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Abstract

An electric power system is a network of various components that generates and
delivers power to end users. Since 1881, U.S. electric utilities have supplied power to bil-
lions of industrial, commercial, public, and residential customers continuously. Given the
rapid growth of power utilities, power system optimization has evolved with developments
in computing and optimization theory. In this dissertation, we focus on two optimization
problems associated with power system planning: the AC optimal power flow (ACOPF)
problem and the optimal transmission line switching (OTS) problem under geomagnetic
disturbances (GMDs). The former problem is formulated as a nonlinear, non-convex net-
work optimization problem, while the latter is the network design version of the ACOPF
problem that allows topology reconfiguration and considers space weather-induced effects on
power systems. Overall, the goal of this research includes: (1) developing computationally
efficient approaches for the ACOPF problem in order to improve power dispatch efficiency
and (2) identifying an optimal topology configuration to help ISO operate power systems
reliably and efficiently under geomagnetic disturbances.

Chapter 1 introduces the problems we are studying and motivates the proposed
research. We present the ACOPF problem and the state-of-the-art solution methods devel-
oped in recent years. Next, we introduce geomagnetic disturbances and describe how they
can impact electrical power systems. In Chapter 2, we revisit the polar power-voltage for-
mulation of the ACOPF problem and focus on convex relaxation methods to develop lower
bounds on the problem objective. Based on these approaches, we propose an adaptive,

multivariate partitioning algorithm with bound tightening and heuristic branching strate-
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gies that progressively improves these relaxations and, given sufficient time, converges to
the globally optimal solution. Computational results show that our methodology provides
a computationally tractable approach to obtain tight relaxation bounds for hard ACOPF
cases from the literature. In Chapter 3, we focus on the impact that extreme GMD events
could potentially have on the ability of a power system to deliver power reliably. We de-
velop a mixed-integer, nonlinear model which captures and mitigates GMD effects through
line switching, generator dispatch, and load shedding. In addition, we present a heuristic
algorithm that provides high-quality solutions quickly. Our work demonstrates that line
switching is an effective way to mitigate GIC impacts. In Chapter 4, we extend the prelimi-
nary study presented in Chapter 3 and further consider the uncertain nature of GMD events.
We propose a two-stage distributionally robust (DR) optimization model that captures geo-
electric fields induced by uncertain GMDs. Additionally, we present a reformulation of a
two-stage DRO that creates a decomposition framework for solving our problem. Compu-
tational results show that our DRO approach provides solutions that are robust to errors
in GMD event predictions. Finally, in Chapter 5, we summarize the research contributions

of our work and provide directions for future research.
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Chapter 1

Introduction

An electric power system is a network of various components that generates and
delivers power to end users. It is operated, controlled, and monitored by an independent
system operator (ISO), an organization formed by the direction of the Federal Energy Regu-
latory Commission (FERC). Since 1881, U.S. electric utilities have supplied power to billions
of industrial, commercial, public, and residential customers continuously (Fig.1.1). Given
the rapid growth in power demand, the cost-effective utilization of power utilities while
providing reliable accessibility is extremely important. U.S. Energy Information Adminis-
tration (EIA) data on wholesale electricity prices suggests that small increases in dispatch

efficiency could save billions of dollars per year [24].

Figure 1.1: Operable utility-scale generating units as of July 2017. (Source: https://commons.
wikimedia.org/wiki/File:Power_plants_map.png)
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1.1 Optimal Power Flow

The alternating current optimal power flow (ACOPF) problem is one of the most
fundamental optimization problems for analyzing the economic and reliable operations of
electric power systems. It is solved every year, every day, and every 5-15 minutes to help
ISOs make decisions for different types of power markets [24]. For example, power system
planning can be divided into three categories: long-term planing, medium-term planning
and short-term planning [62]. Long-term decisions are usually taken over a period of 5-15
years and involve plans about network expansion for meeting an anticipated future load
requirements. Medium-term planning is used for maintenance schedules of the system com-
ponents; these decisions are typically made annually. Short-term decisions are made daily
to deal with operations contingencies and generating unit schedules. In this dissertation,
we focus on short-term real-time decisions in power systems for planning generator dispatch
and improving system reliability.

The ACOPF was first introduced in 1962 [26] and has been formulated in various
forms over the years [104]. In the first half of the 20th century, the optimal power flow
(OPF) problem usually was solved intuitively by power engineers and operators using ex-
perience, rules of thumb, and analog network analyzers [100]. Gradually, with advances
in optimization theory, both Gauss-Seidel and Newton-Raphson methods were commonly
used to solve OPF problems. In 1962, Carpentier [26] proposed optimality conditions for
the OPF using Karush-Kuhn-Tucker (KKT) conditions in the first publication formulat-
ing the full OPF problem. Although the OPF problem has been around for 55 years, the
development of efficient solution techniques has remained an active field of research. The
main challenges associated with solving the ACOPF include: a) nonconvex and nonlinear
models of AC physics, b) large-scale power grids with thousand buses and edges, and c)
limited computation time availability in real-time dispatch applications (wherein decisions
are made every 5-15 minutes). In recent years, various solution algorithms, ranging from

heuristics to convex relaxations, have been studied in the literature. Without loss of gen-



erality, the ACOPF literature can be roughly categorized into three main research thrusts:
a) finding locally optimal solutions quickly, b) deriving strong, convex relaxations, and c)
proving global optimality.

In the local search literature, local solvers motivated by primal-dual interior point
methods or sequential linearization heuristics based on a Taylor-series expansion commonly
are used to find feasible solutions efficiently, but without any guarantees on solution quality
[23,29]. In the relaxation literature, recent work has focused on deriving convex relaxations
that produce tight lower bounds, including semidefinite programming (SDP)-based methods
[68], quadratic convex (QC) relaxations [57], and second-order cone (SOC) relaxations [63].
The performance of these methods has been evaluated and tested on well established power
system test cases from the literature [30,31]. Though relaxation approaches have empirically
yielded good lower bounds on average, a small improvement of solution quality could result
in significant savings: according to data reported by EIA [5], billions of dollars of potential
cost could be saved with only a 5% improvement in power dispatch efficiency. Finally, recent
efforts have focused on obtaining globally optimal solutions through SOC- and SDP-based
relaxations [46,63] using standard spatial branch-&-bound (sBB) approaches. Today, the
research challenge is to find globally optimal solutions consistently and quickly, given the
computational time allowed for solving the full ACOPF problem in practice [24].

It is essential to develop fast solution methodologies for the ACOPF problem in
order to improve power dispatch efficiency, as this could dramatically reduce costs each
year. In the first phase of this research, we focus on decreasing the best optimality gaps
known to date on hard instances of the ACOPF problem by improving QC relaxations,

developing new branching strategies, and leveraging high-quality, locally optimal solutions.

1.2 Resilient Electrical Grid under Geomagnetic Disturbances

An electric power system is designed for delivering large amounts of power from

distant sources to demanding consumers [81]. Within these systems, the underlying high-



voltage transmission network plays a vital role in facilitating this bulk movement of electrical
power. Transmission systems must be kept highly reliable to prevent blackouts and ensure
robust energy markets. However, when extreme events occur in large-scale transmission
systems, the ability to deliver power reliably could be significantly impacted due to physical
damage to overhead transmission lines and other system components. In this context,
this dissertation considers the impact caused by extreme space weather (i.e., geomagnetic
disturbances) on transmission systems. We focus on improving the response (resilience)
of power systems by switching on and off transmission lines. This optimal transmission
switching (OTS) problem [42] is the OPF problem extended to consider network topology

reconfiguration options [62].

1.2.1 Impact of Geomagnetic Disturbances on Transmission Systems

Solar flares and coronal mass ejections cause geomagnetic disturbances (GMDs)
that lead to changes in the Earth’s magnetic field which, in turn, create geo-electric fields
(Fig.1.2). These low-frequency, geo-electric fields induce quasi-DC currents, also known as
geomagnetically-induced currents (GICs), in grounded sections of power system networks
[10,11,105]. The GICs are superimposed on the usual alternating currents (AC) and bias
the AC such that maximum currents are increased. In many power system components, this
bias is not a major concern; however, in transformers, it can lead to half-cycle saturation
(i.e., the magnetic cores in the transformers are asymmetrically saturated since the DC
magnetic flux is superimposed on the AC flux [67,95]) and the loss of magnetic flux in
regions outside of the transformer core. The energy stored in the stray flux increases the
reactive power consumption of the transformer, which can affect system voltages. Stray flux
also drives eddy currents that can cause excessive transformer heating, leading to reduced

transformer life or, potentially, immediate damage [7] (Fig.1.3).

The ability of a power system to reliably deliver power can be severely impacted by

the catastrophic damages caused by GMDs. Of all historical GMD occurrences, one of the
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Figure 1.2: Geomagnetic Disturbances. (Source: https://en.wikipedia.org/wiki/Geomagnetic_
storm)

F

(a) transformer burning (b) transformer melting

Figure 1.3: Transformer damage due to GMD effects. (Source: http://www.
americanpreppersnetworkradionet.com/2014/09/weathering-solar-storm.html)

most severe events occurred in March 1989, which resulted in the shutdown of the Hydro-
Quebec power system. As a consequence, six million people suffered a nine-hour power
outage. The most recent GMDs were observed between October 19 and November 5, 2003,

which are often referred to as the Halloween Solar Storms [2]. During this event, satellite-
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based systems and communications were affected and power outages occured in Sweden.
Although GMD events are rare, the posed threat can result in high costs involving not
only the replacement of physically damaged equipment (e.g., high-voltage transformers),
but also the loss of revenue from the associated systems whose performance depends on
reliable power. For example, the net cost of the Quebec 1989 GMD event was $13.2 million,
with damaged equipment accounting for $6.5 million [19]. Hence, it is important to study
the GMD-induced impacts on power systems and enhance the performance of transmission
networks to deal with such negative effects.

There are two known primary risks associated with GICs in power systems. The first
is increased reactive power consumption in transformers and subsequent drops in system
voltages [7] and the second is transformer damage caused by hot-spot heating. To model
these risks, it is important to quantify GICs in bulk power systems. The North American
Electric Reliability Corporation (NERC) presents a procedure for computing GICs in a
system given the orientation and magnitude of a geo-electric field [6]. A common assumption
for GIC calculation is that the geo-electric field is uniformly distributed along the northward
and eastward directions [58]. This assumption is prevalent because if the geo-electric field
is non-uniform, the routing twist and turns of transmission lines must be considered, which
makes the necessary computations more complicated [6]. Further, solar activities, such as
solar flares or coronal mass ejections (CMEs), are unpredictable. Although ground- and
space-based sensors and imaging systems have been utilized by the National Aeronautics
and Space Administration (NASA) to observe these activities at various depths in the solar
atmosphere, accurate information about geomagnetic storms cannot be obtained until the
released particles arrive on Earth and interact with the geomagnetic field [85]. In the
presence of uncertain GMDs, GIC effects cannot be calculated exactly, which makes the

efficient and economical operations of power systems much more difficult.



1.2.2 Optimal Transmission Switching

In recent years, transmission switching has been explored in the literature as a con-
trol method to cope with emergency conditions, such as mitigating line overloads [47] and
transmission flow violations [12], preserving system security [59], and improving network
resilience [81]. Changing system topology by switching on and off transmission lines adds
flexibility to network configurations and can bring economic benefits in power markets [86].
Studies indicate that removing transmission lines could potentially improve the dispatch
efficiency of power system [42,54]. As a result, generation cost can be significantly reduced.
Transmission switching has been applied to transmission system expansion planning prob-
lems. In work by Amin and Mohammad [61], transmission switching is modeled as the
subproblem to identify the best system configuration for a transmission capacity expansion
problem with contingencies. Overall, transmission switching is a real-time control action
for maintaining system security while providing potential economical advantages.

Optimal transmission line switching (OTS) with AC power flow is a mathematically
challenging problem due to the computational complexity induced by nonlinear, nonconvex
AC physics and switching (binary) variables. In the literature, the direct current (DC)
power flow approximation has been widely used in nearly all OTS problem studies to date
[15,34,42,61,65,86,99,107]. The DCOPF approximation linearizes the AC physics of the
power transmission system by neglecting reactive power consumption and line losses [104].
It assumes zero line resistance, small phase angle differences, and fixed magnitude of bus
voltage (i.e., 1 per unit). With these assumptions, the DC optimal transmission switching
problem (DCOTS) can be formulated as a mixed-integer, linear program (MILP) and solved
by commercial MILP solvers such as CPLEX and Gurobi. Meanwhile, additional research
has focused on exploring heuristic methods to efficiently obtain good solutions for large-
scale networks [43,98], as they are intractable for existing solvers. For example, Hedman et
al. [55] incorporates DCOTS with N-1 security constraints and uses heuristics to iteratively
determine switching decisions while preserving N-1 security. However, the optimal topology

decision obtained by solving OTS under a DC approximation may not be feasible for the AC



power flow physics. As a result, cost savings might be over estimated and reliability issues
might be overlooked [57]. In addition, our research takes into account the additional reactive
power consumption induced by GICs, while the reactive power is negligible in the DCOPF
approximation. Hence, to avoid feasibility issues and consider reactive power consumption,
it is necessary to use AC power flow equations in the OTS formulation.

Studies of the AC optimal transmission line switching problem (ACOTS) are limited
in the literature. Existing solution methodologies designed for the ACOTS heavily rely on
tight convex relaxations and advanced discrete optimization techniques [42,87]. Recently,
various convex relaxations and disjunctive representations have been developed, such as
second-order-conic (SOC) relaxations [64], quadratically constrained (QC) relaxations [56],
and semi-definite programming (SDP) relaxations [13]. In the context of transmission ex-
pansion planning applications, QC relaxations have been shown to be effective [81, 84].
Despite these recent advances in optimization methods for OTS, global methods still can-

not scale to solve systems with 500 nodes.



Chapter 2

Global Optimization Methods for

Optimal Power Flow

Since the alternating current optimal power flow (ACOPF) problem was introduced
in 1962, developing efficient solution algorithms for the ACOPF problem has been an active
field of research. In recent years, there has been increasing interest in convex relaxation-
based solution approaches that have proven effective in practice. Based on these approaches,
we develop an adaptive, multivariate partitioning algorithm with bound tightening and
heuristic branching strategies that progressively improves these relaxations and, given suf-
ficient time, converges to the global optimal solution. We illustrate the strengths of our
algorithm using benchmark ACOPF test cases from the literature. Computational results
show that our novel algorithm reduces the best known optimality gap for some hard ACOPF

test cases.



Nomenclature

Sets

9i

&

ER
Parameters

Cp, C1,C2

LY 'Ui

S9. 87

iy Py

set of nodes (buses)

set of generators

set of generators at bus ¢
set of from edges (lines)

set of to edges (lines)

generation cost coefficients

imaginary number constant
admittance on line 7j

AC power demand at bus ¢

apparent power limit on line ij

phase angle difference limits on line 5
max(| 6;; |,| 6;; |) on line ij

voltage magnitude limit at bus ¢

power generation limit at bus ¢
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R(-) real part of a complex number

<) imaginary part of a complex number
()* hermitian conjugate of a complex number
| -], Z- magnitude, angle of a complex number

Continuous Variables

0;

Vi = vet AC voltage at bus i

t;; = £LV; — £V;  phase angle difference on line ij

Wi; AC voltage product on line ij, i.e., V;Vj*
Sij = Dij + 1qij AC power flow on line ij

S? = pd +iq] AC power generation at bus ¢

lij current magnitude squared on line 7j

2.1 Introduction

The optimal power flow problem is one of the most fundamental optimization prob-
lems for identifying the economic and reliable operations of electric power systems. The
ACOPF formulation is a cost minimization problem with equality and inequality constraints
setting bus voltage, line flows and generator dispatch. It was first introduced in 1962 and
has been formulated in various forms over years, e.g., the polar power-voltage formulation
and the rectangular power-voltage formulation [24]. Since the introduction of the ACOPF
problem [26], the development of efficient solution techniques for the ACOPF has remained
an active field of research. The main challenges associated with solving the ACOPF in-
clude: a) non-convex and nonlinear mathematical models of AC physics, b) large-scale
power grids, and c) limited computation time available in real-time dispatch applications.

A computationally efficient algorithm for obtaining high-quality and lower-cost dispatch

11



solutions could improve the operational performance of power systems and save billions of
dollars per year [24].

Various solution algorithms, ranging from heuristic to convex relaxation, have been
studied within the literature [57,77]. Without losing generality, the ACOPF literature
can be roughly categorized into three main research directions: a) finding locally optimal
solutions quickly, b) deriving strong, convex relaxations, and c) proving global optimality.
In the local search literature, local solvers based on primal-dual interior point methods or
sequential linearization heuristics are used to find feasible solutions efficiently without any
guarantees on solution quality. In the relaxation literature, recent work has focused on
deriving convex relaxations that produce tight lower bounds. These relaxation techniques
include semi-definite programming (SDP) relaxations [68], quadratic relaxations (QC) [57]
and second-order-cone (SOC) relaxations [63]. The performances of these existing methods
have been evaluated and tested on well established power system test cases (i.e., Matpower
and NESTA Test Cases) [31]. Though the relaxation approaches have empirically yielded
strong lower bounds, there remain examples where the lower bounds are weak (e.g., caseb,
nesta_case30_fsr_api, nesta_casel18_ieee_api, etc.) [57]. Finally, there have been recent efforts
focused on obtaining globally optimal solutions through SOC and SDP-based relaxations
[46, 63] using standard spatial branch-&-bound (sBB) approaches. In this chapter, we
focus on decreasing the optimality gaps on remaining hard instances by improving the QC
relaxations, developing new branching strategies, and leveraging high quality locally optimal
solutions.

The focus of this chapter is a novel approach for globally optimizing the ACOPF
problem. Our study is built on an adaptive multivariate partitioning algorithm (AMP)
proposed in [82,83]. The approach is based on a two-stage algorithm that uses sBB-like
methods tailored to OPF problems. In the first stage, we apply sequential bound-tightening
techniques to the voltage and phase-angle variables and obtain tightest possible bounds by
solving a sequence of convex problems [27,32]. The second stage adaptively partitions

convex envelopes of the ACOPF into piecewise convex regions around best-known local

12



feasible solutions. This approach exploits the observation that local solutions to standard
benchmark instances are already very good. Our recent results on generic mixed-integer
nonlinear programs suggest that refining variable domains adaptively around best-known
feasible solutions can dramatically speed up the convergence to global optimum [82,114].

This research makes three key contributions to solving the ACOPF problem. The
first contribution develops an efficient partitioning scheme for tightening relaxations. In
multilinear relaxations, many approaches build uniform, piecewise relaxations via univariate
or bivariate partitioning [53]. One drawback of such approaches is that a large number of
partitions may be needed to attain global optimum. Thus, these approaches are often
restricted to small problems. To address inefficiencies of these approaches, we develop an
adaptive tightening algorithm with non-uniform partitions, where we selectively partition
convex envelopes that heuristically appear to tighten the relaxations.

Our second contribution lies in applying well-known ideas for deriving the tightest
possible convex relaxations (convex-hulls) for multilinear functions as they play a crucial
role for developing efficient global optimization approaches. Multilinears (up to trilinear)
appear in the polar form of the ACOPF, for which there has been a recent development in
developing strong convex quadratic relaxations (QC) [33,57]. However, these relaxations
employ recursive McCormick envelopes to handle the trilinear terms, which rarely capture
their convex hulls. In the optimization literature, specifically for a trilinear function, Meyer
and Floudas [78] (Meyer-Floudas envelopes) describe the convex hull by deriving all it’s
facets, and for a generic multilinear function, convex hull is typically formulated as a convex
combination of the extreme points of the function [97]. Owing to the simplicity of the latter
idea from the global optimization perspective, we further strengthen the QC relaxations
to obtain tighter lower bounds for the OPF problem. Also, we develop tight piecewise
convex relaxations of the convex-hull representation for trilinear and quadratic functions by
extending the ideas of approximating univariate/bivariate functions [90, 106].

The third contribution of this research is a novel algorithm that combines itera-

tive partitioning (using piecewise relaxations) with bound tightening to globally solve the
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ACOPF (given sufficient time). This algorithm first applies “optimality-based bound tight-
ening” by solving a sequence of min. and max. problems on voltage and phase angle
difference variables [27,32,92]. Second, the algorithm iteratively partitions the convex en-
velopes to tighten the lower bound. Simultaneously, the algorithm updates locally feasible
solutions to tighten the upper bound. The combination of tightening the upper and lower

bound yields an algorithm akin to sBB that determines the globally optimal solution.

2.2 AC Optimal Power Flow Problem

In this chapter, constants are typeset in bold face. In the AC power flow equations,
the primitives, Vi, S;j, S7, Szd and Y;; are complex quantities. Given any two complex
numbers (variables/constants) z; and z2, z1 = 22 implies R(z1) = R(z2) and T(z1) = T(z2).
| - | represents absolute value when applied on a real number. Statement A A B is true iff
A and B are both true; else it is false. {f(-))? represents the constraints corresponding to
the convex relaxation of function f(-).

This section describes the mathematical formulation of the ACOPF problem using
the polar formulation. A power network is represented as a graph, (N, ), where N and &
are the buses and transmission lines, respectively. Generators are connected to buses where
G; are the generators at bus i. We assume that there is power demand (load) at every bus,
some of which is zero. The optimal solution to the ACOPF problem minimizes generation
costs for a specified demand and satisfies engineering constraints and power flow physics.

More formally, the ACOPF problem is mathematically stated as:

P .= minz c2i(R(S9)?) + ciR(SY) + coi (2.1a)
€G
st Y S-S > S;  VieN (2.1b)
keS; (1,5)€€UER
Sij = Y;;‘W“ — Y;;‘WU V(Z,j) eé (2.1C)
Sji =YWy = YiiWi V(i j)eé (2.1d)
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Wi = |Vi]* VieN (2.1€)

Wi; = ViV V(i,j)e & (2.1f)
0, <LVi—2LV; <0y V(i,j)e& (2.1g)
v, <|Vi| <v; VieN (2.1h)
89 <89<S) Vieg (2.1i)
|53 < Sy V(i.j) e €uE” (2.13)

In formulation (2.1), the convex quadratic objective (2.1a) minimizes total generator
dispatch cost. Constraint (2.1b) corresponds to the nodal power balance at each bus, e.g.
Kirchoff’s current law. Constraints (2.1c) through (2.1f) model the AC power flow on each
line in complex number notation. Constraint (2.1g) limits the phase angle difference on each
line. Constraint (2.1h) limits the voltage magnitude at each bus. Constraint (2.1i) restricts
the apparent power output of each generator. Finally, constraint (2.1j) restricts the total
electric power transmitted on each line. For simplicity, we omit the details of constant bus
shunt injections, transformer taps, phase shifts, and line charging, though we include them
in the computational studies. The ACOPF is a hard, non-convex problem [18] where the

source of non-convezity is in constraints (2.1e) and (2.1f), which reduce to:

Wu‘ = Ui2 (2'23‘)
%(WZ ) = Uﬂ}j COS(Hij) (2.2b)
‘Z(VVZ ) = vivj sin(@ij) (2.2C)

To address the non-convexities, we first summarize a state-of-the-art convex relaxation

with some enhancements and then derive tighter piecewise relaxations.
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2.3 Convex Quadratic Relaxation of the ACOPF

In this section, we discuss the features of the convex quadratic (QC) relaxation of
the ACOPF [32,57]. Though there are numerous other relaxations in the literature, we
adopt the QC relaxations as it has been observed to be empirically tight, computationally
stable, and efficient. We further tighten the sinusoidal relaxations of [32,57] for certain
conditions and introduce the tightest possible convex relaxations for trilinear functions.

Quadratic function relaxation Given a voltage variable, v; € [v;, ¥;], the tightest convex

envelop is formulated with a lifted variable, @; € (v?)¥, where

W; = v? (2.3a)

w; < (v; + 0;)v; — v,;0; (2.3b)

Cosine function relaxation Under the assumptions that |,;] is not always equal to 0]
and 03/[ < 7/2, the convex quadratic envelope of the cosine function is formulated with a

lifted variable ¢3;; € {cos(6;;)»® where

1-— COS(BZ»I}/")

¢35 < 1— M (6%) (2.4a)
G
oy > PO ) s conte) (2.4b)

Sine function relaxation First, let the first-order Taylor’s approximation of sin(f) at

be

f°%(0) = sin(0) + cos(0)(6 — ) (2.5)
Second, let the secant function between (6,sin(6)) and (@,sin(@)) be

Fee(0.8) = "0 =58 g _g) + n) (2.6)

Finally, given bounds [, 6], we use * = @ to denote the midpoint of the bounds. Since
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the bounds on phase-angle differences can be non-symmetric, we derive convex relaxations
of the sine function for three cases:
Case (a): When (8,; < 0) A (85 > 0), the polyhedral relaxation, as described in [57], is

characterized with lifted variable s71;; € (sin(6;;))® where
siig < f703/2), s = (=05 /2) (27)

Case (b): When (8;; < 0) A (6;; < 0), we derive a tighter polyhedral relaxations that

exploits a lack of an inflection point in the sine function. This relaxation is defined by:

snij < f°°(8,5.045), (2.82)

o

§7\”Lz‘j = foa(gij) W)ij € {9 i

iijv

az‘j}- (2.8b)

Case (c): Like case (b), when (8,; > 0) A (6,5 > 0), a tighter polyhedral relaxation for the

sine function is:

snij = (0,5, 055), (2.92)

§nij < f°%(0ij) VO € {8,;,05, 0,5} (2.9b)

A geometric visualization of the relaxations of the sine function for cases (a) and (c) are

shown in Figure 2.1.

Trilinear function relaxation After introducing the lifted variables, ¢s;; and Eﬁij from

above, the non-convex constraints in (2.2b) and (2.2c¢) become trilinear functions of the
form v;v;¢s;; and vingr\zij. In the literature, bilinear McCormick relaxations are applied
recursively to relax these trilinear functions [57,77], which rarely capture their convex hull.
Instead, we relax the trilinear function based on the convex hull of the extreme points using
techniques from [97].

Given a trilinear function ¢(x1, 9, r3) = xi1x9x3 With respective variable bounds
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Figure 2.1: Polyhedral relaxations for sinusoidal function

[x,,T1], [X9, 2], [x5, T3], the extreme points of ¢(-) are given by the Cartesian product
(1, 1) X (2o, T2) X (23, T3) = (€1, &2, ...,&s). We use £ to denote the coordinate of z;

in &;. The convex hull of the extreme points of x1xox3 is then given by

DA=1 AN=0, VE=1,....8, (2.10a)
k=1,..,8
B= ) o), mi= ) Mk (2.10b)
k=1,...,8 k=1,....8

The notation {1, z2, x3>’\ is used to denote the A-based relaxation of a trilinear function as
defined above. Thus, the relaxation of zjzox3 is stated as Z = (x1, 2, 23)*. We note that
this formulation generalizes to any multilinear function and is equivalent to the standard
McCormick relaxation for bilinear functions.

Current-magnitude constraints We also add the second-order conic constraints that

connect apparent power flow on lines, (S;;), with current magnitude squared variables,
(l35) [33,57]. The complete convex quadratic formulation with tightest trilinear relaxation

of the ACOPF is then stated as:

?QC = minZ CQ,(%(S?)% + Chg}t(Sf) + co; (2.113,)

€9
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s.t. (2.1b) — (2.1d), (2.11b)

(2.1g) — (2.1j), (2.11c)
Wii = @, ;€ wHE VieN (2.11d)
R(W;j) = Weij, T(Wij) = wsnij, V(i,5) €& (2.11e)
Wy € <vivjéfsij>’\, wsn;j € <ij§7\1@-j>k, (2.111)
Gsij € (cos(05))", ;€ (sin(05))", (2.11g)
Sii + Sji = Zijliy; V(i,j) €& (2.11h)
1S:1* < Wiily; V(3,5) € €. (2.114)

2.4 Piecewise Convex Relaxations

One of the weaknesses of the convex quadratic relaxations described in section 2.3 is
that the relaxation is not tight when the bounds of the variables are wide. To address this
issue, recent work [27,32] has developed approaches to tighten variable bounds, sometimes
significantly. However, there are still a few OPF instances with large optimality gaps. In
this section, we focus on developing tighter piecewise convex relaxations for quadratic and
trilinear functions.

Piecewise trilinear functions In this section, we present a piecewise relaxation method

to strengthen the convex-hull representation of the trilinear functions vivjésij and vivjs/\nij
described above (Egs. (2.10)). This method is an extension of our preliminary study [73]
which tightened these trilinear terms using the A-based formulations for piecewise polyhe-
drons of multilinear functions [69, 90, 103,106]. Recall that our preliminary method dis-
cretized the domain of each variable (i.e., v;, vj, ¢8;5, and §n;;) and introduced sufficient
binary variables to control their partitions. However, this method may lose some informa-
tion by partitioning on ¢s and sn independently. For example, ¢s;; and sn;; are functions of
0;;, thus there are relationships among these variables which we can use when discretizing

their domains. As a result, additional unnecessary partition (binary) variables are created,
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which can significantly slow down the convergence. Instead, we partition only on 6;; and
apply specific partitions for ¢s;; and sn;;. Without loss of generality and for the purpose of
exposition, we illustrate piecewise polyhedral relaxations of trilinear functions with specific
partitions on every variable (i.e., two partitions on v; and vj; three partitions on ¢s;; and
sn;j). For generalizations to multiple partitions and validity of the formulation, we refer
the reader to Sundar et al. [103].

For notation brevity, variables v;, vj, ¢35, sn;; and 6;; are termed as x1, 2, 2§, =35
and 63 respectively. Let x; ; be the 4t discretization point of z;, and x3 represents x5 or
x5. We define z; ; € {0,1} as the binary partition variables corresponding to z; on range j.
The partitioned domains of variables x§ and x5 are graphically illustrated in Figure 2.2(a)

and 2.2(b), respectively.

Figure 2.2: Partitioned domains for variable z§ and z3, as a function of f3. Blue font indicates
binary variables. Red font denotes the added points when f; < 0 < 65.

These figures show that the discretization points of x§ and z§ are determined by
partitions of 6;;, rather than themselves. Particularly, as shown in Figure2.2, the domain of
variable 03 is partitioned into three pieces by introducing four discretization points 3 s, k €
{1,2,3,4}, where 6; = 03 and 03 = 03 4. Given these points, the discretization points of
x5 and z§ can be calculated as @ ; = cos(03;) and x5 ; = sin(03;) for each j € {1,2,3,4}.

In this case, we present domains of x§ and x5 below:

T3 € [335,17 ~T§2] Y [‘55,275'3%,3] Y [$§,47 wgs] (2.12a)
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T3 € [mg,la 513;2] v [m§,273’3§,3] Y [mg,?)? m§’4] (2.12b)

It is important to notice that cosine function f(f) is not monotonic if § < 0 < 4 (here
we assume that |§| < % and |f| < Z). Thus, this approach may lead to the loss of some
valid domains of z5. For example, if the domain of 03 is partitioned by three discretization
points 631, 032, and 634, which generate three discretization points xf;, x§,, and x§ 4
for 5. This implies that x§ € [x§,,x5,] U [25,, @S 5], thus a valid range [x§,, x§ 3] is
neglected. This issue can be simply addressed by adding one discretization point 83 such
that cos(03 ) = 1 (e.g., 033 in Figure2.2). As a result, when 03 < 0 < 03, the true upper
bound of z§ (i.e., 1) is always included in its domain and no sub-domains are neglected.

Further, it is evident that z§ is monotonically increasing and decreasing with re-
spect to the left-side domain and the right-side domain of 63 (i.e., [031,0] and [0, 05 4]),
respectively. This property facilitates the derivation of piecewise convex-hull representa-
tions of v;v;¢s;; and vingﬁij with partitions on variable 6;; (will discuss later). Meanwhile,
although sine function f(6) is always monotonic when 5 < 0 < 3, the point x5 5 = 0 must
be added to the discretization point set of x3. This is due to x5 and x5 use the same binary
variables (i.e., 231, 232 and z3 3 in Figure2.2) to control partitions. Finally, it is important
to note that when 65 > 0 or f3 < 0, the discretization points 54 = 1 and 55 = 0 are
infeasible for x5 and z3, respectively. In this case, these two points must be excluded and
should not be added to the discretization point sets of x§ and z5.

Let X = {1,..,36} be the set of integer values between 1 and 36. Recall that
for k € K, & denotes the coordinates of the k* extreme point of a trilinear function
o(-) and 5}; denotes the coordinate of x; in &,. For every extreme point, &, there is a
nonnegative mulitiplier variable Ax. The partitioned domains of trilinear functions are
graphically illustrated in Figure2.3.

Using these notations and partitioning scheme above, we now present the SOS-

IT (i.e., a special order set of type II [9]) constraints that model the piecewise union of
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Figure 2.3: Partitioned variable domains for a trilinear function. Blue font indicates binary variables.
The red slice represents the partitioned domains associated with the added points when 5 < 0 < 03
(i.e., If §5 > 0 or O35 < 0, this slice is not included).

polyhedrons of the trilinear function below:

2= Mo(ér), =) Méh, (2.13a)
keX keX
D=1, N=>0, VkeX, (2.13b)
keX
2i1,%i2 € {0, 1}, Zi1 + 22 = 1, Vi=1,..,,2 (2.13(3)
23,1,%3,2,%23,3 € {0, 1}, 23,1 + 23,2 + 233 = 1, (2.13(21)
211 = >, Ak K ={1,2,3,10,11,12,19, 20, 21, 28,29, 30}, (2.13¢)
keX
212> Y M K ={7,8,9,16,17,18,25,26,27, 34, 35, 36}, (2.13f)
keX
2212 Y Ak, K =1{1,4,7,10,13,16,9,22, 25,28, 31,34}, (2.13g)
kek
222> >, Ak K ={3,6,9,12,15,18,21, 24,27, 30, 33, 36}, (2.13h)
keX
2+ 212 > ) M K = {4,5,6,13,14,15,22,23,24, 31, 32, 33}, (2.131)
keX
21+ 22> ) A K =1{2,5,8,11,14,17,20, 23,26, 29, 32, 35}, (2.13))
kek
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9 27
23,1 = Z Ay 231+ 232 = Z Ay 232+ 233 = 2 Ak, 233 = Z Ak (2.131{)
k=1 k=10 k=19 k=28

Constraints (2.13a)-(2.13d) model the convex combination of extreme points and
disjunctions. They force one partition for each variable to be active. Constraints (2.13e)-
(2.13k) enforce the adjacency conditions for the A variables. These resemble SOS-II con-
straints. The formulation in (2.13) has many interesting polyhedral properties. For example,
the projection of this polytope on to the space of {x1, z2, x5, ¥} has integral extreme points.
This is one of the primary reasons this formulation can be computationally efficient For
further theoretical details, we delegate the reader to [69,106].

Piecewise quadratic functions Using the same notation, the partitioned domains of

quadratic functions are graphically illustrated in Figure 2.4. The SOS-II constraints of

w; A

7

Zi,1

: ' — T
Li1 Li2 I3

Figure 2.4: Piecewise quadratic regions. Blue font indicates binary variables.

piecewise quadratic constraints are modeled as the following, using a piecewise union of
convex quadratic regions. To the best of our knowledge, this is the first time the piece-
wise quadratic regions of the voltage squared variables have been modeling using the A

formulation.

~ 2 ~ 2
w; =Ty, W < Z ACTS gy T = Z ALTi ks (2.14a)
k=1,2,3 k=1,2,3
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D Ae=1, \=0, Vk=1,23, (2.14b)

k=1,2,3
zin, 22 €{0,1},  zi1+ 22 =1, (2.14c)
zin = A1, Zi2 = A3, zint+ zip = Ao (2.14d)

Strengthening valid inequalities Though the formulations in (2.13) and (2.14) are

necessary and sufficient to characterize the piecewise relaxations of trilinear and quadratic
functions, we observed that the inclusion of the following (simple) valid constraints improved
the computational performance of A formulations tremendously. For a given variable x; with

two partitions (i.e., z; € [x; 1, % 2] U [®i2, i 3]), the constraint is as follows:

Z2i1Ti1 + 2i 2% 2 < T < 21%42 + 2i,2T43 (2.15)

Finally, for a given trilinear or quadratic function with a finite number of partitions, we use
(Y to denote the piecewise A-formulation of (2.13) and (2.14), respectively. The complete

piecewise convex relaxation of the ACOPF is then stated as:

PRC* . minz c2i(R(SY)?) + iR (SY) + co; (2.16a)
i€§

st (2.1b) — (2.1d), (2.1g) — (2.1]) (2.16b)

(2.116), (2.11h) — (2.111) (2.160)

Wi = @i, Ww; € <Ui2>)\p Vie N (2.16(1)

’L/U\Cij € <’L)Z"Uj6”:9ij>)\p, @ij € <Uivj§-’l\”bij>)\p. (2166)

2.5 Global optimization of ACOPF

Adaptive Multivariate Partitioning To solve the ACOPF problem, we use the Adap-

tive Multivariate Partitioning (AMP) algorithm described in [82,83]. The key idea of

this method is that AMP leverages the observations that solutions based on relaxations to
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ACOPF are often tight in practice and that locally optimal solutions are also very good [57].
AMP iteratively introduces narrow partitions around these relaxations.

A high-level pseudo-code for AMP is given in Algorithm 1. In this algorithm, we
use the notation o to denote a solution to the ACOPF, f(o) to denote the objective value

of o, and o(z) to denote the assignment of variable = in . In Lines 2-3, a feasible solution,

Algorithm 1 Adaptive Multivariate Partitioning (AMP)

1: function AMP

2 o — SOLVE(P)

3 o < SOLVE(PRY) o

4 0,55 0ij, ;5 Vi, C8;5, €815, 515, 515 <~ TIGHTENBOUNDS(7)
5: X «—SELECTPARTITIONVARIABLES(G, 0)
6

7

8

9

J —INITIALIZEPARTITIONS (X, P, )
o « SoLve(PRCM™)
while (M > e) and (Time < Timeout) do

flo)

J < TIGHTENPARTITIONS (2", P, o)
10: o —SoLvE(PRC*)
11: 0 <—SOLVE(P, o)
12: if f(o) < f(@) then
13: T—0
14: X <« SELECTPARTITIONVARIABLES(T, 0)
15: end if
16: end while
17: return o,0

18: end function

o, and a lower bound, g, are computed. Here, the lower bound is computed without
partitioning any variables. In line 4, we sequentially tighten the bounds of the voltage
magnitude, v;, and phase angle differences, 0;;, using optimization-based bound tightening
(BT) [27,32]. The new bounds on 6;; are used to tighten ¢s;; and sn;; using the cases
defined in equations (2.4)-(2.9). We would like to note that, though the importance of BT
has been already observed for ACOPF problems, the bounds we obtain in this paper are
tighter than in [27,32] since formulation (2.11) is based on the convex-hull representation
of trilinear functions.

Line 5 describes our variable selection strategy for partitioning (discussed later).

This is one main point of departure (and contribution) from the AMP algorithm discussed
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in [82]. Line 6 initializes the piecewise partitions of variables in X around those variables’
assignments in & (see Figure 2.5). It is important to note that, if 6;; € X, the calculated
partitions for variables ¢s;; and sn;; (as described earlier) are included in J. Line 7 then
updates the lower bound using the piecewise relaxation. Line 9 updates the partition
set J by adding new partitions associated with variables in X around the updated lower
bound (see Figure 2.5). Again, if 6;; € X, the partitions for ¢s;; and sn;; are updated in
J accordingly. Note that we don not remove any partitions that have been added from all
preceding processes. Lines 10-13 then update the upper and lower bounds of the ACOPF.
The upper bound (feasible solution) is updated by fixing the the ACOPF to the partition
selected in o and attempting to find a (better) feasible solution using a local solver. Line
14 redefines X, a set of variables selected for partitioning, based on the updated lower- and
upper-bound solutions from lines 10-13. The process is repeated until the objective values of
the upper and lower bound converge or a time-out criteria is met (Line 8). The full details
of these procedures are discussed in [82], except for line 14 which describes a heuristic for
updating the selection of variables to be partitioned in next iteration. We also note that
this is the first time this algorithm has been applied to ACOPF represented in the polar

form.

Heuristic partition-variable selection Algorithm 2 describes in more detail about our

variable selection strategy for partitioning. The original implementation of AMP selects
a sufficient number of variables to ensure that all relaxed functions are partitioned and
tightened. This approach ensures convergence to global optimality, but in practice, such an
approach is computationally difficult to solve when the number of binary variables is large.
Here, we introduce a heuristic that limits the number of variables that are partitioned.
While convergence is no longer assured, this heuristic can have a considerable impact on
solution quality.

Let V = {v;, 6,5, Vi e N,ij € £} represent the set of candidate variables for partition-
ing. In Algorithm 2, Line 2 computes the difference between a variable’s (x;) assignment

in an upper- and a lower-bound solution. Line 3 sorts the variables in V by increasing
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Figure 2.5: Example of variable partitioning in AMP for a bilinear function. Given an initial
relaxation (tan region) and an initial feasible point (middle of the black curve), the function INI-
TIALIZEPARTITIONS creates a narrow partition around the feasible point (middle green region) and
two wide partitions (outer green regions) around it. The size of the narrow partition is controlled by
a user parameter, A. The relaxation is iteratively tightened by the function TIGHTENPARTITIONS
around relaxed solutions. This figure shows the partitioning of one iteration (blue regions).

value of this difference. Line 4 returns the the first «|8| variables, where « is a user de-
fined parameter between 0 and 1. This heuristic relies on an expectation that variables
whose assignments from the non-partitioned convex relaxation are very different from the
local feasible solution are indeed the variables that require further refinement in the relaxed

space. Note that when o = 100% this heuristic reverts to the original AMP algorithm.

Algorithm 2 Heuristic Partition-Variable Selection

1: function SELECTPARTITION VARIABLES(7, 0)

2: al — |7(x;) — a(x)|, Yi=1,...,|V|
3: 8« {w1,72,..., 2y} : 7, €V and x?)mfﬂ
4: return ( Jz; : i < o8]

5. end function

Addtitionally, we also update set X based on the gap between the updated lower-
and upper-bound solutions for each variable in V. Particularly, in each iteration, X is
either kept the same or updated by changing at least one variable, while its size is always

e