the main result namely that no nontrivial functions can

have a thin spectrum.
Proposition 4.2.10. Let f € H with spec f thin. Then f = 0.

Proof. Suppose f # 0 and set E = specf. Lgf = [,(f ko)kedu(z) = f since
(f, k) = 0 for x outside E. Let z,, be a sequence satisfying (i)-(iii). Let {y,} be a
subsequence of {z,} such that

oo N
P= UTlwe

=1k=1

is thin (such a subsequence exists by Lemma [4.2.5)). Set w, = [[;_, k. Set f, =

S fs ko) K,z du(z). In this way,

sk} = /X ) (s ) dia() = (f Feyr)

so spec f, C w,E. By Lemma the functions {f,}°°, are linearly independent.
Indeed, suppose Zjvzl c;fj = 0. There exists x € wyE\ U,ivz_ll wiFE in which case
0= <Z;V:1 cifi kz) = en{(fwn, ky) so ey = 0. This can be repeated for N —1,...,2,1
to show all ¢, are zero. By Proposition [£.2.9, Lr is compact so its eigenspace cor-
responding to the eigenvalue 1, denoted by K must be finite dimensional. However,
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since spec f,, C w,F C F,

Lif, = /F (s kY dpa() = /X (o bbb dpi() =

for all n, so dim K = co which is a contradiction. Therefore f = 0. [

Corollary 4.2.11. Let E be thin. There exists ¢ > 0 such that (Lx\gf, f) > c||f|]?

forall f € H.

Proof. Since Lg is compact, positive, and self-adjoint, ||Lg| < a where « is the
largest eigenvalue. Since ||Lg|| <1, o < 1, but o # 1 as seen in the previous proof.

Therefore,

(Lxvef, ) = IfI? = (Lef. f) = 1= a)| fI*

4.2.4 Sets of Finite Measure

First, u(E) < oo implies E is thin since u(E) < oo implies (iii) holds in Proposition
4.2.3] Therefore, the conclusion of Lemma holds for E. Replacing the use

of Lemma with Corollary in the proof of Proposition yields the

following result in the more general case.

Proposition 4.2.12. Let u(E) < oco. There exists ¢ > 0 such that (Lx\gf, f) >

|| fII? for all f € H.
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4.2.5 Application to Wavelet Transform

We give an uncertainty principle for the Wavelet Transform as a consequence.

Consider the group of dilations and translations on R? which is X = Ry x R?
with the noncommutative operation (a,b)(c,d) = (ac,ad + b). This is the so-called
Affine Group. It has the a Haar measure given by

da db
qd+1

dp(a,b) =

where da and db are the Lebesgue measures on R-q and R?. The Hilbert space is

H = L*(R?) and the frames are

for an admissible wavelet ¢ € L? satisfying

/ d(sp)|? ds _ 1 for each p € S
0 s

This is indeed a Parseval frame satisfying (a) and (b) since the Wavelet transform

Wsf(a,b) = (f,7(a,b)¢) = » f(@)m(a, b)¢(x) dx
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obeys the inversion formula (see [2I, Theorem 10.2])

;= /X W f (a,by(a, b)é dpu(a, b).

The decay conditions (v) and (vi) hold if we impose the additional assumptions that

dadb
W, b)|——
/R>o><1Rd [Woe(a, ) adtl =

and |Wyo(a,b)| — 0 as (a,b) — oo. It only remains to verify the conditions on the

group.
(i) The square root is well-defined by +/(a,b) = (1/a, ﬁ)

(i) (a,b)* = (a*, (32F _,a™)b). So, if a > 1, then a* — oo in the usual topology on

R so d((a,b),(1,0)) — oo.

(iii) The invariant metric on this group also has the property that if a — 1 and
b — 0 in the usual topologies of R and R?, then d((a,b),(1,0)) — 0. One can
see from the square root formula, that under repeated square roots, the first

component converges to 1 and the second to 0.

(iv) Since R4t is Heine-Borel, this follows from the fact that balls in X are balls in

R with different radius.

We can now state the result for these functions.
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Theorem 4.2.13. Let E C Rsq x R? such that for some r > 0,
n(E N B((a,b),r)) — 0

as (a,b) — oo. There exists a > 0 such that

dadb
Wy f(a,b)? > o fI?
o Wl b 2

for all f € L*(RY).

One can also recover a similar result for the Short-Time Fourier Transform as in

I5].
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