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Abstract

Let K be a degree n extension of Q, and let Ok be the ring of algebraic
integers in K. Let z > 2. Suppose we were to generate an ideal sequence by choosing
ideals from {I C Ok : N(I) < x}, independently and with uniform probability. How
long would our sequence of ideals need to be before we obtain a subsequence whose

terms have a product that is a square ideal in Og? We show that the answer is about

exp /2 In(z) InIn(z).
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Chapter 1

Introduction

1.1 The Square Threshold Problem in 7Z

Suppose we were to construct a sequence by randomly selecting integers inde-
pendently and with uniform probability from the set {1...,z}. How many integers
do we need to select before the product of the terms of some subsequence is a square?

For example, consider the following sequence of integers drawn from the set {1,...,9},
2,7,5,3,6,3,8,9,9,4,1,7,3,9,3,2,5, ...

The first 5 terms of this sequence contain a subsequence for which the product of
the terms is a square. Namely, the subsequence 2, 6,3, whose product is 36 = 62.
Sequences having the property that the product of their terms is a square will be
referred to as square dependent.

Given an integer sequence N, constructed by selecting integers independently
and with uniform probability from the set {1...,z}, let Q be the smallest positive
integer such that the first  terms of N contain a square dependent subsequence.

In the example given above, 2 = 5 as the first 5 terms contain a square dependent



subsequence, and the first 4 do not. The integer €2 is said to be the threshold in which
our sequence of integers goes from not having a square dependent subsequence, to
having a square dependent subsequence.

The Square Threshold problem in Z is concerned with determining probabilis-
tic bounds for  for arbitrary sequences of integers drawn from the set {1,...,2} in
the manner specified above, where x > 2. This means that we want to determine
an interval (A(x), B(x)), dependent on x, such that the probability Q € (A(z), B(z))
tends to 1 as x — oo.

While applicability is not a requisite quality for interesting mathematical prob-
lems, a primary motivation in determining probabilistic bounds for 2 has been the
heuristic analysis of the running times for integer factorization algorithms. In many of
these algorithms, for example the Quadratic Sieve, a sequence of integers is generated
until a square dependent subsequence is obtained. As such, an estimate on how long a
generated sequence needs to be in order to obtain a square dependent subsequence is
essential in estimating the overall running time of the algorithm. While the sequence
of integers generated by these integer factorization algorithms may not be random in
the sense we are considering, for the purposes of a heuristic analysis it is fruitful to

assume so [4].

1.2 Current Progress

The first probabilistic bound on € has been attributed to R. Schroeppel [4],
who showed for ¢ > 0, the probability that Q < (1—€)LV? tends to 1 as  — oo, where
L = exp(y/In(z)Inln(z)). While Schroeppel’s own proof has not been published, a

proof of this upper bound can be found in [11, Prop. 4.1].



In 1994, Pomerance gave a probabilistic lower bound for €2, showing that for
€ > 0, the probability 2 < LV2~¢ tends to 1 as z — oo [13, Thm. 1]. In the same
paper, he also conjectured the existence of threshold function T'(z) such that for
e > 0, the probability that (1 —€)T(z) < Q < (1+¢€)T(z) tends to 1 as x — oo.
In this direction, Croot, Granville, Pemantle, and Tetali [4] have recently made the

following conjecture,

Conjecture 1. For every e > 0, the probability that
(e —e)LY? < Q < (e +¢€)LV?,

tends to 1 as x — oo, where v = 0.577 ... 1is the Euler-Mascheroni constant.

They prove the upper bound given in Conjecture 1, and a slightly weaker lower bound

of (m/4)(e™" — €)LV2.

1.3 The Square Threshold Problem in O

Let K be a degree n extension of Q, and let Ok be the ring of algebraic
integers in K. While O is not necessarily a unique factorization domain, it is well
known that Ok is a Dedekind domain. This implies that every ideal I C O can
be written uniquely (up to order) as the product of powers of prime ideals. Because
of this, many of the arguments used to determine probabilistic bounds for 2 with
respect to the integers, naturally generalize to ideals of Ok.

Define S(z) = {I € Ok : N(I) < z}. Suppose we were to generate an ideal
sequence by choosing ideals from S(z) independently and with uniform probability
(that is, in the same manner previously described for generating integer sequences).
How long would our sequence of ideals need to be before we obtain a square dependent

subsequence? Analogous to the integer case, a sequence of ideals of Ok is said to be



square dependent if the product of its terms is the square of an ideal in Og. Note
that this is precisely the question we asked with respect to integers, if we let K = Q.

Our primary goal in this paper is to prove the following theorem,

Theorem 1. Let K be a degree n extension of Q, and let Ok be the ring of alge-
braic integers in K. Let ) be the smallest integer such that the first ) terms of an
1deal sequence generated by randomly and independently selecting ideals with uniform
probability from the set S(x) contains a square dependent subsequence. Then for any

€ > 0 the probability that € is in the interval
(Lﬁ—e L\/§+e>

tends to 1 as x — 0.

The proof of Theorem 1 is given in Chapter 3. Central to the proof of Theorem
1 is the concept of a smooth number, and its generalization, the smooth ideal. In
Chapter 2 we introduce the concept of smooth numbers and smooth ideals, and results

pertaining to these concepts that will be essential to our proof of Theorem 1.



Chapter 2

Smooth Numbers & Smooth Ideals

2.1 Smooth Numbers

Generally speaking, an integer is said to be smooth if it has no large prime
factors [12]. However, this definition is a little vague as to what constitutes a “large”

prime factor. We will over come this ambiguity with the following definition,

Definition. Fory > 2, we say that an integer x is y-smooth if for every prime p | x
we have p < y. In other words, x is said to be y-smooth if x has no prime factors

exceeding .

For our purposes, we will be interested in the number of y-smooth integers
below a bound z, for a given x and y. We denote the number of such integers by
U(z,y). There is a great deal of literature on ¥(x,y), which speaks in large part to
the importance of smooth numbers in computational number theory. For excellent
surveys on ¥(z,y) see [7] and [6]. The earliest, and perhaps most fundamental result
pertaining to ¥(z,y) is due to K. Dickman. In 1930, Dickman showed that the

proportion of integers less than x that are z'/* smooth, where u > 0, tends to a non



zero limit as & — oo [6]. Specifically he proved the following theorem,

Theorem 2.1.1. For each real number u > 0, there is a number p(u) > 0 such that

U (z, 2t/") ~ zp(u).

1w whenever the function

In keeping with Dickman’s notation, we will take y = «x
U(z,y) is considered. In 1949, V. Ramaswami gave a rigorous proof that p(u) is in

fact a continuous function for u > 0 [14]. He proved the following,

Theorem 2.1.2. A function p(u) defined for all u > 0 exists such that
1.) p(u) >0 foru >0,

2.) p(u) is continuous for u > 0, and

3.) for any fized u, V(z,z"*) = zp(u) + O(x/In(z))

The function p is commonly referred to as the Dickman-de Bruijn function. In section
2.4 we give a proof of a result similar to Ramaswami’s in the setting of Z[i], where
we define U(z, ¢) to be the number of Gaussian integers o whose norm is at most z
and whose prime divisors have norm at most x°.

While there is no simple function that gives the value of p(u) for all u, there
are numerous approximations, the accuracy of each dependent on the range of u
for which it is defined. For our purposes we will be interested in the following two
approximations of p, both due to N.G. de Bruijn. The first approximation comes

from [5, (1.6)],

Theorem 2.1.3. For u > 1, let £ = &(u) be the positive root of the equation
et — 1 =u&. Then,

ev Sset —ef 41
plu) ~ mexp - fds

as u — 00, where v is Fuler’s constant.




The next approximation is widely used and can be found in the same paper of

de Bruijn [5, (1.8)]

Theorem 2.1.4. For u > 0 we have the following,

plu) = exp (—u (ln<U> +Inin(u) -1+ % o (%)D

Our interest in p may seem rather arbitrary given our setting is Ok, where K
not necessarily Q. However, as we shall see, many of the arguments made in Ok can
be recast to the setting of the integers, in which case theorems 2.1.2. and 2.1.3. will
be applicable. Furthermore, in the next section we define a function Vg (x,y) in Ok,
which is analogous to ¥(z,y) in Z, and many approximations of this function also

rely on p, see [15], [7], and [8].

2.2 Smooth Ideals in Oy

Let K be a finite extension of Q of degree n, and let Ok be the ring of algebraic
integers in K. Analogous to our definition of smooth numbers, we define a y-smooth

ideal of Ok as follows,

Definition. For y > 2, we say that an ideal I C O is y-smooth if for every prime
ideal p C Ok with p | I we have N(p) < y. In other words, an ideal I is said to be

y-smooth if I has no prime ideal factors with norm exceeding y.

We define Vi (z,y) to be the number of ideals in O with norm at most z, having no
prime ideal divisors with norm exceeding y. As with W(x,y), there is a great deal of
literature regarding W (z,y), the interested reader should see [15], [1], and [8]. For
our purposes, we will only concern ourselves with the following result due to P. Moree

and C.L. Stewart [8, Thm. 2], and Canfield, Erdds, and Pomerance [2, Thm 3.1],



Theorem 2.2.1. Let K be a finite extension of Q of degree n > 1, and let Ok be the
ring of algebraic integers in K. There exists a positive number Cy = Cy(K), which
depends upon K, such that for all x > 1 and u > 3,

W (z, xl/u) > 1 exp (—u (ln(u) +Inln(u) — 1+ % +0 (1?11?151;)) ))

Thus far we have not given any motivation for our consideration of smooth
numbers, or more generally, smooth ideals. The utility of such ideals, which will
be discussed in the next section, lies in the fact that they give us a useful crite-
rion for determining if an arbitrary sequence of ideals contains a square dependent

subsequence.

2.3 Determining a Square Dependence

We begin by considering the following question: Suppose we have a sequence
of ideals from Ok, I, ..., I, and we know that this sequence has a square dependent
subsequence. How would we go about determining this subsequence? Well, suppose
we have two ideals I, J C Og. Since O is a Dedekind domain, we know that both I
and J have unique factorizations (up to order) into the product of prime powers. Let
I=p7 - pim and J = p‘lil -« pdm where some of the d; and e; may be 0. Denote by
v(I) and v(J), the vector consisting of the exponents in the prime ideal factorizations
of I and J, respectively. So, v(I) = (ey,e2,...,6y) and v(J) = (di,ds,...,dy).
Now, in order for I.J to be a square, the exponent of each prime ideal in the prime
ideal factorization of I.J must be even, in other words, v(I.J) = (0,0,0,...,0) mod 2.
Since v(1J) = v(I)+wv(J), this implies that the vectors v(/) and v(.J) must be linearly
dependent modulo 2. Therefore, if I, ... ,Ié is a square dependent subsequence of

Iy, ... I, we have



l
> u(I}) = (0,0,0,...,0) mod 2.

i=1
Thus, in order to determine the square dependent subsequence among the ideals
I, ..., I, weneed only determine the linear dependence among the vectors v(1y), . .., v(Ix).
This is easily done utilizing methods from linear algebra. To see how, consider the

following linear system of equations,

ag 0
where a; € Zs. Solving for the a;’s, we see that if a; = 1 then I; is involved in the
square dependency.

Not only does this simple argument from linear algebra give us a means of
determining the square dependence among our sequence x1, . .., Ty, it also gives us an
means of determining if an arbitrary sequence of integers contains a square dependent
subsequence. To see how, let I, I5,... be an arbitrary sequence of ideals from S(z).
For a given y > 2, suppose we are able to find mx(y) 4+ 1 terms of this sequence that
are y-smooth, where 7w (y) denotes the number of prime ideals in O with norm at
most y. Since the exponent vector v(/;) will have dimension at most 7k (y) for each
I; that is y-smooth, and we have g (y) + 1 such terms, we are guaranteed to have
a square dependence by recalling the fact that n + 1 vectors from an n dimensional
vector space must contain a linear dependence.

In the next section we prove the existence of a continuous function p(c) > 0,
satisfying W(z,c) = mau(c) + O(z/In(x)) for all ¢ > 0, where ¥(z,c) denotes the
number of z¢smooth Gaussian integers of norm at most x. This proof is analogous
to the proof given by Ramaswami in [14], however, the result is not necessary to prove

Theorem 1, and may be skipped.



2.4 The Dickman-de Bruijn Function for Z[i]

We begin with some notation,
p,pr : any prime integer.
m: any Gaussian prime.
S(z,p): the set of Gaussian integers whose norm is less than z,
divisible by p, and free of prime divisors greater than p.
T(xz,p): the set of Gaussian integers whose norm is less than x
and free of prime divisors greater than p.
N(a): the norm of the Gaussian integer o
F(t): Y, 1/p
Next we define U(z, ¢) as follows,

U(z,c) = |[{a€Z[i] : N(a) <z, m|a= N(r)<a}|.

That is, ¥(x, ¢) is the number of Gaussian integers with norm less than x, whose prime
factors have norm at most x¢. We wish to prove the following theorem describing

U(z,c),
Theorem 2.4.1. A function u(c) defined for all ¢ > 0 exists such that

1. for any fixed c,
U(x,c) = mau(c)+ O (i)

Inz

2. p(c) > 0 and continuous for ¢ > 0.

Our previous notation would dictate that we consider the function ¥(z, 2'/*), rather
that W(z, ¢) with ¢ = 1/u. However, aspects of the proof of Theorem 2.4.1 would make
the notation W(x,z'/*) cumbersome, which is the reason for the change in notation.

Before we prove Theorem 2.4.1, we will first prove a few preliminary lemmas.

10



Lemma 1. For ¢ > 1, Theorem 1 is true, and
U(z,0) = map(c) + O (V7).

PROOF. For ¢ > 1, U(z,c) gives the number of Gaussian integers whose norm is
less than x. This is equivalent to the number of lattice points in a circle of radius
vz, which has been shown to be asymptotic to 7z + O(/x) by Sierpinski [16]. Since
O(/x) = O(z/Inx), Lemma 1 follows by taking u(c) =1 for ¢ > 1. u

Lemma 2. [f py # pa, the sets S(x,p1) and S(z,p2) are distinct.

PRrROOF. Without loss of generality, we may assume p; < po. Let a € S(x,p;). Then

the largest prime factor of N(«) is p1, which implies ps does not divide N(«). Hence

&¢S<$,p2>- u

Lemma 3.

2| T(x/p,p)| = |T(x/p*,p)| ifp=1(4)

| S(z,p)| =

| T(/p?,p) | if p=3(4)
PROOF. Suppose p =1 (4), and let 77 = p. Define A = {nf : § € T'(z/p,p)} and
B=A{76: € T(x/p,p)}. We want to show that AU B = S(z,p). Let « € AU B.
Then o = 73 or a« = 7y for some 3,y € T'(x/p, p). Without loss of generality, suppose
a = 7. Then N(a) = N(m)N(B) < p- (x/p) = x. Moreover, since p | N(a) and p
is the largest prime factor of N(«), we know a € S(x,p). Hence, AU B C S(z, p).
Conversely, suppose a € S(z,p). Then p | N(«), which implies either 7 or 7 divides
a. Without loss of generality, suppose o = w3. Then N(«a) = N(7)N(f) < x, which
implies N(f) < x/p. Furthermore, since the largest prime factor of N(«a) is p, we
know that the largest prime factor of N(/3) is also p. This implies that 8 € T'(z/p, p),

which in turn implies « € AU B. Hence, AU B = S(x, p). Therefore,

11



|S(z,p) | =|AUB| = |A]+|B| - |[ANB|=2[T(z/p,p)| = | AN B.

Next we want to determine | AN B|. Let C = {76 : B € T(x/p*,p)}. Suppose
a € AN B. Then it must be the case that 77 | o, which implies o € C. Conversely,
suppose o € C. Then we can write & = 73 and o = 7y for some (3,7 € T(x/p,p).
This implies that « € A and a € B. Therefore C = AN B, and |[ANB| = |C| =
| T(z/p,p) |.

Suppose p = 3 (4). Then p is prime in Z[i], and the map o : T(z/p* p) —

S(z,p) defined by o(a) = pa is bijective. Hence | S(z,p)| = |T(z/p? p)|. u

The next lemma will function as the induction hypothesis in our proof of Theorem

2.4.1.
Lemma 4. If ¢; € (0,1], and Theorem 1 is true for ¢ > ¢y, then it is true for
c>c/(1+¢).

PROOF. By hypothesis, p(c) is defined, continuous, and positive for ¢ > ¢;. Further-

more, by considering Lemma 1 when ¢ > 1 we have,

mxp(c) + O(ﬁ) forep <e<1
U(r,c) = (2.1)
rap(c) + O(Vx) forec>1

Let ¢co = ¢1/(1 + ¢1). Consider d such that co < d < ¢;. We begin by showing that
there is a function p(d) such that V(z,d) = mzu(d) + O(x/Inz). In order to do so,

we consider the difference ¥ (z,c;) — V(z,d). It follows from Lemma 2 that,

V() = V(a,d) = Y [S@p)| + ) | Sz, p) |- (2.2)
CL’d<p§fEcl .’I?d/Q <p§1‘cl/2
p=1(4) p=3(4)

12



Note that the second sum in (2.2) is over primes p = 3 (4), hence p is itself a
Gaussian prime with N(p) = p?. Therefore we must have z%? < p < /2 in order

for 2 < N(p) < z°. By Lemma 3, (2.2) becomes

> ClrGolrGal) - L2

$d<p§xcl xd/2<p§xc1 /2
p=1(4) p=3(4)

() e

Next, we note that the number of Gaussian integers whose norm in less than z/p?
and free of prime divisors greater than p, is clearly less than or equal to the number
of Gaussian integers whose norm is less than z/p?, with the latter being equivalent to

the number of lattice points in a circle of radius v/z/p. Hence, we have the following,

s Gl e ()

md/2<p§a,’,c1/2 md/2<p§$cl/2 Z‘d/2<p§$cl/2
p=3(4) p=3(4) p=3(4)
T /2 p1-d+(c1/2)
< — - =
z¢ Inz Inz

Recall that ¢; € (0,1] and that ¢;/(c; +1) < d < ¢;. Clearly ¢1/2 < ¢1/(c1 + 1) < d,

which implies 1 — d + ¢;/2 < 1. Hence,

Sor <z% p) ‘ €0 (ﬁ) (2.4)

Z‘d/2<p§$61/2
p=3(4)
Similarly,
T T T
T r(aa) < xoae a2
¢ <p<z€l xl<p<ael zl<p<Lacl
p=1(4) p=1(4) p=1(4)
T Jicl x01+1—2d
< 0 =
24 Inx Inx

Since ¢; +1—2d < (2 +1)/(c; + 1) < 1, we have

13



2.

zd<p<zel
p=1(4)

T (}% p) ‘ €0 (ﬁ) (2.5)

Taking (2.4) and (2.5) into account we can rewrite (2.3) as,

(o) o).

p=1(4)

which, by our definition of ¥, can written as,

S 2w <f, lln—pl> + O(%). (2.6)
Wiy p Inz—1Inp nx
p=1(4)

Furthermore, since 2% < p we have d(lnz — Inp) < Inp (1 — d), which implies d/(1 —

d) <Inp/(Inz — Inp). Hence,

Inp d Co

> > =C1.
Inz—Inp 1—-d 1—c “

Therefore, by hypothesis (2.1) we can write (2.6) as,

2rx In T
Z a (lnx —pln ) i Z © <ln£§ )
zd<p<zcl p p zl<p</z p
p=1(4) p=1(4)

+ Y O<\3/w/p>+0(ﬁ>. (2.7)
Vz<p<z©l
p=1(4)

It is a well known result in number theory that F(t) = > ., 1/p = Inlnt + O(1).
Therefore, considering just the second sum in (2.7) for a moment, and assuming /z
is not a prime congruent to 1 modulo 4, we get

x/p T 1 x J
oot ) mo(cs) X - = 0(s) FVa) - Fa)
., Inz/p Inz P Inz
zd<p</z zl<p</z

p=1(4) p=1(4)

14



=0 (%) (Inln vz —Inln2?+ O (1))

- O(i> (—lnd—In2+0(1)) = 0<i>.

Inxz Inz

If \/z is a prime congruent to 1 modulo 4, then the term (F(y/z) — F(x%)) above
would be replaced by (F(y/z) — F(x?) — 1//z). However, —1/y/x = O(1), leaving

the result unchanged. Similarly, for the third sum in (2.7) we have

3 O(sx/p> - o(a) Y 33:0(3/5) zo(li).
Va<p<z©l Va<p<z©l p e
p=1(4) p=1(4)

Hence, equation (2.7) can be reduced to

1 Inp x
ame Z (]g)'u<lnx—lnp) +O(E>’

zd<p<zel
p=1(4)

which can be written as,

omz- Y ”(ﬁ) (F(p)—F(p—l)) + o(%). (2.8)

zd<p<zel
p=1(4)

We can further simplify (2.8) by noting,

xd;ﬁ:ﬂ z (—m xln_pln p> (F(p) — F(p— 1))
- Y (ln:clnfplnp) (lnlnp— Inln(p — 1))

p=1(4)
zl<p<zel
Inp
_ ). (2.
b X () ow. @)

p=1(4)
$d<p§xcl
p=1(4)

15



Since,

Inp e — ¢ T
dz M(lnx—lnp)O(l) B O< Inx ) B O(M)’
z¢<p<lxl

p=1(4)

we can write (2.9) as,

S (ﬁ) (lnlnp “Inln(p — 1)) i) (ﬁ) (2.10)

zl<p<Lal
p=1(4)

Hence (2.8) becomes,

Inp x
21w - Z w (m) (hllnp —Inln(p — 1)) +0 <m> . (2.11)

zd<p<zcl
p=1(4)

We would like to write the sum in (2.11) as a Riemann-Stieltjes integral, however, we
must first convince ourselves that such an integral exists.

It was previously shown that Inp/(Inz — Inp) > ¢ for all primes satisfying
¥ < p < 2. However, if p = 2% we have Inp/(Inx—Inp) = d/(1—d) > ca/(1—c3) =
c1. Hence Inp/(Inz — Inp) > ¢; for all primes p in the closed interval [z¢, z°!], which
implies p(Inp/(Inx — Inp)) is continuous in the same interval. Furthermore, since
G(t) = Inlnt is a monotonically increasing function, the sum in (2.11) can be written

as a Riemann-Stieltjes integral. Doing so gives us,

€l

Int x
QWI/M (lna:—lnt) dG(t) + O (E)

xd
€l

Int dt x
= 2 — ) (2.12
7Tbplc/'u(hrlx—l_‘r1t> tint - O(lna:) (2.12)

d

xT
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Performing the substitution ¢t = z*, (2.12) becomes

2m/u(1fu>%“+o(&>. (2.13)

Therefore,

V(o d) = U c) — 2m/M( u )d—“ v o) (2.14)

which becomes,

C1

U(z,d) = mz u(cl)—Q/u( “ )ﬁ + o(i). (2.15)

1—u/) u Inz

Since the integral in (2.15) and p(cp) are defined, the latter by hypothesis, we have
shown that for any ¢ > ¢1/(1 + ¢1), there exists a function p such that V(z,c) =
mzp(c) + O(z/Inz). Next we will show that u(c) > 0 for all ¢ > ¢, /(1 + ¢;).

Let co = ¢1/(c1 + 1) < dy < dy < ¢;. We want to show that p(ds) > 0. By

(2.15) we have,

\If(l’, dg) — \I/(ZL', dl)

p(dz) — p(dy) = lim

r—00 ™
? d 1 ? d
U U U u
= 1 2 —+ 0| — = 2 —
P /M(l—u> u+ (lnx) /M(l—u> U
d1 dl

Next we note that if d; < u < d», then

U dy C
> >
1—uw — ].-dl - ]_—CQ

= (1.

17



Therefore, by hypothesis (2.1) we have u(u/(1 —u)) > 0 for all u € [dy, ds], hence

da
p(ds) — ldy) =2 [ (1ﬁu> s (2.16)
dy

Note that (2.16) implies that p is a strictly increasing function for ¢ > ¢;/(¢; + 1).
Furthermore, we know that p(c) > 0 for ¢ > ¢;/(c; + 1). To see this note that
U(z,c) = ax for some positive a € R. If p(c) = b < 0, then by our definition we have
U(z,c) = brx + E, where FE is the error term. This implies £ = (a — br)x = O(z) #
O(z/Inz), a contradiction.

The fact that u is a strictly increasing non-negative function for ¢ > ¢;/(c;+1)
implies p(ds) # 0. Hence, for any ¢ > ¢;/(c; + 1) we have p(c) > 0. Note that we
have not shown u(c) > 0 for ¢ = ¢;/(c; + 1), we will return to this later. Next we
want to show that p(c) is continuous for all ¢ € [¢1/(c1 + 1), ¢1].

Let ¢ € [c1/(c1 + 1), ¢1] and € > 0. Since In(z) is continuous over the interval
[c1/(c1+1), ¢1], we may choose a § > 0 such that for any d € [¢;/(c1+1), ¢1] satisfying

lc —d| < d, we have |Inc —Ind| < €/2. Hence,

C

o) = ut] = 2| fu(25) | <2 /d—

d

Where the last inequality follows from the fact that u is a strictly increasing function

for ¢ > ¢1/(c1 + 1), and by Lemma 1 we know u(c) =1 for ¢ > 1 > ¢;. This gives us,

C

d
2 /_u = 2|lnc—Ind| <2.5 = ¢
U 2
d

Therefore, u(c) is continuous for all ¢ > ¢;/(c; + 1).

Now we return to the problem of showing that u(c;/(c; + 1)) > 0. So far we

have shown that if Theorem 2.4.1 holds for ¢ > ¢;, where ¢; € (0, 1], then it holds for

18



c¢>c1/(c1+1) = cg. Let ¢* € (¢, 1 ), then Theorem 2.4.1 holds for ¢ € (¢*/(c*+1), ¢*|

by the current Lemma. Since ¢y € (¢*/(c* + 1), ¢*], we have pu(cy) > 0. n
We are now in a position to prove Theorem 2.4.1.

ProOOF OF THEOREM 2.4.1. By Lemma 1, we know that Theorem 2.4.1 holds for
[1,00). Therefore, by Lemma 4 we know that Theorem 2.4.1 is true for ¢ € [1/2,00).
Suppose Theorem 2.4.1 holds for all ¢ € [1/n,00) for all n < k. By Lemma 4,

Theorem 2.4.1 also holds for all ¢ € [k*, o0], where,

o Wk 1
1+ 1k k41

The result follows by induction. |
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Chapter 3

The Square Threshold in Oy

Let K be a degree n extension of Q, and let Ok be the ring of algebraic integers in
K. Recall that L = exp(y/In(z)Inln(z)) and S(z) = {I € Ok : N(I) < z}. The

goal of this chapter is to prove the following theorem,

Theorem 1. Let K be a degree n extension of Q, and let Ok be the ring of alge-
braic integers in K. Let  be the smallest integer such that the first Q terms of an
ideal sequence generated by randomly and independently selecting ideals with uniform
probability from the set S(x) contains a square dependent subsequence. Then for any

€ > 0 the probability that € is in the interval
<L\/§_€, L\/§+e>

tends to 1 as x — 0.

We will prove Theorem 1 by breaking it into two parts. For € > 0, we will
first prove the upper bound by showing the probability that Q < (1 +¢)LV2 tends to
1 as * — oo. We will then prove the lower bound by showing the probability that
Q < LV2¢ tends to 0 as z — oo. Throughout both proofs p,p;, C Ok will denote

prime ideals and p, p; € Z will denote prime integers, for all 7 € N.
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Before we begin, we need to take note of an important theorem due to Edmund
Landau [8], which serves as the analogue of Prime Number Theorem. It gives us an

asymptotic expression for the number of prime ideals with norm below a specified

bound.

Theorem 3.1.1 (Prime Ideal Theorem) Let mx (z) denote the number of prime ideals

in Ok with norm at most x. Then,

Furthermore, it follows from Theorem 3.1.1 that for x > 2,

mx(x) = Li(z) + O (q;efc 1n(cv)>

= [T1/In(t)dt [8, (12)].

where ¢ > 0 is a constant depending on K only, and Li(z) = f2

We are now ready to begin our proof of the upper bound given in Theorem 1.

3.1 The Upper Bound

We begin our proof with a generalization of a result due to N.G. de Bruijn [10, Thm.
2].

Theorem 3.1.2. Let K be a finite extension of Q of degree n > 2, and let Ok
be the ring of algebraic integers in K. If ¢ > 1 is constant, we have for x > 2 and
(In(z))* <y <,

In(1+u

In(Vk(x,y)) < In(zp(u))+ 5 ) + O(Inln(y)) + O (@) + O(R)

where

() s(a/ In(y)) s In(x)
R= e WV (e*)ds; u= ; a=1In(u) +Inln(u + 1)
1 In(y)

and V' is a function connected with the error term in the Prime Ideal Theorem.
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PROOF. Let Y = {I C Ok :p| = N(p) <y}. That is, let Y be the set of ideals
in Ok that are y-smooth. Then for any n > 0 we have,

- Z © <N”€f>>"ﬁ > (5n)

N(I)<z Iey
Iey IeY

N = (1=Np)™)

1ey N(p)<y

-1

That is, for all n > 0 we have,

which implies,

I(Vr(r,y) < nln@)+ > 1n( (1= Np)™) 1). (3.1)

N(p)<y

We will estimate the sum in (3.1) by the following integral,

/ Tl (1= 7)) dLi(e). (3.2)

In order to do so, we must determine the amount of error that will be incurred by

such an estimate. By the Prime Ideal Theorem, for y > 2 we have

mx(y) = Li(y) + O (ye’cv ln‘y))- (3.3)
where, for convenience, we may take Li(y f Y1/1In(t) dt. Noting that,

—c4/In(t)

In(y)

e /In(t) ce

Y

———dt = ye VW _etl — (ye_c\/ln(y)>
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we can write (3.3) as,

y ce—cV/m®)
mx(y) = Li(y) + O (/ e=eV/in(®) _ mdt). (3.4)

For ease of notation, we will denote eV2® — ce=eVIn® /9. /In(y) by V(). Let E
denote the error incurred by approximating of the sum in (3.1) by (3.2). Then,
y
E= Y I ((1 - N(p)*”)_1> - / In (1 —¢77)7") dLi(t).
N(p)<y ©
Note that we can write the above sum as,

(=2 + 3 ((1=n)7") (m(n) — mie(n — 1)),

e<n<y

where n € N. Since the function In ((1 — n_”)_1> is continuous over [e, y] with respect
to n, and mg is monotonically increasing, we can write the above sum in terms of a

Riemann-Stieltjes integral. Doing so we get,

Z In <(1 — n—ﬂ)71> (rx(n) —mr(n—1)) = /ey In ((1 — t‘??)’1> dmg(t)

e<n<y

Hence,

E = In ((1 — 2—")’1) + /:, In ((1—¢")~") d(mk(t) — Li(t))

= 0O(1) +/y In ((1—¢")7") d(mg(t) — Li(t)) (3.5)

For ease of notation, let f(t) = In((1 —¢=7)~!). Performing integration by parts on

the integral in (3.5), we get

[ @t 1) = 100 (race) o] = [ #10) ett) — L)
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= J0) (rcl) = L) ~ £1) () ~1ice) - [ 00 ([ Vi) is) at

(3.6)
with the last equality following from (3.4). Considering just the integral in (3.6) for

a moment, we note that

- [reo([vers)a - o[ ([ virw) )

Performing integration by parts on the right hand side we get,

o[ =ro ([ vers) ) = o (s ([ viaw)| + [ sov )
= o(~s [ veras+ [ st t)—O(/(f(t)—f(y))V(t)dt)

Since f(t) is a positive, monotonically decreasing function over the interval [e, y|, we

know that

/Ey (f@t) = fly)V(t)dt = O (/ey f(t)V(t)dt),

[ rwo( [ve) is) i = o [ sew). (37)

Next we note that,

Thus,

7(9) (e (y) — Liw)) — £(€) (xc(e) — Li(e)) = O ( [ f(y)V(t)dt) o).

and since, f(y) < f(t) for all ¢t € [e,y], we have

o[ roviom) = of [ somwa)

Therefore, by (3.7) and the above equality, the right hand side of (3.6) becomes,

0 (/jf(t)V(t)dt) +0(1)
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which implies that,

E =0 </eyf(t)V(t)dt> +0(1) = 0 (/y n ((1— 7)) V(t)dt) +o(1).

Therefore, if we replace the sum in (3.1) with the integral in (3.2), and account for

the resulting error we have the following,

In(Vg(z,y) < nln(z)+ /ey In <(1 — t’")_1> (ﬁ) dt
+0 (/y In((1—¢")7") V(t)dt) +0(1). (3.8)

Let ¢ € R such that ¢ > 1 and restrict the values of x and y by x > e and

clnln(z) — c¢ln(c)
exp< = /In() ) <y<z (3.9)

Recall the function £ = £(u) from Theorem 3.1.1., which is defined to be the positive
root of the equation e — 1 = &u with u = In(z)/In(y) > 1. Let 7 = 1 — &/ In(y).
For reasons that will be made clear later on, we would like to let n = 7 in (3.8),
however, in order to do so we must first show 7 > 0 for z and y satisfying x > e
and (3.9). Let us fix x. Note that as y increases through the interval given by (3.9),
u = (€5 —1)/¢ decreases, hence, £ must also be decreasing. Next we want to determine
how large £ can be for y in (3.9). Plugging in the minimum value of y over (3.9) we
get u = (In(z) — ¢)/(clnln(z) — cln(c)), which implies £ = Inln(z) — In(c). Hence,

0 < ¢ <Inln(z) — In(c). Since 7 is minimized when ¢ is maximized, we have

T =1-¢/In(y) = 1—(ef—1)/In(2)

1
In(z)

1
Z 1 — (elnln(:c)—ln(c) . 1)/111(3:) - 1—-=4
C
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Since ¢ > 1, we have 7 > 0. Hence, we may let n = 7 in (3.8), which gives us,

In(Vk(x,y)) < In(x) —&u+ /ey In <(1 _ tff)—l) (%

n@+OW@0ﬁ+Om.

(3.10)
Next we would like to show In((1 —¢77)"1) = ¢ + O(t7?7). To do so, we note the

Mercator series expansion for In(1 + x), which is valid for —1 <z <1,

o0

In(l+z) = Z(—mﬂ%".

n=1
With respect the integral in (3.10), we see that ¢ > 1, and since we have previously
shown that 7 > 0, we know that ¢ > 1. Therefore, —1 < —1/t" < 0. Letting

x = —1/t" in the above Mercator series expansion for In(1 + z) we get,

tm—1 =1
] = — .
() =

Finally we note that,

1 t tr—1 =1
n(l—Uﬂ) n(ﬁ—l) n( ﬁ ) g;mm’

which gives us In ((1 —¢7)™') =¢7 4+ O(t~?7). Therefore, (3.10) becomes

In(Ue(z,y) < ln(x)—§u+/ey Mll(t)dHo(/ey@dt)

10 (/y — lln(t)dt) 40 (/y ‘;S)dt) +0(1). (3.11)

Since O ( fey V(t) dt) is defined to be the error term in the Prime Ideal Theorem, that

is, m(y) = [71/In(t)+O( [’ V(t)), we have V (t) = O(1/In(t)). Hence, we can reduce
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(3.11) further, giving us

In(¥g(z,y)) < In(x) —£u+/ey tTli(t)dHO </y Vt(f)dt)

+0 (/y mdt) +O(1). (3.12)

Considering just the first integral of (3.12) for a moment, we make the substitution

t = y*/¢. Doing so we get s = £In(t)/In(y) and ds = &/(y*/¢In(y)), which gives us

/y 1 i /E 1\ ¢ ys/£ In(y) b /§ L =1 lds
e t7In(t) - \y¥¢ /) sin(y) 3 1—r \ Y6 5
3 1 —£/1n(y) 1 13 1 13 s
/ (_/) L / W) 2 g = / £ ds. (3.13)
1-71 ys ¢ S 1-71 s 1-7 §

Recall from Theorem 2.1.3, that

e’ Sse* —ef+1
p(u) ~ \/ﬁ exp | — ﬁds )
0

as u — 0o, where £ be the positive root of the equation ¢ — 1 = u¢ and v is Euler’s

constant. Hence,

1 1-7 s _ s 1 3 s 1 § o8
n(p(w) = 0 - ()~ [ = [ [ s

s s _,; S

which implies,

13 s 1 1-7 s __ s 1 13 s 1
/ s = In(p(u)) + 2 +O(1)+/ uds+/ s
1 0 1

S 2 S s

—T

13 1-1 1 _ _s 3
= In(p(u)) + Infu) +0(1) +/ e ds +/ L-c ds +/ lds
0 0 1

-7

s ;8

_ pS

+0(1)+ef—1+/1_T ds +1n(¢) —In(1 —7)
0

S

o +ue+ [ T e () — In(e/ n(y))

0 S

_ S

1-71 1
+O(1) + ué + / ds +Inln(y)
0
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Next we note that (1/2)In(u + 1) = (1/2) In(u) + O(1), giving us

13 s 1-7 1 _ _s
/“%ds - ln(p(u))—i-w-i—O(l)-i—uf-I—/ L-e

0

ds + Inln(y).

By (3.9) and the fact that 0 < ¢ < Inln(z) — In(c), we have 1 — 7 = £/In(y) <

1/c —1/In(z) < 1 for all . Furthermore, by noting that lim, (1 —€®)/s = 1, we

1-7 1
1—ef 1—¢f
/ eds / eds
0 s 0 s

have,

<

— 0(1)

Hence,

¢ e n(u
/1_ ;ds = In(p(u)) + I(T+1) + O(1) + u€ + Inln(y).

Plugging the above into (3.12) we get,

n(Tx(z,y) < In(z)+In(pu)) + Inln(y) + ln(u2+ 1)

L0 (/jﬁdt) 10 (/j@dt) +O(1). (3.14)

Next we will consider the error terms of (3.14). We begin by letting ¢ = e® in the first

error term,

y 1 In(y) s In(y) o(1-27)s
@) / ——dt|] = O / ds| = O / ds
. t?7In(t) 1 e2rss 1 s

Recall that 0 < ¢ < Inln(z) — In(c¢) for y in the interval (3.9), where ¢ > 1 is

constant. This implies that Inln(z) > €. Letting w = 2(Inln(z)/In(y)) — 1, we see

that w > 2(¢/In(y)) — 1 = 1 — 27. Hence,
In(y) (1-27)s In(y) ,ws
/ ¢ ds = O (/ ¢ ds)
1 8 1 S
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Note that if w < 1/In(y), then e*® < e for all s € [1,In(y)]. In other words, if

w < 1/In(y) then e** = O(1), which gives us

In(y) ows In(y) 1
/1 . ds = O(/l gds> = O(lnln(y)).

Suppose w > 1/1In(y). If w < 1 we can break up the integral as follows,

In(y) jws lw jws In(y) jws
/ ¢ ds = / ¢ ds + / ¢ ds.
1 S 1 S 1/w S

The first integral is O(Inln(y)) by the previous argument. Letting ws = z in the

second integral we get

In(y) jws wlin(y) _z
/ C ds = / Cdr = O(e”ln(y)),
1 1

w

Next, suppose w > 1. Since 1/w > 0 and e¢“*/s > 0 for all s > 0, we have

In(y) cws Iny) pws
/ ds < / ds = O(e“’ln(y)).
1 1

5 w S

Hence, the first error error term of (3.14) can be written as,

/eymdt B O<1n1n(y)) + O (e*™W)

- 0<1n1n(y)) +0 (M) - 0<1n1n(y)) +0 (M) (3.15)

y? In(y)
with the last equality following from that fact that y > 1. To get a handle on the

second error term of (3.14), we first let ¢ = e°, giving us

V(e () V(e*) ) s\ s(¢/In(y))
/e o7 dt = /1 mdS = O /1 V(G )6 dS . (316)

Next we want to replace ¢ in (3.16) with In(u) + Inln(u + 1). Note that since u =

(e —1)/¢ and u+ 1= (e + & — 1)/, we have
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In(u) +Inln(u+1) = In(e* — 1) —In(¢) + Inln (w)

§

However, since

. In(ef—1) , e +E—1\ > B
glggoT = 1 and 51:1{)10 (lnln <—5 ) In(¢) ] =0

we have In(ef — 1) ~ € and Inln((e® + & — 1) /&) — In(€) = o(1). Hence,
¢=In(u) +Inln(u+ 1) + O(1).

Let a = In(u) + Inln(u + 1). Then,

In(y) In(y)
/ V() /W) g — / V() ((@+0)/ () g
1 1

In(y)
= 0 / V(e*)e' /W) gs | (3.17)
1

Therefore, by plugging in (3.15) and (3.17) for the first and second error terms of

(3.14), respectively, we get

In(u+1)
2

+ O(Inln(y)) + O <%) + O (/lln(y) V(e*)ese/ nw) ds). (3.18)

(Vg (z,y)) < In(z)+In(p(u)) +

Note that (3.18) is the desired expression in Theorem 3.1.2. All that remains to be
shown is that (3.18) holds in the range specified in Theorem 3.1.2. Note that for

x > 2 satisfying In(z)/Inln(z) > ¢/ In(c) for the constant ¢ > 1, we have

clnln(z) — c¢ln(c) .
exp ( /() ) < In(x)“ (3.19)

Let ¢; € R be a constant for which (3.19) is satisfied for all x > ¢;. Then we have

shown for = > ¢; with (In(x))® <y < x the result holds.
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Finally, we note that for 2 < 2 < ¢; with (In(z))¢ < y < z, each of the terms
on the right hand side of (3.18) are finite, and In(x)?/y > In(2)?/2 > 0, we see that
the result follows trivially for 2 < z < ¢; with (In(z))¢ < y < z since the O(In(z)?/y)

term can encompass any possible error.

Now that we have an upper bound for Vg (z,y), or more accurately an upper
bound for In(Vk(x,y)), we will use Theorems 3.1.2 and 2.2.1 to sandwich Ug(x,y)
and allow us determine an asymptotic equality. This result is a generalization of that

given by Pomerance [13, Thm. 2.1] in the case when K = Q.

Corollary 3.1.3. Let y = z¥/*. If e > 0 is arbitrary, for x > 2 and 3 < u <
(1 —¢)In(z)/Inln(z), we have

1S (2)]
Uk(z,y) = (o)

as u — Q.

PROOF. First we will show that Vg (z,y) = x/u*T°M) as u — oco. By Theorem

2.2.1, we have

Upe(z, 2% > z exp (—u (ln(u) +Inln(u) — 1+ % + (lliril(ll(g)) >>

— 2 oexo [ —ulnlu Inln(u) 1 Inln(u) — 1 (In1n(u))?
_ p( 1()(1+ (o) ln(u)+ (n(a))? + 4 () ))

Ly Inln(u) 1 Inln(u) — 1 (InIn(u))?
_ u( (” () (@ T (@2 " () )) _ @

o u(ito(1))

as u — OQ.
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By Theorems 3.1.2 and 2.1.4, we have

In(¥ g (z, xl/“))

< o o o 1 () )

In(u +1
, (w1

5 + O(Inln(y)) + O (M> + O(R).

Y

Exponentiating both sides of the inequality, we may apply the same argument as

above giving us

Ul ?) £ ot e (M + o) + 0 (M) o)

as u — 00. Hence, it will suffice to show that

exp (w +O(InIn(y)) + O (W) N O(R)) ——

as u — 00. We have,

exp (W +O(lnln(y)) + O (<ln($))2) + O(R))

Y
— e <—uln(u) (—% 10 (flf(%)) +0 (%) +0 <ulf(u)))>

_ oo Gat) o Ganta) 0 (i)

Clearly, —In(u + 1)/uln(u) = o(1) as u — oo, so all that remains to be shown is

that the subsequent terms are also o(1). Note that since y = 2!/, we have Inln(y) =

Inln(z) — In(u) and v = In(x)/In(y). Therefore,

Inln(y)  Inln(z) —In(u)  Inln(xz) o) = Inln(x)
wln(u) uln(u) ~ uln(u) +ol) u(Inln(x) — Inln(y))

+o(1)

Since u > 3, we have y = z'/* < z'/3. Hence,
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Inln(x) 1

u(Inln(z) — Inln(y)) Foll) = u(1 —Inln(x'/3)/Inln(z))

+o(1).

As u — oo we know that © — oo as well, hence the right hand side of the above
inequality tends to 0. Thus, Inln(y)/(uln(u)) = o(1) as u — oco. For the next term,

we note that,

(In(z))* _ (In(x))*

Ve ln(u)

In(x)

u

— exp (1n(2) +Inln(z) — — In(u) — In ln(u)).

)
Since u < (1 —¢)In(z)/Inln(z) < In(z)/Inln(z), we have

In(x)

exp <ln(2) +Inln(z) — —In(u) — In ln(u))

Inln(z) In(x)

< exp <1n(2) + Inln(z) — ()

—In(u) — In 1n(u)>
= exp (In(2) — In(u) — Inln(u)).

Since exp (In(2) — In(u) — Inln(u)) — 0 as u — oo, we have (In(z))?/(yuIn(u)) = o(1)

Next we consider the term R/(uln(u)). Recall that,
In(y)
R / @/ W) (e) s
1

where o = In(u) + Inln(u + 1) and V' is a function connected with the error term in
the Prime Ideal Theorem. Then,

R 1 In(y)
= @ / esa/ 1n(y))v(68) ds.
1

uln(u) uln

Performing the substitution ¢ = e® in the above integral, we get

1 In(y) 1 In(y)
s(a/In(y)) \ds = syo/In(y)—1 Ve d
uln(u)/1 c V(e ds uln(u)/l (€) V(e*)e® ds
1 Y a/ln(y)-1  ry a=In(y) ry
_ / 1o/ W1y () dt < y—/ vitydt = & / V(t) dt
uln(u) J, uln(u) /. uln(u) J,
1 1) [Y
_ blutl) )/ V(L) dt.
yln(u) /e
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Recalling that,
y
/ V(t)dt = O (ye‘cv ln(y))

where ¢ > 0 is a constant depending on K only, we get

y

ln(u + 1) / V(t) dt = ln(u + 1)0 <y€—c ln(y)) = 0 ln(u + 1)6—0\/11’1111(2:)
yln(u) J, yIn(u) In(u

with the last equality following from the fact that y = z!/* and u < In(z)/InIn(z).

As mentioned above, since u < (1 —€)In(z)/Inln(z), as u — oo we know z — oo as

well. Hence, as u — oo, we have (In(u + 1))/(In(u)) — 1 and e~V"2@) _ 0 Thus,

R/(uln(u)) = o(1). Hence, we have shown that

exp (M +O(nln(y)) + 0 (““(;”2) ; O(R)) )

2

which implies,

\PK($7 xl/u)

D o) o () o o)

< qu(d+o(1)

_ T ue) - T
yu(1+o(1)) yu(l+o(1))”

Combining this with the inequality derived from Theorem 2.2.1, we have

X

1/u x
pu(+o(1) < Wiz, z/") <

= qu(lto(1))’
which implies,

T

Vel a™) = ey
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In order to replace the x in the numerator of the above with |S(z)|, we note

that |S(z)| is proportional to x asymptotically. Specifically, M.R. Murty and J. Van

Order [9, Thm. 5] show that

|S(z)] = cxx(l+40(1)), (3.20)
where cx > 0 is a constant dependent only on K. Noting that,
—1 1 1
D(CK( +O( ))) _ 0(1)’
uln(u)
we have
1
CK(1 + 0(1>> = uoDu
Hence,
|S(z)]  cexx(l+o0(1)) 1 x B x
u(1+0(1))u o u(1+0(1))u o uo(l)u u(1+0(1))u o u(1+0(1))u )
|

The utility of Corollary 3.1.3 stems from the following,

Corollary 3.1.4. Fora > 0,
o |S()]
U (z, L) = I 1/2at0(1)

as r — Q.

Proor. With y = L%, we have

In(x) In(x) In(x)

In(x)

v - aln(L)

N ay/In(z) Inln(z) N

In(y)

By Corollary 3.1.3 we have,
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In(z)
- (101
Wi, 17) = [5() VL ov/Inala)

|a\/1n1n(x)

st [ (/B 50\,
= 5@ p( ! (adlnln(m)) (adlnln(x)) L+ (1>>>

= |S(z)| exp (— (%lnln(x) —In(a) — %lnlnln(x)) (%) (1+ 0(1)))

= [S(x)] exp <_ ln(x)lnln(:c)(l tn(a) lnlnln(f”))uw(l)))

2¢  alnln(z) 2alnln(z)

= [S(z)] exp (— In(z) InIn(z) <%+o(1>)> = %

as r — 00.
]
Note that in Corollary 3.1.4 we are considering the o(1) term with respect to
x rather than u. This is due to the fact that u = \/In(z)/(a+/InIn(x)) is a function
of x alone. Corollary 3.1.4 will be crucial in our proof of the upper bound. Let us

restate our claim explicitly,

Theorem 1(a). (The Upper Bound) Let K be a degree n extension of Q, and let Ok
be the ring of algebraic integers in K. Let S be the smallest integer such that the first
Q terms of an ideal sequence generated by randomly and independently selecting ideals

with uniform probability from the set S(x) contains a square dependent subsequence.

Then for any € > 0 the probability that 2 < LY%< tends to 1 as x — o0o.

PROOF. Let ¢ > 0 and x > 2 be given. Suppose we were to generate an ideal
sequence of length [L‘/§+E] by choosing ideals from S(z) independently and with
uniform probability. For any positive integer £ and y > 2, the probability that &

ideals from our sequence are y-smooth is,
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e N N AR R
() Cet) (- %G)

We want to show that there exists a smoothness bound y, such that the probability
we have fewer than 7k (y) + 1, y-smooth ideals in our sequence, tends to 0 as z — oo.

Let y = LY/V2, By Corollary 3.1.4 we have,

U (2, LVV?) 1

|S(z)] © [1/V2+0(1)

as  — oo. Hence, the probability that at most 7 (LY \/5) ideals from our sequence

are y-smooth is

)y aeg . k ) (LY — k
> (") ) ()

By the Prime Ideal Theorem we have mx(LYV2) < /2(1 + 6)LY/V2/In(L) for suf-
ficiently large z, where § > 0 is arbitrary. For ease of notation let N = [v/2(1 +
§)LYV2/1n(L)]. Then the above sum is bounded above by,

N Lﬂe . k 1 . [LY?+] — k
2; [1/vV2+0(1) B [1/v2+0(1)

Z L/V2+0(1) _ q CL/V2o(D) ’

k=1
for sufficiently large x, with the last equality following from a rearrangement of terms

and the fact that we can write LV2t¢ = [LY2*] + A, where 0 < A < 1, and

1 A
e (“m) -

That is, considering LV2+€ rather than [L\/i“] will not affect the limit. For 1 < k <n

we have the well known inequality (}) < (ne/k)*. Therefore,
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L\/§+6

N [LVEe 1 k ' 1
Z k L1/V2+0(1) _ 1 N [1/v2+0(1)

k=1
N L\/i+€ k 1 L\/iJre
e 1 —
< ; L I1/V2+o(1) ( Ll/x/i+o(1)>
i (eLl/f+e+o( ))k (1 1 )L\/i—i_6
- L1/V2+o(1)

Considering the function (y/k)* with respect to k, we have

20" = (ul) -~k -1 (4)"

We can see that (y/k)* is increasing for k € (0,y/e) and has a maximum at k = y/e.
k
Since N < LYV2tero() e gee that (eLl/‘/i“*o(l)/k) is maximized, with respect

to the k£ in our sum, when k = N. Hence,

N Ll/\f+e+o(1) k 1 L\/iJre
; (1 - Ll/ﬁ+o(1))
N eLl/\[-ﬁ-e-i-o(l) N ( 1 )LﬂJre
> 1~ ke
pt L1/V2+0(1)
L\/i—i-e

eLl/\/i-‘re-i-o(l) N 1
= N|-— 1 - —
N ( Ll/\/§+o(1))

Noting that

o[,V V2+eto(1) _ eLHoMW In(L) _ ( eln(L) )LEJFO(D _ [eto(1)
N V2(1 +6) V2(1+9)

Y

and,

N =

V2(1+ 6)LYV2 _[(V2(1+9) [UVE — [1/V3o(1)
In(L) B In(L) B ’
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we have

Lﬁ+e

6L1/\/§+6+0(1) N 1
N|——— 11— —
N ( Ll/x@ro(l))

— exp ((% + 0(1)) In(L) + LYW (e + o(1)) In (L) + LY***In (1 - m))

_ 1 1/vV2+0(1) V2+e 1
= exp ((E + 0(1)) hl(L) + L + L hl 1— m .

Recalling that for |z| < 1 we can write In(1 — x) = — >_;° | /¢, we have

1 1
— 4 0o(1) ) In(L) + LYV L pV2re (1 -
eXp((\/§+0( )) n(L) + + n TV

1 . > 1
_ /\/5—1—0(1) o V2+e
= exp <<_\/§ + 0(1)> In(L)+ L TAGAD —gu/\mo(l))

(=1

1
Noting that

(% + 0(1)) In(L) 4 LY/V2+o) _ pUV2rero) _ petol) 4 5(1) —  — oo,

as r — 00, we have

1
lim exp ((E + 0(1)) In(L) + LYV2Ho(l) _ [1/V2+eto(l) _ peto(l) 4 0(1)) _—

That is, the probability that we have fewer than mx (LY \/5) + 1 ideals in our sequence
that are y-smooth, tends to 0 as x — oo. Therefore, the probability that we have at
least 7y (LY \/5) + 1 ideals in our sequence that are y-smooth, tends to 1 as ¢ — oo.
This implies that the probability our sequence has a square dependent subsequence
also tends to 1 as x — 00, by the argument from linear algebra given in Chapter 2.
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3.2 The Lower Bound

We will now show the probability that < LV?=¢ tends to 0 as ¢ — oo. The
argument is a generalization of that given by Pomerance [13, Thm. 1 (lower bound)]

when K = Q. We begin with some preliminary propositions.

Proposition 1. For a given x > 2, let Aq,..., Ay be subsets of ideals from the set
S(x). Consider a random sequence of ideals from S(z) of length at most £, where the

ideals in the sequence need not be distinct. The probability that this sequence contains

k distinct terms Iy, 1o, ..., I, with I € Ay, Iy € Ay, ..., I}, € AL is at most
gk:
S A A

PROOF. Fori € {1,2,...,k}, the probability that a given ideal of S(x) is in A; is

| Ail
|S()]

Therefore, the probability that any of the ideals in our sequence of length ¢ are in A;

is,

Hence, the probability that each of the A; contains an ideal from our sequence is at

most the product of above probabilities for each A;,

L oal = -5 Al
S@i ! = el A

i=1
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Proposition 2. Consider a random ideal sequence drawn from S(z) of length at
most L. The probability it has a term divisible by the square of a prime ideal p with

N(p) > L? tends to 0 as x — .

PROOF. Note that if the square of a prime ideal p divides an ideal I with N (/) < z,
< .

v

We will employ Proposition 1 with ¥ = 1 and A; = {I C Ok : N(I) < z; p* | I}.

it must be the case that N(p) < y/z. Let p be prime ideal with L? < N(p)

Doing so we get the probability that our random ideal sequence of length L has a
term divisible by p? is at most,

1.5

|SL(—$)||{I C Ok : N(I) < 23 p* | T}].

Summing over all prime ideals p with L? < N(p) < /z, we see that our desired

probability is at most,

3 LY I COg:N(I) <z p* [ I} _ 3 L' |S(z/N(p)*)|
bCOK |5 ()] 55 [S(x)]
L3<N(p)<vz L3<N(p)<vz

Consider the set of ideals {IJ : I € S(z/N(p)?); J € S(N(p)?)}, where p is a prime
ideal satisfying L3 < N(p)? < \/x. Since,

{I7:1€8(@/Np)*); J€S(Np)?*)} < S)
we know,
{1J:1€S(@/Np)?); J €SN} < [S(@)]-
Furthermore,
{1J: 1€ S(x/Np)); JeSIN®?H = [S@/Np)*)ISNK)?)L,

which gives us,
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L1 |S(a/N (p)?) LY - |(a/N (p)?)
2 S@l - S 2 BNeRISEeD)
L3<N(p)<yz L3<N(p)<yz

L1.5 L1.5
T L GwenRl S X T odaeR

L3<N(p)<vz L3<N(p)<yz

with the last inequality following from (3.20). Simplifying further, we have

LY n 1
pCZO:K (1 —o(1))N(p)? : ((1—0(1))L1'5) 2 p

L3<p<\/z
L3<N(p)<vz

mce p=Inln(y) + B 4+ o(1), wit ~ 0. ein, ertens constant |3,
Si 1 Inln(y B 1 ith B =~ 0.2615 being M 3

p<y

Thm. 1.4.2], we have

(Tts) 2

L3<p<\x

< (W) (Inln(v/) + B+ o(1))

D=

Finally we note that,

lim <W> (Inln(v/z) + B +o(1)) = 0.

T—00

Proposition 3. Consider a random ideal sequence drawn from S(x) of length at most
LY5. The probability it has two terms divisible by a prime ideal p with N(p) > L>

tends to 0 as x — o0

PROOF. Let p be a prime ideal with L3 < N(p) < z. By Proposition 1, the probability

that our random ideal sequence of length L has two terms divisible by p is at most,

W(LWH[ COg:N) <z p| I}

Summing over all prime ideals p with L? < N(p) < xz, we see that our desired

probability is at most,
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L’ L7]S(x/N (p))|*

Y eI SO NI <ap | = D
Lo 1S@I e S ()2
L3<N(p)<z L3<N(p)<a

By (3.20) and the argument given in the proof Proposition 2 we have,

5"

L3|S(x/N 2 nlL? 1
Z [S(z/N(p))| < Z

e S ()] ~ (I—-o(1)) o
L3<N(p)<a
Note that,
nlL3 1 nlL3 1
T=o) 2 7 = T=of) 2 aelm0m—mm—1)

meN

L3<p<z
L3<m<z

Since 1/2?% is continuous and 7(x) is monotonically increasing on the interval [L3, z],

we can write the above sum in terms of a Reimann-Stieltjes integral,

nL3 1 nl? v q
1=o(1) mZEN —(m(m) —m(m 1)) = m/p (b).

Performing integration by parts we get,

o o = ey (T 2 )

By a theorem of Chebyshev [3, Thm. 1.1.3] we know that for ¢ > 3 there exists a

positive number B such that 7(¢) < Bt/In(t). Hence,

nl3 (W(x) _ m(L?) +2/j@dt)

Aoy \ 22 I e
< 7—ﬂ;in) (WS) - 7T(L[f) 2 /L Iz 1?1(75) dt)
= 7—16:21)) <7Tg£f) - 7T(LLG?)) * 31?(BL) /thlzdt>
G 7—1521)) <7Tg) a 7T(LL:) N 31n2(f)L3 a 3;;19@))
e _"0<1>> (W(ﬁim - 7T(Llj) * 31?5@ - 32%2))
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The result follows by noting that

_l_

lim n(1 +o(1)) | = L5 ' 3In(L) 3wln(L)

Tr—00

(m)LB o), 2B 2B ) ~ .

Suppose a given ideal I C Ok has prime ideal factorization I = pips-- - py,
where N(p1) > N(p2) > --- > N(p,). Note that these prime ideals are not necessarily
distinct, and that N(p;) = N(p;) does not imply p;, = p,;. Given an ordering of the
prime ideals in the factorization of I by norm, let Py(I) = py, with Py(/) = O for
k>

Proposition 4. For any fized positive integer k, the number of L3-smooth ideals

I C Ok with N(I) < z, for which N(Py(I)) < L3 is at most |S(z)|/ L0,

ProOF. Let B be the set of ideals in Ok with norm at most x, whose prime ideal
factorization consists of at most k — 1 prime ideals, each with norm in the interval
(L3, L3]. Then the ideals that we wish to count, namely, the ideals I € S(x) such
that N(P(I)) < L'/?, are of the form JB, where J C O is L'/3-smooth and B € B.
The number of such ideals is exactly,

o (5"

BeB

By Corollary 3.1.2 and (3.20), we have

U Tous) S(xz/N(B)) < cg(l1+o(1)r x
K N(B) ) - [1.5+0(1) - N(B) [1.5+0(1) - N(B) L15+0(1)’

with the last equality following from the fact that cx (1 + o(1)) = 1/L°Y). However,

by (3.20) we have

@] _ a(t+o(1) x N 1G]
N(B)L1.5+o(1) - N(B)L1.5+o(1) - N<B)L1.5+o(1) - N(B)L1.5+o(1)
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Thus,

> (505

BeB

> Z Ll 5+0(1) - Ll 5+o(1) BZ

Be

Considering just the sum ), 1/N(B) for a moment, we see that

k-1 k-1
1 1
0 < Z I+ > == < |1+n > -
sV L . N(p) | p
<N(p)<L L1/3<p<L3
Recalling that > _ 1/p = InIn(z) + B + o(1), where B ~ 0.2615 [3, Thm. 1.4.2].
Hence,
k-1
k-1
l+n Y - = <1 - n<1n In(L?) — Inln(LY?) + 0(1)))
L1/3<p§L3
= (14 2n1n(3) +o(1))*!
Since,
—(k—1)In(1 +2nIn(3) + o(1))
= o(1)
In(L)
we have,
(14 2nIn(3) +o(1)* ' = !
L)’

which implies,

> N <
N(B) — LW’
BeB

Hence,

S ()] 1 1S (2)]
[1.5+0(1) Z N(B) < [15+0(1)"
BeB

45



Proposition 5. For any fized positive integer k, we have for a € [1/3,3] and I €
S(L3%), that the number of ideals J € S(z), having the properties I | J, J is L3-
smooth, and N(Py(J)) < L% is at most |S(x)|/(N(I) L}/(2a)+e)),

ProoF. The following proof is very similar to that of the previous proposition. Let
a €[1/3,3], k € N, and I € S(L*). Note that if N(P,(I)) > L% the set of ideals
J satisfying the properties specified in the Proposition would be the empty set, since
I'| J implies N(Py(J)) > L. Therefore, we may assume that N(P;(I)) < L® Let B
be the set of ideals in Ok with norm at most x, that are composed of at most k£ — 1
prime ideals, each with norm in the interval (L%, L3]. Then the ideals that we wish to
count are of the form IHB, where H C Ok is L*smooth and B € B. The number
of such ideals is exactly,

X a
2 U (N(I)N(B) . )
By Corollary 3.1.3 and (3.20), we the can make the same argument as that given in
the proof of Proposition 4 to show

T e} = [S(2)]
e (N(B)N(I)’L ) N(B)N(I) L1/ (2a) +o(1)’

Thus,

S (v ) = 2 Vil

56 N(B)N(1) L1/ (2a) + o(1)

1S (@) 1

As in the proof of Proposition 4, we will consider just the sum ), 5 1/N(B) for a

moment, and note that
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1 1
PP CP P )

BeB Le<N(p)<L3
k-1
1 k-1
< |1+4+n Z - = (l—nln(3)+n1n(a)—l—o(1)> .
L‘l<p<L3

Since, (1 —nIn(3) + nln(a) + o(1))** = 1/L°M we have

_ |S( S (@)
ONU )Ll/ ZN - N(I)Ll/(Qa)+0(1)'

Proposition 6. For any fized positive integer k, the number of L3-smooth ideals

I € S(x) such that Py(I)?| I, is at most |S(x)|/LV*t°0) as 2 — oo,

PROOF. Let k € N. We begin by counting only those ideals L3-smooth ideals I € S(z)
such that 1/3 < N(Py(I)) < L? and P,(I)* | I. To do so, we partition the interval
(L3, L*] into disjoint intervals of the form (L%, L%], so as to employ Proposition
5. To do so, let T(i) = (¢"*LY3 ' LY/3], for i = 1,2,...,[(8/3)In(L)]. Note that
T(E)NT(j) =0 fori+# j, and

3)In(L 8/3)In(L
U T(i) = U <6i71L1/3’€iL1/3] ) (Ll/3,L3].

=

[y

Let a; =1/3 4 i/In(L). Note that,

[ — L1/3—|—i/1n(L) — Ll/?)e(i/ln(L))ln(L) — €iL1/3.
Hence, T'(i) = (L%, L%]. Letting L% = L3 for i = [(8/3)In(L)] we have created
our desired partition.

Let A(i) be the set of L3-smooth ideals I € S(z) such that Py(I)? | I and
N(Py(I)) € T(i). If I C A(7), then it must be the case that I is L3-smooth, I € S(z),
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N(Py(I)) < L%, and there exists a prime ideal p C Ok with N(p) € T'(i) such
that p? | I. Note that this is a necessary condition for an ideal to be contained in
A(i), but it is not sufficient. Hence, the set of ideals that satisfy the aforementioned
conditions actually contains the set A(7), however, these conditions allow us to employ
Proposition 5.

Let 1 <4 < [(8/3)In(L)] and p be a prime ideal such that N(p) € T(i).
Since k is a positive integer, a; € [1/3,3], and p?> € S(L3*), by Proposition 5 the
number of L3-smooth ideals I € S(x), such that N(P,(I)) < L% and p? | I is at most
1S ()| /(N (p2) LY/ 2+ By summing over all prime ideals p with N(p) € T'(3), we

get

(2)]
Z N(p Ll/(2al)+o) - Ll/ 2a1 +o Z N

N(p)eT (i) N(p)eT (@)
Considering just the above sum for a moment, we see that
1 1 n(L% — L%-1)
Z N(p2) = L2(ai—1) Z L [2(ai-1)
N(p)eT (i) N(p)€T(3)

n(LY3LH/ (L) _ [1/3 =)/ (L)) 1 n(l — L1/ (@)
12/3](2i-2)/In(L) - <L1/3Li/ln(L)) 7 —2/In(L)

1 1
- (W)%(LQ“‘“(”—L““(”) = <La.)~n<€2—e> (3.21)

Since n(e? — e) = 1/L°Y we have,

. |S(2)] 1 _ |5 (@)]
A1) < (Ll/(2a¢)+o(1) Taito(D) |~ Tat1/Can)to(l)

Next we note that a + 1/(2a) has a minimum value of v/2 when a = 2/v/2. Hence,

fori=1,2,...,[(8/3)In(L)], we have

4 |S(2)|
AG) < 7LD
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Therefore, the number of ideals I C Ok such that N(I) < =z, Py(I)* | I, and
N(P.(I)) € (L3, L] is at most

< [(/3) ()]0

Noting that [(8/3)In(L)] = 1/L°WY, we get

[S) (1N IS |S()]
’7(8/3)1 ( )~‘ L\f'f‘O(l - Lo(l) L\ﬁ+0(1) — L\ﬁ+0(1)'
Finally, we want to consider the number of ideals I € S(x) such that Py(I)? | I and

N(Py(I)) < L'3. Let C denote this set of ideals. By Proposition 4 we have

|S(2)]
I 15+0(1)

ICl <

Hence, the number of L?-smooth ideals I € S(z) such that P (1)? | I, is at most

C| + |S(z)] < 1S ()] 1S(z)| |S(z)] (1+ 1 )

LV2+o(1) — [L5+o(l) © [V240(1)  [240(1) L15—v2

The proposition follows by taking x — co.

We are now ready to prove the lower bound. Let us restate our claim explicitly,

Theorem 1(b). (The Lower Bound) Let K be a degree n extension of Q, and let Ok
be the ring of algebraic integers in K. Let ) be the smallest integer such that the first
Q) terms of an ideal sequence generated by randomly and independently selecting ideals

with uniform probability from the set S(x) contains a square dependent subsequence.

Then for any € > 0 the probability that Q) < LV tends to 0 as v — oo.

PRrROOF. Let x > 2, and let € > 0 be given. Suppose we have a sequence of ideals of

length [LY2~¢] drawn from S(z) that has a square dependent subsequence. Call this
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subsequence D. We would like to determine the probability of such a subsequence
existing, and show this probability tends to 0 as z — oo.

We begin by supposing there is an ideal I in D that is not L3-smooth. Since
D is square dependent, there must exist a prime ideal p C O with N(p) > L? such
that either p? | T or p | I and p | J where J is another ideal of D. However, by
Propositions 2 and 3 we know the probability that D has a term divisible by the
square of a prime ideal p with N(p) > L3, or two terms each divisible by p tends to
0 as * — oo. Hence, we may assume that each term of D is L3-smooth.

Let k € N. Note that by Proposition 4, the probability that N (P, (I)) < L'/3

where [ is a term of D is,

1S(z)] 1

L1.5+o(1)|5(x)| T [L5+o(l)”

As x — 00, this probability tends to 0. Therefore, for any k£ € N and each term I of
D, we may assume that N (Py(I)) > LY.

For ease of explanation, let Pr([L‘/ﬁ*E]) denote the probability that a sequence
of length [L\/i_g] has a square dependent subsequence D. Then what we have just
shown is that in order for Pr([LV27¢]) to not tend to 0 as & — oo, it must be the
case that each of the ideals in the square dependent subsequence D are L3-smooth,
and the norm of any prime ideal divisor of an ideal of D must be greater than L'/3.
We will now give an additional necessary condition for a sequence of length [L\/ife]
to have a square dependent subsequence D.

Let k € N. Choose Iy € D such that N(Py(Ip)) is maximal. By Proposition
6, the probability that P;(y)? | Ip for 1 < i < k is at most

(St 1

[V2+o(1) 1S(z)]| LV2+o(1)’

which tends to 0 as & — oo. Therefore, we may assume that Py (ly), Py(1p), . .. Pr(Ip)

are distinct prime ideals of Of.

20



Since I is involved in the square dependency, we know that there are ideals
I, I, ..., I of our sequence of length [L\/i*“'], where we take [; = O for j > [L\/i“],
such that Pi(1y)Pa(ly)--- Pi(Io) | I1Is- - - I. Note that it may be the case that for
some j € {1,2,...,k} we have P;(ly) 1 [; for all i € {1,2, ...k}, that is, we may not
need k terms of our original sequence to obtain a multiple of P;(1y)Pa(1y) - -+ Pi(Ip).
However, we know that we need at most k terms from the original sequence by the
simple argument from linear algebra given in chapter 1.

So given a that our sequence of length [L‘/i_e] has a square dependent sub-
sequence, for any k£ € N we can determine a set of k prime ideals py,...,pr with
LY3 < N(p) < --- < N(py) < L? and N(p;---p;) < z. From these prime ideals,
we deduced that our sequence must contain a (k + 1)-tuple I, I1, I3, ... I, such that
p1---pi | Lo and p; | [; for 1 < j < k. We will show the probability that D contains
such a (k+ 1)-tuple tends to 0 as © — oo. This will imply the probability that D has
a square dependent subsequence also tends to 0 as x — oo. We begin by determining
an upper bound on the number of (k + 1)-tuples of the form described above.

For a given k € N, let P, denote the set of all possible k-tuples of distinct prime
ideals pi,..., P, such that LY/? < N(pg) < --- < N(py) < L? and N(py---pp) < z.
For a given k-tuple pi,...,px of Py, let F(py,...,px) denote the set of (k + 1)-tuples
Moy, My, ..., M, C O where My = py ---pg and M --- M}, is an ordered factorization
of py---pg, that is, p; -+ - pr = Mj - - - My, where some M; may be the entire ring Ok.
For a given (k + 1)-tuple (Mg, My,..., M) € F(py,...,px), let C(My, My, ..., M)
denote the set of (k + 1)-tuples I, I1, ..., I € Ok such that I; is L3-smooth, L'/? <
N(Py(L;)) < N(pg), and M; | I; for all i. Note that (k + 1)-tuples of this form are
exactly those whose existence is a necessary condition for our sequence D to have a
square dependent subsequence.

Hence, the total number of (k + 1)-tuples Iy, I1,..., I C Ok such that [; is

o1



L3-smooth, L3 < N(Py(I;)) < N(Py), and M; | I; for 1 <i <k is

> > | C(Mo, My, ..., My)|. (3.22)

(p1,.,PR)EPK (Mo, My,...,My)EF (p1,...,Px)

Let T'(i) = (L%, L%] for i = 1,2,...,[(8/3)In(L)], as in the proof of Proposition 6.

Then we can write (3.22) as

Z > > |C(Mo, My,..., My)|.

(p1,-,Pe)EPK (Mo, Mu,...,My)EF(p1,...,Px)
N(pr)€T(3)

Let 1 <4 < [(8/3)In(L)]. For any (k + 1)-tuple (Mo, My, ..., M) € F(p1,...,px)
we know that N(M;) < N(py---px) < L3 for 0 < j < k. Hence, by Proposition 5,
for 0 < j < k, the number of L3-smooth ideals I with norm at most x, having the
properties that M; | I and N(P,(I)) < L% is at most |S(z)|/(N(M;) LY/ 2a)+e) for

0 < j < k. Hence,

> > |C(Mo, M., My)|.

(P1,esbk)EPL (Mo, M1,...,My)EF(p1,....0x)
N(pr)ET()

S (@) M
< Z Z . (N(MO)N(Ml) e N(Mk)L(k+1)/(2ai)+o(1))

_ S ()
= 2 > N(p1 - pp)2 LD/ @a)+o(D)

(P15 PR)EPL (Mo, M1,..., My)EF (P1,-,Pk)

N(py)€T(3)
As was previously noted, there are ¢, € N ordered factorizations of p; - - - pg, where
¢y is dependent only on k. Writing the constant c; as 1/L°(") we get,

|S(x)
Z Z N(py - .pk)QL(k+1)/(2ai)+0(1)

(p1,esbk)EPL (Mo, M1,...,My)EF (P1,...,b1)
N(pr)€T()




S ()"

-2 ()

N(pl e pk)2L(k+1)/(2ai)+0(1))

(P1,-sP1)EPK
N(pr)€T()
_ Z ( |5(37)’k+1
(b1, sbk) EPR
N(pr)€T ()
|S ()"
L (E+1)/(2ai)+o(1)
(P1,-sP)EPR
N(pr)€T ()

Let us consider just the sum for a moment. Note that,

N(pl e pk)2L(k+1)/(2ai)+0(1))

k—1
1 1 1
> s < | 2 N > NP

(P1--sPk)EPY (pl pk) N(pr)€T(i) (pk) L%—1<N(p)<L3 (P)

N(p)€T (1)
By (3.21) in the proof of Proposition 6 we have,

D
2 Laito(l)’
Nera) N Pe)
Hence,
k—1
1 1
> 2 > 2
1 1
- <Lai+o<1>) | 2. N(p)2
L%—1 §p<Ld
Next we note that,
k—1 k—1
1 n 1
- < -
) Z N(p)2 - Laei-v Z
La271§p<L3 L%—1 SP<L3

_ ( n >’“_1 (lnln(Lg)—lnln(Laifl)_FO(l))k—l

[ai-1

n*1 (In(3) — In(a;_1) + o(1))*

L(k‘fl)aifl
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with the second equality following from the fact that > _ = Inln(y) + B + o(1),

Py

with B =~ 0.2615 [3, Thm. 1.4.2]. Since,

(k=1a;iy = (k—1) (% + (llnzL1)>> =(k—1)a; —

we have,

n*~1 (In(3) — In(a;_1) + o(1))*
L(kf—l)ai—l

_ (ﬁ) e 1nb = (In(3) — In(a;1) + 0(1))

Since a;—1 =1/3+ (i —1)/In(L) — 1/3 as x — oo, we have

"Ik (In(3) — In(ai_y) + 0(1))*" =

Lo()”

Therefore,

1 k-1, k-1 k-1
(W)e n (In(3) ~Infaia) + o)™ = Zrerem-

Putting this all together, we have

1 1 1
2 NerowE S | 2 e 2 NpR

(1, Pk ) EPR N(pr)€T () L%-1<p<L3

N(pr)€T(4)
. 1 1 o
— [ (ai+o(1) [ (k=1)a;+o(1) o [kait+o(1)

which implies,

(L( S (@) > ( 3 1 S ()

k+1)/(2ai)+o(1) N(Pl - Pk)2 < [Fai+(k+1)/(2ai)+o(1)
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Next we will determine an upper bound for |S(z) |1/ LFait(k+1)/(2a)+0(1) which holds
forall 1 <7 < [(8/3)1In(L)]. To do so we note that for any 1 < i < [(8/3)In(L)], the
expression |S(x)|F+1/ ket (k+1)/2ai)+o(1) ig maximized when ka; 4 (k +1)/2a; is mini-

mized. This occurs when a; = /(k + 1)/2k, giving a minimum value of \/2k(k + 1).

Hence,
S@I IS
LFait+(k+1)/(2a;)+o(1) — L/ 2k(k+1)+0(1) ’

for all 1 < i < [(8/3)In(L)].

(3.23)

All that remains is to sum (3.23) for all i. As was shown in the proof of

Proposition 6, [(8/3)In(L)] = 1/L°Y). Hence,

[(8/3)In(L)]
60 S S O 1o 1ol
— IV 2k(k+1)+0(1) Lo IV 2k(k+1)+o(1) I\ 2k (k1) +o(1) ’

The above gives us an upper bound on the number of possible (k + 1)-tuples whose
existence is required for our sequence of length [L‘/i’e] to have a square dependent
subsequence. Therefore, by Proposition 1, the probability that our sequence of length
LV2¢ contains at least one of the desired (k + 1)-tuples is at most

L(k+1)(\/§—e) |S(ZL’) |k+1

|S($) |k+1L‘ /2k(k+1)+o(1)

— [ (V2=e)=/2k(k+1)+o(1)

Thus far, our choice of k € N has been arbitrary, however, we should note that k can
be at most [L‘/i’e], as the probability of having a ([L‘/i’e] + 1)-tuple in a sequence
of length [LY27¢] is obviously 0. Choose k € N such \/2k/(k + 1) > v/2 — €. To see

that such a choice is justified, note that

. ok
;}LIEO\/k+1 = V2,

In choosing £ in such a manner, we see that

k+1D)(V2—€) = V2k(k+1) = (k+1)(V2—e—/2k/(k+1)) <0

95



Hence, the probability that our sequence of length [L‘/Q_E] contains at least one of

the desired (k + 1)-tuples, which is given by

— D) (V2=e)—/2k(k+1)+o(1)

Y

tends to 0. As noted previously, this implies the probability of our sequence of length

[L\/i_ﬁ] having a square dependent subsequence tends to 0 as well.
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